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Abstract

This work focuses on linear finite-dimensional output feedback control of the Kuramoto—Sivashinsky equation (KSE)
with periodic boundary conditions. Under the assumption that the linearization of the KSE around the zero solution is
controllable and observable, linear finite-dimensional output feedback controllers are synthesized that achieve stabilization of
the zero solution, for any value of the instability parameter. The controllers are synthesized on the basis of finite-dimensional
approximations of the KSE which are obtained through Galerkin’s method. The performance of the controllers is successfully
tested through computer simulations. ©2000 Elsevier Science B.V. All rights reserved.

1. Introduction

Nonlinear dissipative partial differential equations (PDES) arise naturally in the modeling of many physical and
chemical systems and are known to exhibit complex dynamic behavior (see, e.g. [14,31] and the references therein).
This complex behavior has motivated extensive theoretical and computational studies on the determination and
characterization (in terms of stability) of the steady-state solutions, attractors and manifolds that appear in various
dissipative PDEs. In this direction, several nonlinear dissipative PDESs arising in the modeling of diffusion—-reaction
processes including the Brusselator reaction scheme [1], the Fitz-Hugh—Nagumo system [3]/ard $kistem
[13], and of fluid flows [32] have been studied.

A nonlinear dissipative PDE, which is known to exhibit temporarily complex but spatially coherent patterns, is
the Kuramoto-Sivashinsky equation:
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wherev > 0 is the instability parameter. Eq. (1) can adequately describe incipient instabilities arising in a variety of
physico-chemical systems including falling liquid films [8], unstable flame fronts [25,29,30], Belouzov —Zabotinskii
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reaction patterns [22,23], interfacial instabilities between two viscous fluids [18], etc. Numerical studies on the
dynamics of Eq. (1) (e.g.[6,10,15,16,20]) have revealed the existence of steady and periodic wave solutions, as well
as chaotic behavior for very small valueswof

The studies on the dynamics of various nonlinear dissipative PDEs have revealed that the dominant dynamics
of such PDEs are usually characterized by a small number of degrees of freedom (e.g. [9,31]). This feature has
motivated addressing the controller design problem for dissipative PDEs on the basis of ODE approximations
that accurately describe the dominant dynamics of the PDE, which are typically obtained through linear/nonlinear
Galerkin’s method (e.g. [2,9,11,12]). This approach has been successfully used to control complex dynamics of
several diffusion—reaction processes including processes with Gray-Scott [27] and Brusselator [7,19] kinetics. An
alternative approach to control of PDE systems is to directly address the controller design problem on the basis of
the PDE system (see, e.g. [4,26,28]) and has been explored for the control of optical turbulence [24,33].

Inthis paper, we consider the problem of stabilization of the zero solutien;) = 0, of the Kuramoto—Sivashinsky
equation with periodic boundary conditions, for any value of the instability parameté dynamic output feed-
back control. Initially, given the value of, linear state feedback controllers are designed that achieve global (i.e.,
for every initial condition) stabilization of the zero solution of Eq. (1), provided that the linearization of the KSE
around the zero solution is controllable. Then, linear finite-dimensional dynamic output feedback controllers that
use a finite number of measurements (for which the linearized KSE is observable) to exponentially stabilize the
system of Eq. (1) at(z, t) = 0 are derived. The proposed output feedback controllers are designed on the basis of
ODE approximations of the Kuramoto—Sivashinsky equation obtained through Galerkin's method, which capture
the dynamics of the unstable modes. Numerical simulations of the closed-loop system, for different values of the
instability parameter, are shown indicating the effectiveness of the proposed control method.

2. Preliminaries
2.1. Controlled Kuramoto—Sivashinsky equation

We consider the integrated form of thentrolledKuramoto—Sivashinsky equation:
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subject to the periodic boundary conditions:

3/ x 3/ x .

m(—ﬂ,t}zg(—i—ﬂ,l‘), ]=O,,3 (3)
and the initial condition:

x(z,0) = x0(2), (4)

wherex e (L?(—n, ]),R) is the state of the systeni,?([—x, 7]) is the Hilbert space of square integrable
functions that satisfy the boundary conditions of Eq. £33,the spatial coordinatéis the time and 2 is the length

of the spatial domainmis the number of manipulated inputg(¢) is theith manipulated input (i.e., variable that
can be manipulated externally in order to modify the dynamics of the equation in a desired faitir} the
actuator distribution function (i.eb,; (z) determines how the control action computed byithecontrol actuator,
u; (1), is distributed (point or distributed actuation) in the spatial intervat [7]), andxo(z) € L%([—x, 7]) is the
initial condition. InL2([—, 7r]), we define the inner product and nortai, wp) = ffnwl(z)a)z(z) dz, |w1]l2 =
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(w1, 1)Y2, wherew, wy are two elements at2([—x, 7r]). Finally, various control theoretic concepts used in our
development are defined in Appendix A.

2.2. Stability analysis of the linearized Kuramoto—Sivashinsky equation

The objective of this subsection is to compute the values &r which the eigenvalues of the linearization of
the system of Egs. (1)—(3) arounrd;, ) = O cross the imaginary axis (see also [10] for a similar analysis). To this
end, we compute the linearization of the system of Eq. (1) aratind) = 0, which takes the form:

ax %x 9%

=y _2* ®)

at Azt 972

and consider the corresponding eigenvalue problem:

Py 0%y
A¢n:—v aZ4 — azz :/Ln¢n, l’l:].,...,oo (6)
subject to
3/ ¢y, 3/ ¢y,
¢. (—m, 1) = ¢ (+m,t), j=0,...,3 @)
a9z’ )

whereu, denotes an eigenvalue aggldenotes an eigenfunction. A direct computation of the solution of the above
eigenvalue problemyieldg = 0 andf, = —vn*+n? (f, is an eigenvalue of multiplicity two) with eigenfunctions
Vo(z) = 1/+/27, andg, (z) = (1//7) sin(nz) andy, (z) = (1//7) cosnz),n = 1, ..., co. Clearly, a pair of
eigenvalues of the system of Eq. (5) crosses the imaginary axis when

1

V= —
n2’

n=1...,00. (8)
Apparently, the smallest value of for which thex(z, ) = 0 solution of the system of Eq. (5) is about to become
unstable i = 1. Clearly, when 1n? > v > 1/(n + 1)?, the system of Eq. (5) has:Dositive eigenvalues.

The above stability analysis implies that the spatially uniform steady-state,) = 0, of the nonlinear system
of Egs. (1)—(3) is locally unstable when < 1. Instead, there is a generationsefible spatially non-uniform
stationary solutions as well as spatially non-uniform periodic solutions, while for very small valuesdtable
solutions exist and the system of Eq. (2) exhibits chaotic behavior (the reader may refer to [10,20] for detailed
characterizations of the solution patterns for various ranges of valugs of

3. Feedback control

In this section, we synthesize state and output feedback controllers that stabilize the system of Egs. (2) and (3) at
x(z,t) = 0. We begin with state feedback control, and we will continue with dynamic output feedback control.

3.1. State feedback control

We assume that measurements of the stater) are available at all positions and times (this assumption will
be removed below) and use Galerkin’s method to derive ODE approximations of the system of Eq. (2) that capture
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the dynamics of the unstable modes. Expanding the solution of the system of Eq. (2) in an infinite series in terms
of the eigenfunctions of the operator of Eq.(6), we obtain

Xz, 1) =Y aa®$a(2) + Y B (2), ©

n=1 n=0

wherea, (1), () are time-varying coefficients angl,(z) = (1//7)sin(nz), Yo(z) = 1/v/27 andy,(z) =
(1/4/m)cognz). Substituting the above expansion for the solutia, ), into the system of Eq. (2) and taking the
inner product inL2([—zx, ]) with the adjoint eigenfunctiong;: (z) = (1//7)sin(nz), ¥§(z) = 1/v/2m, ¥ (z) =
(1/+/m)cognz) of the operator of Eq. (6) (note that the operator of Eq. (6) subject to the boundary condition of Eq.
(7) is self-adjoint, i.e.¢; (z) = ¢, (2), ¥5(2) = Yo(2), ¥,;;(z) = ¥u(z),n =1,...,00), the following system of
infinite ODEs is obtained:

by = (—vn® + 0¥y — fou + Y _bLui(t), n=1,... 00,

i=1

Bu=(—vn* +n®)By — fap + Y biui(t), n=0,... o0, (10)
i=1
where
fua= | "5 [ D080 + S B0 ) (S0 00 4 3 808 o)) e
- n=1 n=0 n=1 dz n=0 dz ’

Z

T o0 o0 o0 d¢n o0 d'lﬂn
fop = [ nwn(m <n§anm¢n(z> +r§ﬁn(r>wn(z)) (;anm 5@ +r§ﬂn(r> o (z)) dz,

bl = ¢n(2)bi(z)dz, n=1,...,00, b?ﬁ = Y(2)bi(z)dz, n=0,...,00, (11)
—7JT —7JT

and {2 (2) = “-cosnz), = (2) = —Zsin(nz).

Owingtoits infinite-dimensional nature, the system of Eq. (10) cannot be directly used for the design of controllers
that can be implemented in practice (i.e., the practical implementation of controllers which are designed on the basis
of this system will require the computation of infinite sums which cannot be done by a computer). Instead, we will
base the controller design on linear finite-dimensional approximations of this system that capture the dynamics of
the unstable modes. Specifically, in order to illustrate the proposed controller design method, we initially assume
that 025 < v < 1 (which, according to the stability analysis of the previous section, implies that two eigenvalues
of the linearized system of Eq. (5) are unstable) and rewrite the system of Eq. (10) in the following form:

Po=) bigui(t), “1=(—v+Da1— fia + Yy bruit),  pr=(—v+Dp1— fig+ Y _blui(t),

i=1 i=1 i=1

m
& = (—vn + Pty — foa + Y blui(), n=2..... 00,
i=1

Bu=(=vn* +n?) By — fup + Y _bjui(t), n=2,... 00. (12)
i=1
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Performing a linearization of the above system around the origin and neglecting the differential equations corre-
sponding to stable modes, we obtain

m m m
Bo=) bipui(t), 1= (—v+Dar+ Y brLuit), Pr=(—v+DB1+ > bigui(t). (13)
i=1 i=1 i=1
To stabilize the above system, we need to use three control actuators. This is because two control actuators are
needed to stabilize the two identical unstable eigenvalues of the open-loop system, while a third control actuator
is needed to ensure that conservation of mass is satisfiequﬁec(z, 1)dz = 0 (or equivalentlyBg = 0 at steady
state). Using the following formulas for the computation of the control actions:

0 0 o 71
big b3 b3

u(t) : Z 3 —Y1 0 0 Bo
us(t) | =| by, bz, b3, 0 —p+v-1 0 o1 |, (14)
uz(t) big b3y by 0 0 —y3+v-1]LA

wherey, y2, y3 > 0 and substituting Eq. (14) into the system of Eq. (12), we obtain the following system:

Po=—y1fo. &1 =—yo1, P1=—y3bu,
dn = (—vn* +n®)e, + [bY, b, b,

S P Il R Gy
X bia b%a b%a (=y2+v—Da1 |, n=2,...,00,
b%ﬁ b%ﬁ b%ﬁ (=ys+v—Dp1
b?ﬁ bgﬁ bgﬁ - (=y1PBo
Bn = (—vn®* +n?)B, + [b'fﬁ by b ] bl bl bl (=y2+v—Da1 |, n=2,...,00
bjl_'ﬁ b%ﬁ b%,g (—=y3+v—-—01p1

(15)
which is exponentially stable. This implies that the system of Eq. (12) under the control law of Eq. (14) is locally
(for sufficiently small initial conditions8p(0), «1(0), 81(0), x2(0), B2(0), . ..) exponentially stable, because its
linearization around (z, ) = O (i.e., system of Eq. (15)) is exponentially stable (see [17], Theorem 5.1.1). The fact
that the controller of Eq. (14) cagiobally (i.e., for any initial condition inL.2([—x, 7r])) stabilize the zero solution
of the Kuramoto—Sivashinsky equation witl28 < v < 1 will be established in Theorem 1 below.
Now, we assume thg} < v < 7 and rewrite the system of Eg. (10) as follows:

Bo=Y bui(t), d1=(—v+Da1— fia+ » bLuit), Pr=(—v+DP1— fig+ Y biui(1).
i=1

i=1 i=1

m m
2= (=16 + Doz — fou + Y bHui(t), P2 = (—16v+4)B2 — fop + Y blui(t),
i=1 i=1

m
& = (—vn + 0w — fua + Y _blui®). n=3,... 00,
i=1

Bu=(—vn* +n?)By — fup + Y _bjsui(t), n=3,... . (16)
i=1
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One can easily check that, when= 0.2, the above system is not controllable (see Appendix A for definition) at
the origin for any selection df1(z), b2(z), b3(z) and any controk(¢), u2(t), uz(t). This is because the first two
unstable eigenvalues (which have multiplicity 2) become identical i+ u2 = 0.8, and thus, the system of
Eq. (5) possesses four identical unstable eigenvalues, which implies that the use of three control actuators does not
suffice to stabilize the system for all > é. Studying further the structure of the eigenspectrurdoft can be
shown that the maximum number of eigenvaluesioirhich are identical, for any, is four, and thus, the use of
five control actuators is necessary and sufficient for stabilizing any controllable finite-dimensional approximation
of the system of Eq. (10) with linear state feedback (four control actuators are needed due to the presence of four
identical unstable eigenvalues and one control actuator is needed to ensure that the conservation of mass condition,
[fnx(z, t)dz = 0, is satisfied at steady state).

Theorem 1 that follows provides a linear state feedback control algorithm that uses five control actuators to
globally exponentially stabilize the zero solution of the Kuramoto—Sivashinsky equation, for any value of

Theorem 1. Let the number of unstable eigenvalues of the system ¢6Hoge | (i.e, v > 1/(/ + 1)), and assume
that the(2/ 4+ 1)— dimensional system

@, = Ay, + Buu a7
whereay =[Bo a1 B1 a2 B2 ... o B]T and
r ;0 0 0
0 0 0 o0 0 o ] P P b5
1 1 1
0 w4l 0 0 - O 0 b, b3, Do
0 0 —v+1 0 --- 0 0 blg byy --- by
Ay = . . . . . . , Bu= . . . (18)
0 o0 0o 0 —l% 412 0 bl b) !
_O 0 0 0o ... 0 _l4v+12_ llol lZa lsa
L blﬂ bZﬂ U b5/3 _

is controllable in the sense that there exists a matrix K so that the majrix B, K is Hurwitz (see Appendix A for
definition). Then, the state feedback controller

u=Ka, (29)

ensures that the(z, t) = 0 solution of the closed-loop syst€Eqs.(2)—(19))is exponentially stable, for any initial
condition inL2([—x, 7]) and anyv > 1/(l + 1)2.

Remark 1. To show that the maximum number of eigenvalue$ which are identical, for any, is four, consider
the expression for the nth eigenvalueAfu, = —vn* + n? and recall that the multiplicity of each,, is two.
This implies that we need to show thét) there exists at least one valuewfor which u,, = u,4; where lis a
positive integer, angb) there exists no for which there arec > 3 eigenvaluegt, that are identical. To show the
first part, considen = 0.2 in which caseu; = u2 = 0.8, and thus, four eigenvalues are identical o= 0.2.
For the second part, we need to show that= w,y, = Unti, = - = pnti, Wherely, Ip, ..., [, are distinct
positive integers. However, we have that= w, 4, if and only ifv = 1/[(n + 1)2+n?], pp = Wn+1, if and only
if v=1/[(n + I)%> + n?], and, in generalu, = w,4;, if and only ifv = 1/[(n + L) + n?]. This means that, for
agivenn, y = ntly = Mntly = - = Hntt, ifandonly ifly = Ip = --- = I, = [. Therefore, the maximum
number of identical eigenvalues df for anyv, is four.
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Fig. 1. Plot of rank of controllability matri’. := [B,|A, By, |A53u| ... |AZ‘1Bu] versusv — five control actuators are used.

Remark 2. The requirement of Theorehthat the paif A, B, ] is controllable depends on the structure of the matrix

B,, and therefore, on the shape of the five actuator distribution funcép@s. Fig. 1 shows a plot of the rank of

the controllability matrixP; := [BM|AMBM|AL2,B,,| e |A;j*1Bu] versusy, for v > 4—19, when five control actuators

are used with distribution functionis (z) = 1.0/v/27, b2(z) = 8(z — %), ba(z) = 8(z — 0.0), ba(z) = 8(z + %)
andbs(z) = 8(z — 7). Itis clear that the rank of’; is equal to the dimension of the square mattjxwhich implies

that the paiffA,, B,] is controllable forv > 419 (i.e., when at most 13 eigenvalues are in the closed right-half of the
complex plang This shows that it is possible to stabilize the zero solution of the KSE for a broad range of values of
v using five control actuators. For eaah the computation of the gain K so that the matiix + B, K is Hurwitz

can be readily done by utilizing the subroutihglace’ of the mathematical softwatrdATLAB. However, when

V< 4—19, we have found that the pdini, B, ] becomes uncontrollable for most of the values.dh this case, it is
impossible to stabilize the zero solution of the Kuramoto—-Sivashinsky equation with the above set of five control
actuators. Potential remedies to such a problem are, either to change the location and shape of the five control
actuators or to use more than five control actuators, to obtain a p&jrB,] which is controllable, and for which,

there exists a matrix K of dimensiohx (2/ + 1) whereJ > 5 that makes the matriA, + B, K Hurwitz.

Remark 3. The exponential stability of the closed-loop system ensures a certain degree of robustness with respect
to sufficiently small disturbances and uncertainty in process parameters (i, , bj). The problem of designing

robust controllers that explicitly account and compensate for the presence of uncertainty will not be addressed in
this paper

Proof of Theorem 1. Under the controller of Eq. (19), the closed-loop system takes the form:

0x % 9% 0x
—=—Vv——— —x— +bKay, 20
ot Yoh T a2 oz ke (20)

whereb = [b1 by b3 ba bs]. Applying Galerkin’s method to the above system, the following infinite set of ordinary
differential equations can be obtained:

&y = Ay + BuKay, — f, 6, = (—vn* + nda, — Sy TOLKay,, n=14+1, ..., 00,
Bo=(—vn* +nH)By — fap + biKay, n=1+1... o0, (21)
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\{vhergf = [0 f1a f18 f2u f28 - - fia f,,g]T,b{; = [b], b5, bg,] andb’é =.[b’L5 gﬂ bgﬁ]. Computing the
linearization of the above system around, ) = 0, we obtain the following linear system:

@y = (Ay + BuK)aty, an = (—vn* +n?)a, +b'Kay, n=1+1,...,00,

B =(—vn* +n®)B, + bjKa,, n=1+1 ... o, (22)
which is exponentially stable far > 1/(I + 1) (it follows from the lower triangular structure of the system and

the assumption that the matrit, + B, K is Hurwitz). Owing to the exponential stability of the system of Eq. (22),
there exists a positive constangsuch that the linear closed-loop operator:

B 34x 82)( T b4 T
Ax=—v— — — +bK Yo(@)x(z,)dz | d1()x(z,)dz | Y1()x(z,1)dz...
824 8Z2 - -7 -7
b4 bid T
$1(2)x(z, 1)dz | Yui(2)x(z, 1) dz] (23)

satisfiegx, Ax) < —c||x ||§. Now, multiplying the closed-loop system of Eq. (20snd integrating from-f =, =],
we obtain:

T a T - T 8
/ Pl dz = / xA xdz — / 22 dz. (24)
_z Ot - _r 0z
Using the boundary conditions of Eq. (3), one can show that
T
a
/ 2% 4 2o (25)
_x 0z
which implies that Eq. (24) can be written as
d -
5118 = G, Ax) < —cllx|]3. (26)
From the above inequality, the exponential stability of the solutign, t) = 0, of the closed-loop system, for
any initial condition inL?([—x, ]), follows [31]. O

3.2. Dynamic output feedback control

In this subsection, we design a finite dimensional state observer that uses 5 measurements ofx{e 19tate
Y= [ sy eyl wherey” = [T s5;(2)x(z,1) dz (s;(2) is a function that depends on the shape of the
measurement sensor (e.g., point/distributed sensing)), to produce estimate®\efnote that, similar to the case
of control actuators, the largest number of measurements needed to obtain a stable observer for any observable
(see Appendix A for definition) finite-dimensional approximation of the system of Eq. (10) is five. We then couple
the state observer with the state feedback controller of Eqg. (19), and establish that the resulting output feedback
controller locally exponentially stabilizes the steady state, r) = 0, of the Kuramoto—Sivashinsky equation, for
anyv (see Theorem 2 below).

Let | be the number of unstable eigenvalues and defihe= [y]' y5' y5' y5' y' yg“]T = S,a,, wherea, =

[Boar Braz B ... @ B3 = [7,s;@) (Zhoa@n (060 (D) + LoBa()¥n(2)) dz, j = 1,... .5, andS, is
a matrix whose explicit form is omitted for brevity. Suppose that the [Saii] ] is observable. Then, the following
(2] + 1)-dimensional linear system:

O;lu = A,y +Bu”+L(ym _)—)m) (27)
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is a local exponential observer for the system:

a, = Ao, + Byu — f (28)
provided that the eigenvalues of the matdix — LS, are sufficiently far in the left-half of the complex plane (i.e.,
A, — LS, = %A, wheree is a sufficiently small positive parameter aAds a Hurwitz matrix). The term local
exponential observer for the system of Eqg. (27) means that the exponential convergence of the esgtitaates
the actual values, is guaranteed provided that the initial conditions of the systems of Eq. (27) and Eg. (28) are
sufficiently small; see proof of Theorem 2 for details.
Combining the observer of Eq. (27) with the state feedback controller of Eq. (19), we obtain

ay = Aty + BuKay, + L™ —3™), u=Kay,. (29)

Theorem 2 below establishes that the above output feedback controller locally exponentially stabilizes the
x(z, t) = 0 solution of the Kuramoto—Sivashinsky equation.

Theorem 2. Let the number of unstable eigenvalues of the system ¢&Fog | (i.e.,v > [/(I + 1)?), and assume
that the pairdA, B,] and[S, A,] are controllable and observable, respectively. Suppose alsotthat LS, =
(1/6)A~, whereA is Hurwitz. Then, there exigt*, § such that ife € (0, €*] and max{|eo(0)|, ||xoll2} < &, where

eo = a, — ay, the solutionx (z, r) = 0 of Eq.(2) under the finite-dimensional dynamic output feedback controller
of Eq. (29) is exponentially stable, for any> 1/(I + 1)2.

Proof. Under the control of Eq. (29), the closed-loop system takes the form:

- _ _ _ 0x %x 9%« 0x _
oy = Aydy + By Koy, + L™ — y™), Ez_va_z“_a_ﬂ_xa_z +bKay,. (30)
Using the observer error vectes = a, — «,,, the above closed-loop system can be equivalently written as
. ~ ax 9%x 92x 0x
éo= (A, — LS,))eo+ f + LDay, E:_va_z“_a—zz_xa_z + bK (o, + eo), (31)
whereA, — LS, is a Hurwitz matrixo; = [aj4+1 Bi+1 - .]T andD is a constant matrix. Performing a linearization
of the above system, using th&j — LS, = %A, and multiplying bye the ¢, equation, we obtain:

0x 9%x 9%x

€é0=A~eo+6LDOlS EI—UB—ZA‘—B—ZZ

+ bK (ay + €o) (32)

The above system is in the standard singularly perturbed form [21], and possesses an exponentially istable (
Hurwitz) fast subsystem:ed/dr = Aeo, wherer = /¢, and an exponentially stable (Theorem 1) slow subsystem:

%—f = —v% — % + bKay. This implies [21] that there exists &fi such that ife € (0, €*], then the system of Eq.
(32) is also exponentially stable. This, in turn, implies that there exidtsuech that if maxeq(0)], ||xoll2} < 6,
then the system of Eq. (30) is exponentially stable ([17], Theorem 5.1.1). O

Remark 4. From the proof of Theorerg, it follows that the requiremerd € (0, €*] is due to the presence of the
term L D« in the observer error dynamiq&q. (32)), which appears because no restrictions are imposed on the
shape of;(z), j = 1,...,5.1f 5;(z) are chosen so thab = 0, then the matrixd, — LS, only needs to be stable

Remark 5. Following up on the results presented in Rem3ykFig. 2shows a plot of the rank of the observability
matrix Po = [ST|ATST|A2TST| ... |A7~1TST] versusy when five measurement sensors are used with distribution
functionss1(z) = 1.0/v/27,s2(z) = 8(z — (7/2)),53(z) = 8(z — 0.0), 54(z) = 8(z + (7/4) andss(z) =

8(z — (;r/3)). Itis clear that the paif S, A,] is observable fop > 4—19 (i.e., when at most 13 eigenvalues are in the
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Rank of P,
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Fig. 2. Plot of rank of observability matrig, := [S,|A, SulAﬁsu\ e |Az‘1Su] versusy — five measurement sensors are used

closed right-half of the complex planeThis shows that it is possible to design a local state observer of the form

of Eq. (28) to estimate the unstable modgdor a broad range of values of using five measurement sensors; the
computation of L so that the matri&, — LS, is Hurwitz can be done usinf]/ATLAB. However, whem < 4i9, we

have found that the paliS, A,,] becomes unobservable for most of the values bf this case, a stable observer

can be designed either by changing the location and shape of the five measurement sensors or by using more than
five measurement sensors, to obtain a p&jrA, ] which is observable

4. Numerical results

Inthis section, we evaluate, through computer simulations, the ability of the proposed control algorithm to stabilize
the system of Eqgs. (2) and (3) at the steady stéter) = 0. Two simulation runs were performed for= 0.4
and Q2. For the numerical simulation of the system, we used a 51-order nonlinear ordinary differential equation
model obtained from the application of Galerkin’s method to the system of Eq. (2) (the use of higher-order Galerkin
approximations in simulating the system of Eqgs. (2) and (3) led to identical numerical results, thereby implying that
the following simulation runs are independent of the discretization). In all the simulation runs, the system is assumed
to be at a spatially non-uniform initial conditiong = (2.5/ﬁ)23=l(sin(nz) + cognz)) € L4([—n, 7).

In the first simulation run, we set = 0.4 which implies that the linearized system of Eq. (5) possesses two
eigenvalues in the right half of the complex plane. One distributed control actuatobmith= 1.0/+/27, two
point control actuators placedat= —n/2 andz = 7 /6 (i.e.,b2(z) = 8(z + w/2) andbz(z) = 8(z — 7 /6)), three
distributed measurement sensors with shape functigns= 1//27, s2(z) = 1//7 sin(z), s3(z) = 1//7 coqz)
were used to stabilize the system of Egs. (2) and (3)atr) = 0. The control actionsy1(z), u2(t), uz(t), were
computed from the formula of Eq. (29) with

—4.000 —-2.404 4163 1.00 000 000
K = 0.000 6026 -—-3478|, L=|0.00 200 000, (33)
0.000 Q000 -6.958 0.00 000 300

anda,, = [Bo(r) @1(r) B1(1)]". Fig 3 shows the closed-loop spatio-temporal profile @f 1) and the profiles of the
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Fig. 3. Closed loop spatio-temporal profilexak, 7) (top figure) and manipulated input profiles (bottom figure),fes 0.4.

three manipulated inputs. It is clear that the controller stabilizes the state of the systémrat= 0, indicating
that the use of three control control actuator suffices to stabilize the system=f@4.

In the second simulation run, we used-= 0.2 which implies that the linearized system of Eq. (5) possesses four
identical unstable eigenvalues (i.e3 = n2 = 0.8; bothu1, o are eigenvalues of multiplicity 2). Therefore, five
control actuators and five measurement sensosg0ft) are needed to stabilize the systenxét, r) = 0. One
distributed control actuator withy (z) = 1.0/+/27, four point control actuators placedat= 7/2,z = 0.0,z =
—n/4andz = —7/2, (i.e.,b2(z) = 8(z — (7/2)), ba(z) = 8(z — 0.0), ba(z) = 8(z + (/4)) andbs(z) = 8(z +
(r/2))), five spatially distributed sensors with shape function(s) = 1/v/2x, so(z) = (1//7)siN(z), s3(z) =
(1/4/7)c09z), s4(z) = (1//7)SiN(22), s5(z) = (1/4/7)c0K2z) were used to stabilize the systemwdt, r) = 0.

The control actionsy1 (), u2(t), us(t), us(t), us(t), were computed from the formula of Eq. (29) with

[ —4.000
0.000

K= 0.000

[ 1.50
0.00
L= 000
0.00

0.00

0.000
0.000

000
200
000
000
000

Q000

—4.253

Q000
Q000
4253

000
000
250
000
000

6787 1406
—4.253 Q000
—8506 -6.014

Q000 8506
—4.253 -6.014

000
000
000
300
000

000
000
000 |,
000
350

—3.394
4253
Qooo |,
Q000
4253

(34)
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Fig. 4. Closed loop spatio-temporal profilexak, 7) (top figure) and manipulated input profiles (bottom figure),fes 0.2.

anda, = [Bo(r) a1(t) B1(t) @x(t) B2(1)]".The closed-loop profile of(z, ) and the profiles of the five manipu-
lated inputs are displayed in Fig. 4. The stabilization of the state of the system at = 0, forv = 0.2, has been
accomplished.

Remark 6. We point out that in the case of point actuation (sensing) which influences (measures) the system at
we approximate the functioi(z — zo) by the finite valuél/2¢ in the interval[zg — ¢, zo + €] (wheree is a small
positive real number) and by zero elsewhere in the domain of definitian of z

Appendix A. Definitions

e A square matrixA is said to beHurwitz if all of its eigenvalues lie in the open left-half of the complex
plane.

e Consider a linear dynamical system:
X =Ax+ Bu, y=Sx, (A1)

wherex € R" is the statey € R™ is the vector of manipulated inputs,e R” is the vector of measured outputs,

A, B, S are matrices of appropriate dimensions and assume that all the eigenvalaes ahstable. The system of
Eq. (A.1) is said to beontrollableif and only if then x mn matrix P := [B|AB|A?B]| ...|A""1B]hasrank. The
system of Eq. (A.1) is said to lmbservabléf and only if then x pn matrix P := [ST|ATST|A2TST|...|A"~1TsT]

has rankn. The reader may refer to [5] for more details on the concepts of controllability and observability for
linear systems.
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