Chemical Engineering Research and Design 232 (2026) 654-697

Contents lists available at ScienceDirect

Chemical Engineering Research and Design |ChemE

journal homepage: www.elsevier.com/locate/cherd

Check for

Constraint-informed reinforcement learning in feedback control of nonlinear [
processes: A tutorial overview and a new design

Arthur Khodaverdian ?, Xiaodong Cui ?, Panagiotis D. Christofides -

2 Department of Chemical and Biomolecular Engineering, University of California, Los Angeles, CA 90095-1592, USA
b Department of Electrical and Computer Engineering, University of California, Los Angeles, CA 90095-1592, USA

ARTICLE INFO ABSTRACT

Keywords: Process control systems operate with strict constraints that are necessary for optimal and safe process operation.
Reinforcement learning To ensure the satisfaction of these constraints, nonlinear constrained optimal control techniques such as model
Model predictive control predictive control are typically deployed; however, these iterative schemes are computationally expensive,
Lyapunov stability

limiting the scalability of the framework. Alternatively, neural network-based control methods provide a
lightweight approach to approximate constrained optimal control, but lack closed-loop stability guarantees.
Although methods exist that inject differentiable but non-trainable operations such as quadratic programming
problems into neural networks in the form of implicit layers, such methods ensure constraint satisfaction
but fail to enable constraint-informed training. Under strict constraints, these layers yield zero gradients
in the violation direction, which nullifies the neural network controller’s ability to learn the impact of
constraint violations on its objective. Additionally, these layers reintroduce iterative algorithms, and thus the
computational feasibility concerns.

This work explores a lightweight means of ensuring that stability guarantees are inherently satisfied by
neural network-based control policies while also allowing for approximate constraint violation impacts to be
learned. Whereas constraint satisfaction can be ensured by external projection, the resulting effective policy
would be suboptimal relative to a policy that is trained to optimize the objective while strictly satisfying
constraints. Quadratic programming layers allow for constraints to be enforced inside neural networks as
a differentiable layer, thereby allowing for constrained optimization during training, but suffer from zero
gradients when constraint violations such as control actuator bounds are encountered during the forward
pass. We propose an alternative approach that uses the Heaviside step function with a softplus-based straight-
through estimator to yield a gating mechanism that enforces a Lyapunov-based stability constraint through
internal control fallback. This fallback-based gating mechanism allows for non-zero gradients during constraint
violations and, under sufficient constraint satisfaction, exhibits minimal mismatch between the forward and
backward pass. Additionally, since the constraint enforcement is done through a simple gate, there is no
significant computational impact as would be true in the quadratic programming layer approach. Our approach
allows for the network to both enforce the constraint internally while also learning via gradients how this
constraint enforcement impacts the objective and consequently how to adjust weights to optimize the objective
while satisfying the constraints.

To demonstrate this, Actor-Critic reinforcement learning is used with the proposed gating mechanism
integrated into the Actor. A quadratic programming-based reference is designed for comparison alongside
a standard feedforward neural network as the baseline to demonstrate the impact of the architecture on the
resulting closed-loop behavior. Additionally, a model predictive controller and fallback proportional controller
are used for comparison of cost-optimality and computational efficiency during closed-loop simulation. The
controllers are applied to a benchmark nonlinear chemical process example to demonstrate their feasibility
and relative performance. Results show that the gate-based constraint enforcement achieves closed-loop
performance that closely matches or exceeds that of the non-CENNC and model predictive control baseline
while consistently exceeding that of the quadratic programming-based reference and fallback controller with
minimal impact on computation time.

Overall, this work demonstrates that, relative to quadratic programming-based approaches, a straight-
through estimator matched with strict gating allows for efficient inference, stable training, and generalizable
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performance. The presented framework simplifies the approach to stability guarantees by leveraging Lyapunov-
stability theory in a manner that enables the framework to be applied to large-scale systems with minimal
training and inference time computational impacts relative to unconstrained methods.

1. Introduction

As the need for advanced control systems grows across various
domains, Model Predictive Control (MPC) has remained a uniquely
well-suited solution to general constrained optimal control problems.
MPC as a framework operates through internal simulation of pro-
cess dynamics through a mathematical model of the process which
is used for evaluation and refinement of a control action trajectory
until constraint and quality margins are met. This design allows it
to find local optima that optimize the desired objective and satisfy
constraints simultaneously as opposed to frameworks that may need to
sacrifice optimality of the objective for constraint satisfaction (Qin and
Badgwell, 2003). The consequence of this broad capability is subop-
timal scalability. The nonlinear constrained optimal control problems
that MPC solves are NP-hard problems. Even in the linear convex
case, where known global optima can be found through various ap-
proaches, the computational time complexity of MPC remains roughly
O (n*) (Pardalos and Vavasis, 1991; Peng et al., 2024); however, MPC
is not restrained to a single nonlinear solver. Yet, even for com-
putationally efficient methods such as the Sequential Least Squares
Programming (SLSQP) method, which breaks the problem down into
least squares subproblems, it is found that the subproblems alone have
time complexities of @ (n?) or O (n*) (Gill et al., 1979; Kraft, 1988).
Thus, it is observed that MPC as a framework suffers from suboptimal
scaling laws due to this computationally intensive iterative scheme.

To counteract this problem, there has been much research done
on the topic of improving MPC. Although the scope of the research is
broad, the key topics can be categorized into either approaches that re-
duce the problem’s effective scale or approaches that reduce the solver’s
effective computational burden. Reducing the scale of the problem only
proportionally shifts the scale of problems that can be solved on a given
set of hardware and software; it only alleviates the problem and does
not solve it Tomasetto et al. (2025), Alora et al. (2023) and Zarrouki
et al. (2024). As such, these approaches are suitable for systems where
scale is only a marginally limiting factor. As for reducing the solver’s
effective computational burden, this approach has the most potential
as the theoretical scope in which a true solution to the issue would
arise, but existing research has not yet achieved this goal. Further,
the interpretability of these works and their corresponding general
applicability are limited by the often conceptually heavy groundwork.
Additionally, such works vary on the means used to quantify the impact
of the change, which limits the ability to make statements on their
impact on scaling laws (Meng et al., 2024; Yaren and Kizir, 2025;
Adabag et al., 2024).

One particularly interesting category of works, which can be consid-
ered a part of the scale reduction research, is the use of neural networks
(NNs) as the model of the process dynamics. Unlike typical methods of
reducing model complexity, NNs operate as a data-driven approach that
can estimate high-dimensional phenomena through low-dimensional
regression. In fact, NNs can approximate continuous functions on a
compact domain to an arbitrary degree of precision, as is shown by the
Universal Approximation Theorem (Hornik et al., 1989). As a result,
the computational complexity is linear and it has potential to model
complex processes with high precision. This is what motivates research
into the use of NNs as the model inside MPC, and the results have been
promising. Not only do NNs generally operate with a significant re-
duction in computation time, but they also can sometimes improve the
accuracy of the model relative to first-principles-based approaches (Wu
et al., 2019; Gordon et al., 2024; Patel et al., 2025; Alsmeier et al.,
2024; Ren et al., 2022; Macmurray and Himmelblau, 1995). Sadly,
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because the NN is nested within the MPC framework, the end result
is still an iterative scheme with polynomial-time complexity.

Upon further consideration, one can motivate a broadening of the
scope for NN applications in control beyond a process dynamics mod-
eler. In recent years, various studies have demonstrated that NNs are
viable as controllers themselves; however, the research is scattered
across various fields and processes and thus is lacking in details re-
garding the scalability and strict constraint satisfaction properties of
the network (Lucia and Karg, 2018; Bonzanini et al., 2020; Ahn et al.,
2022; Gonzalez et al., 2024). In our prior works, these issues were
considered and it was found that, in regard to the scalability concerns,
methods such as Imitation Learning (IL) demonstrate limitations at
scale that require careful selection of the operating region and in-
formed sampling techniques to reduce the burden of densely sampling
high-dimensional states (Khodaverdian et al., 2025b, 2026). Notably,
because the high-quality data in imitation learning is derived from an
MPC, the computation time problems persist in the form of slow data
generation. To combat this, we further researched the use of Rein-
forcement Learning (RL) methods, which alleviated the data generation
speed problems but complicated the design process (Khodaverdian
et al., 2025a). As for the strict constraint satisfaction properties of
the network, all of these works achieved this through external con-
straint satisfaction utilizing a fallback controller designed to satisfy
the Lyapunov-based stability constraint. While this is sufficient to
achieve the desired stability properties, it distances the control be-
havior from the optimal constrained behavior demonstrated by MPC.
Several works have explored modifications of the RL approach through
means such as physics-informed RL (Wang and Wu, 2024b), or con-
trol Lyapunov-barrier function approaches (Wang and Wu, 2024a),
but these approaches only achieve guarantees in the theoretical limit
where the optimal policy is extracted. Such approaches that aim to
achieve desired behavior through modification of the loss functions
alone should rely on assumptions about the network or training loop
that are not guaranteed to hold true in practice.

Motivated by these problems, this work explores optimal design
techniques for building scalable NNs. In particular, the issue of gra-
dient stability is explored from a first-principles basis to motivate
techniques that theoretically aid in maintaining stable training for deep
networks. In addition, this work expands on the external constraint
enforcement concept by exploring an internal constraint enforcement
mechanism that allows for the network to strictly satisfy the Lyapunov-
based stability constraint internally. While several techniques exist that
enable internal constraint enforcement, it is demonstrated that these
come with caveats during training due to their impact on gradients,
whereas we propose a lightweight and simple framework that preserves
potentially useful gradient signals through approximate means such
as straight-through-estimation. This work proposes a novel strict con-
straint enforcing neural network controller (CENNC) framework called
the Alpha-Gate CENNC which utilizes Lyapunov-based stability theory
and Straight-Through-Estimation techniques to guarantee that the con-
trol action generated by the neural network will satisfy the desired
stability constraint. By formulating fallback-based constraint handling
as an if-else constraint, a Heaviside function formulation can be
built with approximated gradients thereby allowing for training on an
otherwise non-differentiable function. Unlike existing CENNC methods,
the Alpha-Gate formulation yields gradients during backpropagation
that can teach the network how to improve the objective through
improved constraint satisfaction. The resulting constraint enforcing
neural network controller is applied to a benchmark chemical process
example and contrasted with an alternative internal constraint method,
external constraint method, and IL method to demonstrate the impact
on performance, generalizability, and speed.
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2. Preliminaries
2.1. Notation

The transpose of a vector x, set of real numbers, set difference,
functions, and piecewise-constant functions with period 4 are denoted
by xT, R, 2,\2,, f(-), and S (4), respectively, where both f and S
are arbitrary denotations. The initial timeframe (i.e., where ¢ = 0) is
denoted by f,, whereas arbitrary reference timeframes are denoted by

Iy
2.2. Class of systems

This paper considers systems described by nonlinear first-order
ordinary differential equations (ODEs) of the form:

x=Fu=f(x)+gx u €))

For these systems, the state vector x = [x,x,, ... ,x,,]T € R” is the
vector representation of all relevant state variables for the process.
These states are assumed to be measured at fixed sampling intervals of
length 4, as is standard for state feedback control. Similarly, the control
input vector u = [u},u,, ... ,um]T € R” is the vector representation of
all relevant variables that are applied as control actions. Unlike the
system states, the control actions are bounded as a means to account
for physical limits that real actuators would face. The lower (u; ,;,) and
upper (u; ,,x) bounds on the control actions form the boundary of the
set of valid control actions, defined as:

T
u= [ul,uz,...,um]
P m m
U:=queR Ui min < u; < Ui max cR (2)
Vi=1,2,....,m

Additionally, we utilize the deviation variable form of the system as
a means to render the origin of the open-loop system (i.e., a system
of the form shown in Eq. (1) where u; =0V i=1,2,...,m) as a steady
state, thus ensuring f (0) = 0 without loss of generality. In other words,
we treat F (0,0) = 0. We further assume that systems satisfying Eq. (1)
have sufficiently smooth vector functions for f (-) and g (-).

2.3. Stabilizability assumption

The core assumptions that ensure stabilizability are collectively
referred to as the stabilizability assumption. The stabilizability assump-
tion consists of two main assumptions. The first is that we assume the
existence of a sufficiently smooth explicit feedback control law that ren-
ders the origin of the system described by Eq. (1) exponentially stable.
This controller is referred to as the reference stabilizing controller, or
reference controller, as a shorthand.

d:D->U

u(x) =@ (x) 3)

The second is the assumption that there exists a sufficiently smooth
Lyapunov function V (x) which, when applied to the closed-loop system
utilizing the reference controller for all x bounded by an open neigh-
borhood near the origin, denoted D, satisfies the following inequalities:

e IxP <V () <eylxl? (4a)
V) b b (x)) < 5 |2 (4b)
ox :
|@ <y lx| (40)
X
¢ >0Vie(l1,2,3,4}) (4d)
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The remaining parts of the stabilizability assumption are derived from
assumptions made thus far. While the following holds true for @ (x) € U
due to the sufficiently smooth assumption, the properties can be applied
more broadly to any admissible input u € U. The admissible input
set U is a closed and bounded rectangular box in R”, hence compact.
When we consider states that lie in a compact subset of D, such as the
level set Q, := {x |V (x) <p} C D, then both x € 2, and u € U are
within compact sets, and thus F (x,u) is bounded for all x € 2, and
u € U. Because f (x) and g (x) are sufficiently smooth, then F (x,u) is
also sufficiently smooth for each fixed u € U. Finally, the sufficiently
smooth properties imply Lipschitz continuity for F (x,u), V (x), ‘”;ix),
and thus %F (x,u). Thus, the stabilizability assumption implies the
existence of positive constants M, L,, L. that ensure, for all x,x" € Q,

and u € U, that the following inequalities are satisfied:

|F (x”u)—F(x,u)‘ <L, Ix—x/l (5a)
|F (x,u)] < Mg (5b)
IV (x) v (x')

TF(x,u)—TF(x',u) <L jx—-X| (50)

2.4. Lyapunov-based model predictive control

The stabilizability assumption can be applied to MPC to yield the
Lyapunov-based MPC (LMPC) that solves for optimal control while
ensuring closed-loop stability within 2, (Mhaskar et al., 2006):

t+NA
J =uglsi(r£) /k LE@®,u®) di (6a)
st. X(O=F@&®,u®) (6b)
uelU, Vtet,t,+N4) (6c)
x(t) = x (1) (6d)
V(%) u () <V (% (1) @ (% (1)) (6e)

In this formulation, the optimization takes place over a horizon of
length N A, with A denoting the controller’s sampling period and N the
horizon’s sampling step count. This formulation uses sample-and-hold
control, as continuous-time control is infeasible for real-world pro-
cesses. For simplicity, the sampling interval for both the controllers and
state measurements is treated as equivalent. Eq. (6a) denotes an arbi-
trary cost as a function of the control actions and estimated states over
the horizon. Eq. (6b) represents the process dynamics, which are used
for numerical integration during optimization to predict how the states
of the closed-loop system evolve over the horizon. Eq. (6d) enforces
an initialization step where the sensor readings are used as a ground
truth initial state, and Eq. (6¢) enforces the control bounds. Eq. (6e)
denotes the stability constraint; the implementation of the stabilizabil-
ity assumption. This constraint ensures that the closed-loop system is at
least as stabilizing as it is under the reference controller. An alternative
form is provided:

V(% (1) u (1)) < —aV (% (1)) Q)

This formulation uses the properties of the Lyapunov function from Sec-
tion 2.3 as opposed to using the reference controller. Using a positive
constant a to control the strength of this constraint, this formulation
allows for stability guarantees without needing to directly apply the
reference controller.

Remark 1. Eq. (6e) is only applied at ¢, because this formulation is
a receding horizon LMPC, where only the first control input from the
solution is applied. After applying the first solution for one sampling
interval, the LMPC problem is re-solved. This approach relaxes the con-
straints of the optimization problem, allowing for faster solutions, but
comes at the cost of marginally reduced accuracy of the cost-optimal
trajectory.
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3. Neural network-based control
3.1. Imitation learning-based control

Imitation learning is a category of training methods for neural
networks with the goal of yielding outputs that match the demonstrated
behavior of some existing expert policy. Typically, this is done by
collecting data for various states under the control of the expert. By
doing this, a dataset of state-action pairs can be built over time.
Despite the simplistic nature of this category of machine learning,
there are several existing implementations with varying strengths and
weaknesses.

3.1.1. Behavioral Cloning (BC)

The simplest form of IL is referred to as BC. In BC, supervised
learning is used to train the neural network. Supervised learning is a
training method where the goal is to teach the network to function
as a mapping from the input data to the desired output data using
coupled input-output pairs. In the context of control, the state-action
pairs suffice as input—output pairs and thus the model is trained with
any technique that would drive the model towards mimicking the
control action distribution for the provided states. For deterministic
continuous-time systems, a simple implementation of this would be the
mean squared error (MSE) or Euclidean (L,) norm between the neural
network policy and the expert policy, defined as follows:

:

(3

N
MSE (x) = % 3 (x,. - xpred

i=

L, (x) = 9

Here, N denotes the number of samples in the batch that the loss will
be averaged over. While BC is a simple and powerful tool for producing
a seemingly good controller, in practice, it has a critical weakness in
the form of distribution shift. Specifically, BC suffers from covariate
shift caused by the mismatch between its training dataset’s distribution
and the real-world distribution of inputs. In order for the training
distribution to perfectly match the true distribution, all possible states
must be sampled for the dataset. Real systems operate with continuous
state and action spaces, and as such, it is impossible to sample all state—
action pairs in a finite dataset. As a result, the training dataset will
inevitably have a different input/state distribution relative to reality.
While this problem diminishes as the sampled initial states approach a
densely sampled uniform distribution, the unavoidable problem is that
the performance can degrade arbitrarily in out-of-distribution (OOD)
states. As a result, even with small but non-zero average imitation
error (measured under the expert’s state distribution, denoted ¢), the
expected difference between the performance of the expert and the
neural network is tightly upper-bounded by TZ?e, a term that scales
quadratically with the length of the closed-loop trajectory (Ross and
Bagnell, 2010). Such behavior is of great concern, as it not only
poses a limit to the generalizability of Behavioral Cloning methods
when sampled trajectories are sparsely generated, but it also limits
the generalizability under dense sampling if the trajectory length is
exceedingly long.

3.1.2. Dataset Aggregation (DAgger)

To counteract the limitations of traditional Behavioral Cloning tech-
niques, various methods have been devised with the goal of approach-
ing near-linear scaling of the expected performance difference with tra-
jectory length. A notable algorithm that achieves this is DAgger (Ross
et al., 2011). DAgger solves the issue by involving the neural network
in the generation of the dataset. Instead of using purely expert rollouts,
DAgger generates a modified policy by mixing the current policy with
the expert policy via z; = f;z* + (1 - ;) #; with a weight satisfying
limy _, % Zﬁl p; = 0 where N denotes the number of iterations of
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the DAgger algorithm. This modified policy (r;) is used in place of the
expert (z*) in deciding the exploration of states, but the expert policy
action is still stored for each visited state. After adding these state—
action pairs to the dataset and retraining the policy, the newly updated
policy can iteratively be refined over N loops. Of the N policies this
yields, only the best is kept. As a result of this process, the scaling of
the expected trajectory cost difference is now relative to uTe instead
of T?¢ where u denotes the upper bound on the extra cumulative cost
over the remaining steps if the policy deviates from the expert. While
this alleviates the quadratic scaling problem, it is still a method that
relies on high volume querying of the expert which, in the case of
Lyapunov-based model predictive control, is itself a limiting factor on
the scalability of the neural-network based control design.

3.1.3. Fixed expert dataset approaches

Some approaches to IL only require an initial set of expert data and
will learn a policy through means that do not require additional expert
rollouts. Inverse Reinforcement Learning (IRL) is a nested training
method which trains the policy alongside a reward function. A reward
function is trained by evaluating the policy’s state-action visitation
frequency relative to the experts distribution. Using this reward func-
tion as a basis for a reinforcement learning loop yields a policy that
gradually approaches the expert.

Generative Adversarial Imitation Learning (GAIL) is a sequential
training loop that trains a discriminator alongside the policy. The dis-
criminator is trained with the goal of properly differentiating between
the expert’s trajectory and the policy’s trajectory. The policy is in turn
trained with the goal of confusing the discriminator. By training both
sequentially, the idea is that the end result will yield a policy that is
indistinguishable from the expert.

3.1.4. Limitations of imitation learning

Due to its simplistic design, BC functions as a benchmark for the
weaknesses inherent in imitation learning methods. Conceptually, the
goal of functioning as an imitation leads to poor generalization. As
discussed previously, there is the compounding risk associated with
drifting into OOD states that leads to difficulties in stable long tra-
jectory rollouts without simultaneously teaching the model how to
escape these regions by itself. DAgger was designed to mitigate this
problem, and both IRL and GAIL mitigate it through their explorative
training loops, but all 3 methods only alleviate this problem for states
near the expert distribution; significantly OOD states will still suffer
from unpredictable behavior for all methods (Lee et al., 2025; Zhou
and Li, 2024; Han et al., 2026). IRL in particular suffers from the
risk of suboptimal policies, where the learned reward function takes
a form that allows for similar state distributions to form without the
resulting trajectories achieving the desired task in its entirety. In other
words, local minima are achieved instead of roughly global minima as
desired (Ablett, 2025). This highlights a fundamental flaw in imitation
learning; one can imitate without understanding.

Because these methods rely on the existence of some expert demon-
strations, either as raw data to process or through indirect data via
observation, they are hindered in their ability to scale. The issues
mentioned previously emphasize the importance of densely sampling
the state distributions that are encountered in reality, but such dense
sampling poses issues as dimensionality scales or as the expert’s com-
putational complexity scales, as both result in increasingly high time
requirements for sampling sufficient amounts of data. Even in the
abundance of data, the end result will only ever match the performance
of the expert.

The goal of control systems is to optimally execute the desired
task, and the expert may not necessarily satisfy this requirement for
real systems as even optimal control methods are limited both in their
ability to consistently reach global optima of nonlinear problems and in
their inherent inaccuracy in using mathematical models to approximate
physical systems. To this extent, it is desirable for neural networks to
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not simply mimic the expert, but to understand the control problem
itself.

Because IL methods struggle in regards to understanding what they
aim to mimic, especially when distribution shift is present, there is a
heightened risk of causal confusion (de Haan et al., 2019). Behavioral
Cloning and DAgger are the most susceptible to this issue, as their
training method is purely regression-based. IRL and GAIL are training
loops that involve exploration of the environment via the policy, and
as such, they are able to implicitly understand the causal effects of
the environment, mitigating the causal confusion risk; however, this
is limited to the scope of mimicking the expert. In other words, while
these methods may truly understand the true causal relationship, they
do not necessarily understand the desired task as is most clearly seen
by IRL’s tendency to “reward-hack” (train such that the loss is small
but the end result is not as desired). Such problems are only made
worse in observation-based imitation learning when unobserved in-
puts are made available to the expert but not to the policy, which
reintroduces the causal confusion problem to these methods (Ruan
et al., 2023). Similarly, observed but irrelevant signals give the GAIL
discriminator avenues to derail the training objective from reaching the
expert behavior (Zolna et al., 2020). The broader trend resulting from
these limitations can be seen in existing research focused on continual
learning methods for large language models where it is seen that
supervised-fine-tuning, often implemented using behavioral cloning,
results in models that memorize rather than generalize and fail to retain
information upon further fine-tuning.

We can see from the strengths of IRL and GAIL over DAgger and
BC that the ability to explore the environment and learn from it
results in models that are more robust to minor deviations. The re-
sults of LLM-scale research corroborate this trend, and further show
how methods such as on-policy reinforcement learning are capable
of several desirable strengths including robustness against OOD per-
formance collapse, generalizability of learned information, resistance
to catastrophic forgetting, and the ability to improve the baseline
model’s abilities (Wolfe, 2026). As such, reinforcement learning is
uniquely positioned as an appealing training architecture for scalable
control-oriented neural networks.

3.2. Reinforcement Learning (RL)-based control

In the context of process control, RL is a class of training methods
for controllers that teaches through experience. More generally, an
Agent is used to interact with an Environment to yield a Reward, some
quantifiable outcome that is desired. The goal of RL is to train the
agent to maximize the expected discounted cumulative reward based
on its interactions with the environment. The interactions themselves
are dictated by the agent’s Policy, which is a functional mapping from
observed states (s) to actions (a). Applying actions to the environment
causes a transition in the state, which yields an observed future state
(s") and a corresponding scalar reward (r). This results in a 4-element
experience tuple (s, a,r, s). Using this data, we can quantify the quality
of trajectories of arbitrary length through the discounted cumulative
reward:

o0
G(S, A) = Z Ver+k+1v (10)

k=0

y€10.1)

In this formulation, starting at some reference time ¢, the reward follow-
ing k+1th transition is defined as R, ;| := r(S, 4. A,;;) While y denotes
the discount factor. Although the systems considered in this work are
continuous-time time-invariant systems, it is not possible to control a
real system in a continuous-time fashion. Instead, the control is done in
a sample-and-hold fashion, where the control action is held constant for
a fixed duration before being recalculated. As a result, it is beneficial
to reformulate the control problem as a discretized continuous-time
process. In fact, because of this discretized formulation, traditional RL
methods operate under a tabular nature where value functions, defined
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based on the discounted cumulative reward expression, are built using
look-up tables containing all (s, a) pairs. One such value function is the
state-value function which evaluates a policy’s discounted cumulative
reward across its resulting closed-loop trajectory. If we consider a
form of the reward function that is for the case of a fixed policy,
ie, RT r(Si44-7 (S;4x)), then the state-value function can be

1kl T
defined as:

o
Vi) =G (St’” (St)) = Z ykR;[+k+1 an
k=0
It is often simpler to work with a recursive form of this equation,
referred to as the Bellman Equation for the state-value function. The

recursive value term is often referred to as a bootstrapped term:
Vi) =r(s,m () +yV7 (s) (12)

For an optimal policy, this equation is referred to as the Bellman
optimality equation, defined as:

V* (s) = max [r(s,a)+yV* (s')] (13)
which allows for greedy extraction of the optimal policy via:
7 (s) =arg max [r(s,a) +yV* (s')] 14

This recursive form of the state-value function is especially convenient
in the sense that it can be used as an iterative numerical method for
approximating the state-value function in the case where the state-
value function is not known. In particular, value iteration uses Eq. (13)
in an iterative scheme defined by

Vi (s):m;lx [r(s,a)+yVl- (s’)] (15)

where some current guess of the state-value function denoted by V; is
iteratively updated over all states and the corresponding best-valued
action, which requires all actions to be considered. This scheme mono-
tonically converges to the optimal state-value function, allowing for the
use of Eq. (14) to extract the corresponding optimal policy. There is
an alternative method called policy iteration which utilizes Eq. (12) to
iteratively update the state-value function for the current policy until
convergence, followed by Eq. (14) to extract the corresponding policy
update. This entire process is done iteratively, until both the state-value
function and the policy converge to their optimal forms, which is also
monotonic.

Both methods suffer from three critical limitations. First, all states
need to be considered in order for the monotonic property to hold. As
a tabular method, the entire look-up table for the value function needs
to be updated for each iteration, which is a resource intensive task.
Second, both methods require the use of the max or arg max operation
which both require the processing of all valid actions due to the
discrete formulation. Third, both methods are model-informed, as the
calculation of the transition to the future state s’ and the corresponding
reward r require full knowledge of the process. The need to process
all states and actions is not possible for continuous state-action spaces
that are observed in reality, making these methods ill-suited for process
control cases. The need for a perfect process model is also unrealistic
for complex process control cases, and as such it is often desirable
to either utilize data-driven models or to use model-free approaches
where process data can be used directly without a need to model the
transitions.

Remark 2. While in Eq. (10) it is often the case that y € [0, 1) because
of the favorable properties this yields for G such as remaining finite
over infinite horizons, it is not always true. In fact, there are cases such
as known finite horizon problems where y = 1 can be favorable if the
intent is to not over-favor early actions.
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3.2.1. Temporal-Difference (TD) Learning

Beyond the traditional Dynamic Programming or Monte-Carlo meth-
ods, there exists another subcategory of training methods in RL called
TD-Learning. TD-Learning functions like a hybrid of the two, where
trajectories are used to build the target, much like Monte-Carlo meth-
ods, but instead of requiring full trajectories, only a desired number
of steps are needed with the remaining terms being bootstrapped, as
is done in DP methods. While TD methods are not inherently model-
free, they are well suited for model-free applications with the caveat
that the state-value function is no longer sufficient for greedy policy
improvement because the model is no longer assumed to be known
and thus evaluation of all actions with the state-value function becomes
impossible due to the lack of knowledge on transitions. To avoid this,
the deterministic Bellman relation form of the action-value function is
defined as follows:

Q" (s,a)=r(s,a)+yV” (') (16)

In other words, the action-value function first considers the value of
some action (a) at the current state (s) followed by the value of all
future actions executed via the current policy. Policy improvement is
now possible through greedy extraction from the action-value function.

Further, training via RL can be done with either on-policy or off-
policy methods. These training types are defined through their use
of two categories of policies. The target policy is the policy being
evaluated or improved, whereas the behavioral policy is the policy
whose actions are used for data/experience generation. The distinction
between off-policy and on-policy is that on-policy is the case where
the target and behavioral policy are the same, whereas off-policy
allows for different policies. SARSA is one such algorithm that is on-
policy, whereas Q-learning is an algorithm that is off-policy as shown
in Egs. (17) and (18), respectively:

Qi11(5,0)=0;(s,a) +a [r +70; (s', a') -0, (s, a)] a7)

Qiy1(s,0)=0Q;(s,a) +a |r+ yn}le}x 0, (s’,a’) - 0;(s,a) (18)
Although the two seem similar, the distinction comes from the greedi-
ness of the target policy. SARSA stands for State-Action-Reward-State-
Action, which represents the structure of its experience tuple where the
future action is also sampled, allowing for the bootstrapped term to
use the behavioral policy’s action, thereby making the target policy the
behavioral policy compared to Q-learning’s purely-greedy target-policy.
This distinction results in significant impacts on the behavior of their
resulting policies. Q-learning’s max operation directs the performance
improvements by exploiting the greedy policy for the current value
function estimate, whereas on-policy methods like SARSA are guided
by an exploratory behavioral policy. In other words, the target policy
for Q-learning being different from the behavioral policy allows it to
exploit good-performing policies regardless of what is done for explo-
ration. As a result, SARSA often results in conservative policies due to
the need to optimize around exploration behavior such as e-greediness.
Consequently, Q-learning risks overestimation of its decision quality
due to the maximization bias caused by the max operator on noisy value
function estimates, which can hinder training, especially in environ-
ments where high quality comes with a risk of consequences, such as
the Cliff Walk example shown in Fig. 1.

Cliff Walk is a toy problem where a 2D grid contains a cliff region
in the bottom row, excluding the corner grids. The goal of the policy
is to move from a fixed starting grid in the bottom left corner to the
goal in the bottom right corner in single grid steps. One formulation of
the problem assigns a reward of —1 to all state transitions besides the
stepping into the cliff, which is assigned a reward of —100 and causes
the state to return to the starting point (Sutton and Barto, 2020). For
this formulation with e-greedy exploration with ¢ = 0.1, SARSA eventu-
ally converges to a policy that yields roughly —25 reward on average,
while Q-learning converged to —50. One might conclude from this that
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the SARSA policy is more optimal than the Q-learning policy, but in
reality, SARSA learned the conservative path instead of the optimal
path that Q-learning did. The reason the episodic rewards are better
in SARSA is because exploration is done using the e-greedy policy,
and so the occasional randomness in the exploration would cause a
policy following the optimal path to wander off the cliff. This example
demonstrates that, ultimately, SARSA learns a policy that is optimal
during exploration whereas Q-learning learns a policy that is truly
optimal. Both methods still suffer from the computational infeasibility
of greedy policy extraction in continuous state-action spaces which
motivates the use of gradient-based methods.

3.2.2. Twin delayed deep deterministic policy gradient (TD3)

Unlike value-based methods, policy-gradient methods allow the pol-
icy to be parameterized. These parameters are then modified through
gradient methods to achieve the desired behavior. In other words, the
goal of value-based methods is to optimize the value function and then
greedily (via arg max) derive the policy, whereas the goal of policy-
gradient methods is to optimize the policy directly based on the value
function in an iterative process. In its simplest form, there is Vanilla
Policy Gradient (VPG). VPG is typically formulated for stochastic poli-
cies where the goal is to maximize the expected discounted return
under the current policy and current value-function estimate. This can
be formulated as the product of the trajectories discounted cumulative
reward weighed by the probability of the trajectory under the current
policy summed over all possible trajectories as follows:

J@O)=Y <H”a (af | sf)) Ve

Here, the sum over all unique trajectories z is represented through the
true state-value function for the given trajectory V* and with trajectory
probability given by the product of the probability that the stochastic
policy whose learnable parameters are denoted by 6 yields the actions
a® that it did at every state s” along the trajectory with time-index 7.
Through the fact that:

Vof ()

19

Vg log f(0) = 10 - Vo f (0)=f(0)Vylog f(6) (20)
and via the chain rule:
\%
wolla - (Is ) 2 %2 en
i 1 T &
the corresponding gradient of the objective is:
Vel )= (vg [z (a1 sf)> 144 (22)
T t
Voro (4 | Sf))
= 7o (af | 57 Ly (23)
Z<<H o ’)>Z 7o (47 157)
=Z(<Hﬂe (a:ls,f))Zvelogﬂe (a:ls:>)V: 24)
T t t

This formulation is the baseline for REINFORCE, where the sampled
return is involved to make an unbiased estimate of the policy gradient.
Although unbiased, this estimator can have high variance because the
return may not isolate whether or not a particular action was better
or worse than expected for its state. This motivates alternatives that
improve variance without impacting bias. For a given trajectory, we
can denote the current value function as 17,.” (s) and approximate this
gradient for use in gradient ascent. Since an estimate is used, it is often
advantageous to use the advantage function form, where instead of
increasing the probability of actions that give high return trajectories,
the probability of actions that give better than expected returns are
increased. Notably, because the state-value function is only a function
of the state, and these methods are on-policy, the bias is unchanged
in this advantage formulation based on the estimated function. Thus,
while the exact formulation of the advantage estimate can vary based
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Fig. 1. Cliff Walk toy problem. Entering ‘The Cliff’ will reset the state to the start, denoted by ‘S’. Episodes end upon entering ‘G’, the goal.

on the design, VPG tends to use the following mini-batch based loss for
gradient descent:

N
1 . A
Lypg = Y z ZIOg”B (a7 | srr) A7

=1

(25)

where Af is the advantage function defined using I7i” (s) and N is the
number of samples in the mini-batch.

In practice, VPG benefits from a separate training loop to improve
on these estimate value functions, which motivates Actor-Critic meth-
ods where the policy is modeled by the Actor which is trained with
respect to the Critic, which models the value function and itself is
trained based on the Actor. This design aims to improve the policy
and value function estimate in a self-improving loop. Further, the
gradient based iterative parameter optimization directly motivates the
use of NNs as the estimate for the policy or value functions due to
their inherent use of these gradient methods during training and their
broad modeling abilities. Finally, it can be seen that the existence of
stochasticity in the policy complicates the relationship between the
objective, the loss function, and their corresponding gradients, hence
the earlier emphasis on focusing on deterministic systems. To build on
this further, we consider deterministic frameworks that utilize gradient-
based methods, involve NNs, and are off-policy to make reuse of
data (which can be scarce in process control contexts) viable during
training. This leads to one of the original gradient based Actor-Critic
methods, Deep Deterministic Policy Gradient (DDPG). DDPG avoids
the greedy policy of Q-learning by instead training a target policy
network to approximately maximize the action-value function through
gradient ascent (Lillicrap et al., 2016). As a result, the training of the
action-value function approximation can be achieved through a neural
network referred to as the Critic using the following loss function:

Leritic = MSE [Qy (s, a), (r + 7 (1 = d) Qu(s' . my (s')))] (26)

As was true for VPG, 6 denotes the learnable parameters of the policy
and ¢ denotes the learnable parameters of the Critic network. DDPG
improves on this further, by taking into account the instability of
training a neural network with respect to a target using its own weights.
The solution is to use a second neural network as a dedicated target
network which gets updated via Polyak averaging, as follows:

(27)
(28)

¢ =1+ -1)¢
0 =10+(1-1)0
Additionally, as a ‘Deep’ approach, the neural networks are used to
represent the Actor and Critic which aim to approximate the policy and

value function, respectively. To train such networks, a dataset called
the replay buffer is built using the experience replays defined earlier:

D= { (s a7 5}) F ooy

where k denotes the index of the sample within the replay buffer and
N denotes the number of samples currently stored in the replay buffer.
Notably, in the case of off-policy methods like TD3 and DDPG, the

(29)
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actions stored in this buffer come from various policies such as from
the Actor as it is being trained. Because there is no e-greedy policy
available during exploration, the exploration phase of DDPG utilizes
the Actor with additive noise. Exploration itself is a process that can be
sped up using a simulated model for bulk data generation, but is best
done when applied to a physical system to capture real-world dynamics
and noise as is modeled in Fig. 2.

TD3 takes additional measures to stabilize training beyond what is
done in DDPG. It adds clipped noise to the target policy during the
construction of the Critic target for the loss calculation of the Critic,
adds a second Critic with its own target network, and adds a delay
to the updates for the target networks and Actor (Fujimoto et al.,
2018). The goal of the second Critic is to counteract overestimation
of the action-value function. Because the Actor is trained to maximize
the Critic, there remains an analogous effect to the maximization bias
present in Q-learning because the policy can exploit inaccuracies in the
learned action-value function by prioritizing actions in regions where
the function is overestimated. Unlike tabular Q-learning, which con-
verges to the optimal action-value function in the limit under standard
assumptions, deep actor-critic based approaches operate in continuous
spaces with function approximations, and so they do not inherit these
convergence guarantees. Instead, the overestimation in the Critic causes
the Actor to yield more actions in the overestimated region, and be-
cause the Actor is used for exploration, the replay buffer can begin to
over-sample these actions/regions, which the Critic will then train off
of and reinforce. The result is a feedback loop of continued exploitation
that makes training brittle and risks policy collapse or divergence.
Similar to how Dual Q-learning handles the maximization bias, by using
the minimum of two estimates of the action-value function, TD3 lessens
the possibility of overestimation as it is unlikely for the Actor to exploit
both networks simultaneously. The remaining modifications follow
similar logic. The policy noise effectively smoothens the Critic, making
it less susceptible to jagged peaks, and the delay further lessens the
moving target problem. Pseudocode for the TD3 algorithm is provided
in Algorithm 1.

3.3. Scalable, stable, and safe neural network design

While RL methods such as TD3 are good options for model-free off-
policy reinforcement learning, which enables a broad range of designs,
NN training on such frameworks has been shown to be brittle as was
seen in prior works (Khodaverdian et al., 2025a). Beyond the careful
hyperparameter consideration that is needed for such training methods,
the NN itself must be designed in such a way that does not excessively
compound on this brittleness. To understand the root of this instability
and to design systems that are both scalable to deeper and wider layers,
one must take a first-principles approach to training.

3.3.1. Gradient descent
Despite the wide variety of frameworks and training methods avail-
able, a fundamental component of NN training that is consistent in most
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Fig. 2. Reinforcement Learning exploration phase diagram under action constrained closed-loop rollout.

works is the use of gradient descent. In principle, gradient descent is
a method of calculating gradients sequentially by utilizing the chain
rule. As a result, weights and bias terms in early layers of a NN can
be thought of through a series of multiplications of gradients from
deeper nodes in the network. While the process is convenient and
allows for significant computational improvements, it suffers from a
fundamental problem; vanishing/exploding gradients. As more layers
are introduced, more multiplication must occur to calculate the gra-
dients for shallower weights. If enough terms have excessively small
or high values, the result is that these shallow gradients can collapse
towards zero or diverge.

The issue of exploding gradients is of lesser concern as most com-
monly used activation functions have gradients that are bounded by
1. Commonly used activation functions include ReLU, Sigmoid, and
Tanh, which are all defined below along with their corresponding
derivatives:

1
ReLU(x) = max (0, x) ORelU _ { x>0 (30)
ox 0 x<0
. ‘4
Sigmoid(x) = ; 0Sigmoi _ exp (x) 1)
1 +exp (-x) 0x (1 + exp (x))?
Tanh(x) = P& = XP (=) 9Tanh _ ooch? (x) (32)
exp (x) + exp (—x) ox

These derivatives provide insight into the issues that networks utilizing
them may run into if excessively deep. ReLU’s issues are best known
as it suffers from the Dying ReLU Problem where, because the gradient
is zero for negative inputs, if any deep layer using ReLU has a negative
input, the impacted neurons and all terms that must flow through this
neuron to get gradient updates will not get updated for that sample. If,
at any point in training, the weights adjust such that these neurons get
negative inputs consistently, the result is a cascade of dying neurons.
Similarly, Sigmoid suffers from having a maximum gradient of 0.25,
which causes the vanishing gradient problem if enough layers use
this activation in a deep network. Tanh has a maximum gradient of
1 but is quickly decaying for larger non-zero points (even more so
than Sigmoid), which leads to a risk of limited expressiveness of
the network and the persistence of vanishing gradient issues in deep
nets. Despite these tradeoffs, ReLU remains a highly utilized activation
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function due to its gradient of 1 for positive values, preventing contri-
butions to exploding/vanishing gradients, and it causes sparsity within
the network through effective feature selection by zeroing out negative
inputs which leads to good expressiveness abilities. As a result of these
benefits, a substantial amount of research has been done on designing
activation functions that maintain the strengths of ReLU but combat
the weaknesses. To this extent, there are many modern alternatives to
ReLU with comparable performance, such as GELU, Mish, Swish, and
Leaky ReLU.

In order to design a framework that scales well for deep networks,
it becomes necessary to keep gradients near 1 to prevent gradient de-
cay/explosion. Activation function choice impacts this during training,
but the initialization of the weights and biases contribute to early
training stability based on the same principle. One cannot arbitrarily
define the initial weights or biases, otherwise initial gradients can be
unstable. A solution to this is to utilize orthogonal initialization of
the weight matrices. The motivation for this form of initialization is
due to the beneficial properties that arise from orthogonal matrices.
Notably, these matrices are both norm preserving and dot-product
preserving. As a consequence, signals passing through these layers will
not be perturbed in magnitude or angle and will instead be rotated.
This form of transformation is a neutral operation that is beneficial
for initial training steps as it is inherently non-interactive in ways
that could lead to exploding or decaying signals or gradients. While
some of this neutrality is inevitably lost for layers where the input and
output dimensions are different, it is a good design choice nevertheless.
One caveat that complicates the use of this technique is nonlinearities
and desired behavior. Activation functions such as ReLU effectively
zero out half of the values, and so their gain is usually set to \/5
instead of 1. Early training can be chaotic, so often the final layer
in the Actor is set to have small gain of roughly 0.01 so that actions
are not excessively aggressive early on. More generally, the method
would require additional consideration of inputs and outputs to these
initialized layers so that properties such as the second moment are
preserved. Some well known baselines such as the ReLU case of \/5
require assumptions on the structure of the pre-activation distribution,
such as zero centered-ness, which needs to be considered during the
design process.
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Algorithm 1: TD3
Initialize critic networks Qy,, Qy,, and actor network z, with

random parameters 6, 6,, ¢;

Initialize target networks 01 « 0, 0; — 0,5, ¢ — ¢;

Initialize replay buffer D;

while not converged do

Observe the environment’s current state s;

Select action with exploration noise a « r, (s) + ¢,
e~ N(0,1);

Clip to obtain a within lower and upper bounds:
AL ower <as< aUpper;

Apply @ and observe reward r, new state s’, and done signal
d;

Store transition tuple (s,d,r,s’,d) in D;

if it is time to update then

Sample mini-batch of N transitions

Siy A, r; s.d~) ~ D;
TSy ) 5

a;. — Ty (s;) +e€j,
¢; ~clip (N (0,policy_noise),—noise_clip,
noise_clip);

Clip to obtain &; within lower and upper bounds:

A1 ower < ﬁ;' < aUpper;
yjeri+y (1 —dj) min (Qei (s},d}) ,Q% (s},dﬁ.));
Compute critic losses: £; = MSE (le (s;.d;) .

£, =MSE (ng (53,).3 );
Leopitic < L1+ L5
Zero gradients for critics;
Backward pass on L.,;;;.;
Gradient descent step for 6, and 6,;
if it is time to update the delayed networks then
Compute actor loss:
£act0r < —MEAN <Q91 (S/’ e (SJ)))’
Zero gradients for actor;
Backward pass on L,,,,;
Gradient descent step for ¢;
Soft update targets: 6, « 76, + (1 —7)8, for k =1,2;
¢ —rp+1-1)¢;

if s’ is in the terminal region then
Reset environment;
Select a new initial state s;

yj):

3.3.2. Beyond weights and biases

While modifications of the activation function allow for design
levers through their impact on the training of the weights and biases
via gradients and the activation/expressiveness of these weights and
biases through their non-linearity, these approaches can be enhanced
further through additional structures in the network. Recall the issue of
vanishing gradients. A common workaround is to use residual layers.
Residual layers operate by adding the input to the post-activation
output to yield the final output. Consider a residual block:

y=x+Fx,W) (33)

where F (x,W) is the layers with weights W' that the input x passes
through. The gradient term from this block is:

OL L9y oL, k)

ox dy ox dy ox
While the mechanism is simple, the result is that weights updated in
layers shallower than the input will get an additional +1 term added to

(34)
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partial gradient of the deeper terms, effectively resetting the multiplier
and counteracting the decay. A consequence of this is that the model
may learn to take advantage of these residual pathways. In the extreme,
such behavior results in a network that functions like an ensemble of
shallower networks.

More generally, data that gets passed between layers of a neural net-
work can suffer from a multitude of issues, especially in deep networks
with more complex data handling. Exploding and vanishing gradients
are arguably the simplest forms of bad signals during training, and their
inference-time counterparts of exploding or vanishing internal signals
stem from similar numerical problem. There are broader problems of
internal covariate shift, where distributions of these internal signals
move during training in such a way that makes the network struggle
from an internal moving-target problem. To tackle these broader issues,
normalization techniques are used. Notably, BatchNorm and Layer-
Norm serve as strong baseline normalization techniques that are useful
depending on the use case. Mathematically, both methods normalize
using the same equation shown below.
y= }/X_—M + ﬂ

Vo +e

In this formulation, y and f operate as the linear map and translation
that start as 1 and 0, respectively. u and 62 are the mean and variance
terms that are calculated so that the inputs are first normalized to unit
variance and zero mean before an affine transformation is applied. e
in this formula is a sufficiently small constant that exists to prevent
division by zero. Specifically, BatchNorm is a normalization method
that brings each feature into a distribution that has zero mean and unit
variance by calculating the mean and variance of that feature across the
entire batch. Thus, in order to be of use, the training method utilizing
this method must train in mini-batches. LayerNorm performs the same
normalization but solves the variance and mean across the feature set
for each individual sample. This difference is best understood through
a visualization of the relevant data for a given input as shown in Fig.
3.

(35)

Because BatchNorm solves the mean and variance estimate over
the mini-batch, it can also internally store a running average of these
terms. This is useful during inference where the batch size is 1 so
that the mean and variance terms are meaningful. Notably, because
this normalization may be undesirable regarding how it impact the
layer’s expressivity, the y and g terms are learnable parameters that are
trained alongside the weights and biases of the network. BatchNorm
is best in cases where the train and test distributions are similar (so
the running statistic is accurate) and when data is independent and
identically distributed. The mini-batching induces noise in the sampled
mean and variance calculations, which allows BatchNorm to function
as a regularizer as well as a normalizer. BatchNorm is often suited
for cases using images where the RGB channels each individually can
be normalized across the batch and spatial dimensions which gives
additional redundancy. As a result, BatchNorm is poorly suited for
cases where batch-size needs to be small, training and inference distri-
butions are different or nonstationary, or if data comes from coupled
samples/features. LayerNorm can end up voiding information that is
useful from magnitudes of the hidden states, and the normalization
across the feature space will couple all of the features through the
shared mean and variance.

Overall, LayerNorm and BatchNorm help stabilize hidden state
dynamics, which can improve optimization; however, normalization
also removes certain scale and shift information. As a result, the nor-
malized output can become insensitive to transformations of the input
group that scale and shift it uniformly. This invariance is not identical
for LayerNorm and BatchNorm, since the normalized groups are
different, but the underlying mechanism is the same.

To see this, we will revisit the normalization operation in Eq. (35).
Suppose that the entire input group is scaled by a positive constant
¢ > 0 and shifted uniformly by a constant «, so that x’ = cx+a where «
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Fig. 3. Visualization of the different dimensions that BatchNorm and LayerNorm use for their normalization calculations.

is assumed to be a vector of sufficient shape to match the normalized
input group with elements that are all equal to the same constant. In
other words, a is a uniform shift. The corresponding mean satisfies:

i

d
1
¢33 ) onen @
and the corresponding variance satisfies:
d d
1 1
o= g Do) ra-eura) =5 X eln-n)’ = G

1 i=1
With e > 0, this invariance is approximate whenever ¢ is small relative
to o%:
ylzyx— c(x—u) + X —p
Vo' +e Vc2o2 +e Vo?+e
However, ¢ is included only to prevent division by zero, and in practice
it is chosen to be small enough that it is negligible relative to the
normalized variance. Therefore, for the purpose of analyzing scale-
invariance, we take e = 0. In this case, the normalized output is exactly
invariant to positive uniform scaling and uniform shifting:

(38)

+p=

Bry +p=y

x/ !
y=v

_F +ﬁ=yc(x_”)+ﬂ=yu+ﬂ=y

N 252 Vo2
Thus, the general invariance condition for the normalization operation
is:

(39

X =ex+a, c>0 (40)

where a denotes a uniform shift over the normalized input group.
In other words, normalization removes positive uniform scaling and
uniform shifting over the entries used to compute the normalization
statistics.

The parameter block that produces this invariant transformation
depends on the normalization method. Consider the case where x is the
output of some layer in a NN prior to the application of the activation
function. We can formulate the per-sample output of the layer as:

XD = Wa® 4 p (41)

where A" is the input to the layer for sample n. For LayerNorm, the
normalized group is the feature vector x for a single sample. For
BatchNorm, each feature is normalized separately across the batch,
so a batch-wise formulation must be considered.

For BatchNorm, the normalized group associated with feature ; is:

T
_ |, @ (B)

Xp= (XXX ] 42)

where each element is given by:

(n) _ T p(n)

x; —wjh" +b; (43)
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Here, w; is a column vector whose transpose wJT forms the jth row
of W. Now, suppose that the incoming weight vector for feature j is
scaled by ¢ > 0, while the bias is allowed to become any value b;.
This includes the cases where the bias is unchanged, scaled, shifted, or

replaced entirely. Then:

) _ T LT
x; —cwjh" +b; 44
This can be rewritten relative to the original feature value as:

r(n) _ T (n) 7
X} —c(wjh(" +bj>+(bj—cbj) (45)
or, equivalently,

1 _ ()
XU =ex +a (46)
where:
a; =b; —cb; (47)

Since «; is the same for every sample » in the batch because the bias
of a given feature does not vary across the batch dimension, the full

batch-wise normalized group satisfies:

r_
x;=cx; +a (48)

where «; is added uniformly across the batch. This is exactly the
general invariant form of the normalization operation. Therefore, for
BatchNorm, the scale-invariant parameter block for feature j is the
jth row of W. Notably, the bias term is invariant broadly and can be
removed entirely from the layer that feeds into BatchNorm. The fact
that the bias gets canceled is seen in the general invariant form’s proof
in Eq. (36) where the mean of the normalized block perfectly preserves
the uniform shift. By definition, if a feature is normalized over the
batch, and the bias of a feature is constant for all batches, then the
bias of a layer is itself a uniform shift that is canceled in the subtraction
operation that occurs in the numerator of the normalization equation.
For LayerNorm, normalization is applied across the features of a
single sample. For sample n, the normalized group is the full vector:

xXW =Wh"™ + b (49)

Unlike BatchNorm, a general bias vector does not automatically pro-
duce a uniform shift over the normalized group, because the normalized
group is now the feature vector within one sample rather than one
feature across many samples. To see the condition for exact invariance,
suppose that the weights and biases are scaled separately:

W' =cWw b =db (50)

where ¢ > 0 and d is a scalar. Then the new input to LayerNorm is:

O W R Ly — cW ™ 4 db (G20)]
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Rewriting this relative to the original input gives:

X = (Wh™ +b) +(d—c)b (52)
or, equivalently,

K = ex® 4 d—-c)b (53)
For this to have the general invariant form:

X =ex® 4 g (54)

where « is added uniformly to every feature in the normalized group,
the mismatch caused by scaling the bias differently from the weights
must satisfy:

d-c)b =a, i=1,....d (55)

for some scalar a. Equivalently, every entry of (d —c¢)b must be the
same constant.

Under this condition, the mean and variance over the features
of sample » satisfy the general invariant form of the normalization
operation. Therefore, for LayerNorm, exact invariance is achieved
through scaling of the entire weight matrix as opposed to the row-
by-row basis that BatchNorm satisfied. For the bias, LayerNorm’s
invariance condition varies based on the structure of the bias vector
itself. Generally, d = ¢ is a sufficient condition for invariance, but d can
differ from c if b is a constant vector, i.e., every element is the same
constant. Unlike BatchNorm, the bias term is not always canceled out,
so reduction to a zero-bias input is not inherently the best choice.

The invariance described above has a direct consequence for the
gradients of the parameter blocks 6 that produce the invariant trans-
formation. In these cases, the output, and thus the outputs impact on
the loss function, are invariant for positive radial scaling of 0:

L(ch) = L(6), c>0 (56)

where the corresponding gradient is thus zero with respect to c:

dic(ce) =0TV,L06)=0 (57)
c c=1

In other words, the loss gradient is orthogonal to the radial scaling
direction of the invariant parameter block; however, this does not mean
that gradient descent preserves the magnitude of 6. Let g = V,£(#) and
consider the gradient descent update:

0t =0-ng (58)
The invariant parameter blocks norm after the update is:

l6*]* = 116 — ngl® (59)
which expands to:

0¥ = 01> = 2007 g + n* g (60)
Due to the orthogonality from earlier, this becomes:

lo*]* = 61+ llgl? 61)

And so even though the scale direction has no gradient term, the or-
thogonal movement still results in an increase in the new vector’s norm.
This results in a problem; the layers weights do not impact the loss, and
yet the loss increases the weights, so the network silently explodes until
it suddenly fully breaks down at the limit of the numerical precision
that is chosen. A workaround to this issue is weight decay, where every
update to the weights involves a removal of a small percent of the
original weights. With weight decay, the update becomes:

0t =(1-n1)0-ng (62)
where the new norm is:
6%]1> = (1 = n ) 11617 + o N8I (63)
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In this formulation, the growth in the norm from the orthogonal
direction addition is counteracted by the new percent removal term;
however, the invariance changes the interpretation of weight decay on
normalized layers. Since positive radial scaling of # induces an invariant
transformation of the normalized input group, the magnitude of 6 no
longer impacts the loss function. Instead, its impact during training
is primarily seen in how it interacts with the orthogonal component.
Because the updates are orthogonal to the scale, we can quantify them
like a right triangle where for some update 40 = —5g orthogonal to 0
we get:

_ 11401 _ nllgll

@)= " = o e

The tangent function is roughly linear for small values, which is ex-
pected for networks with small step sizes, thus the angle of this right

triangle vector shift operation is roughly el por contrast, the relative
growth of the norm is:

]
l[o* ]| — el
el

where a Taylor series expansion is used for the case where || 46| < ||9]].
This tells us three things for small steps: the angle is roughly the
magnitude of the step update, the angle is inversely proportional to
the current norm, and the relative impact of the step to the norm is
proportional to the squared angle. These properties lead to smaller rel-
ative change when ||0|| is large and a larger relative change when ||| is
small. In other words, the norm functions as an effective learning-rate.
Consequently, weight decay partially acts as an effective learning-rate
controller for these scale-invariant parameter blocks rather than only as
a conventional regularizer as is usually true. This is not necessarily de-
sirable, as having variable learning rates within a network complicates
the design process as learning rates are a critical hyperparameter. This
motivates normalization-and-projection (NaP) methods, which explic-
itly control the magnitude of scale-invariant parameter blocks in order
to maintain a more consistent effective learning rate (Lyle et al., 2024).
In practice, these methods take many forms, but the core principle
is that the normalization is handled by blocks such as LayerNorm
and the projection is an extra step done during training that takes
the existing weights and consistently projects them so that they satisfy

1.5
X = 65
2 (65)

certain criteria.

Remark 3. The discussion thus far is under the assumption that the
normalization via either BatchNorm or LayerNorm is applied prior
to the NN-layer’s activation function. Equivalently, the discussion holds
true for positively homogeneous activation functions such as ReLU due
to the fact that ReLU(cx) = cReLU(x)Ve > 0. For cases where some
activation function that does not satisfy positive homogeneity is used
prior to the normalization operation, the above results do not generally
hold true.

Remark 4. In the context of modern transformer architectures, nor-
malization techniques are applied in a variety of methods beyond
the pre-activation form demonstrated here due to the stabilization
properties of the normalization process. Older frameworks use what is
referred to as post-norm, where the layer and its residual are added
and this is the input to a LayerNorm. More modern approaches utilize
pre-norm with simpler normalization techniques such as RMSNorm
which removes the mean-centering operation from Eq. (35), where
the residual branch’s input is normalized prior to entering the layer.
There exist many variants of these which attempt to strike a balance
between stability and expressiveness, but key focus is that the invari-
ance property is a secondary consideration relative to the normalization
operations ability to stabilize data flow.
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3.3.3. Safe networks

By design, standard NNs do not have strict constraints on their
outputs. As a result, there needs to be additional consideration before
NNs can be used in real-world process control applications as operat-
ing constraints are a necessity for safe and stable operation. Thus, a
subset of viable NN frameworks, referred to as Safe NN, is considered.
These networks are capable of enforcing the required constraints on
their outputs in a strict manner, thereby allowing them to function as
viable controllers regardless of the quality of the network itself. One
such group of networks are networks using differentiable Quadratic
Programming (QP)-layers. QP, shown in its standard form in Eq. (66),
is a subset of nonlinear constrained optimization problems in which
the objective is quadratic and the constraints are linear and have the
following general form:

x* =arg min%xT Px+q'x (66a)
X

st. Gx<h (66b)

Ax=b (66¢)

In particular, these formulations operate with convex objectives due
to the various beneficial mathematical properties of such functions.
As such, the P matrix is an element of the set of symmetric positive-
semidefinite matrices of size n X n, whereas g € R", G € R™", h € R™,
A € RP*" and b € R? represent the miscellaneous real-valued problem
data upon which x € R" is optimized. This formulation for convex QP
problems, defined by CVXPY, is used as the baseline for CVXPY layers;
a differentiable layer form of the convex optimization problem that
can be inserted into NNs (Agrawal et al., 2019). More generally, one
can ensure constraints are satisfied by using these layers for constraint
enforcement; however, these layers come with a significant computa-
tional cost increase due to the use of iterative methods. One of the
main reasons for using NNs as controllers is the computational benefits
that arise from the inherent benefit of data-based methods; the ability
to model high-dimensional problems through low-dimensional approx-
imations. Several works have demonstrated that NN-based controllers
can achieve comparable performance to MPC-based approaches with
significant computational complexity reduction. By using QP-layers, the
distinguishing factor between these two approaches diminishes, and
the result is a notable increase in computational complexity. Addition-
ally, such designs may not be compatible with modern techniques for
speeding up the computation of NNs, which would further broaden the
computational cost gap. Some alternative approaches, such as RAYEN,
avoid orthogonal projection logic and instead opt to use projection with
respect to an interior point, which enables significant computational
overhead improvements over QP-layers (Tordesillas et al., 2023). Re-
gardless, there is a critical drawback to all such projection methods
that had adverse impacts on the training of the model; gradient loss.

To visualize the problem, we explore the linear inequality case.
Consider an arbitrary unconstrained output from the NN denoted z €
R". To be considered safe, the constrained output y = f(z) must satisfy
some set of linear inequalities described by:

Cy<d 67)

However, not all constraints are necessarily active at the projected
output. Thus, it is beneficial to analyze the local behavior of the
projection using only the active boundary constraints. Let .A denote the
locally fixed active set at y, and define A=C, e R™" and b=d 4, € R’.
The rows of A therefore collect the normals of the active constraint
boundaries, which are locally represented by:

Ay=5b (68)
The remaining inactive constraints satisfy:
Cry<dg (69)
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To generalize the formulation, assume the projection from z to y
occurs along known correction directions collected in V' € R"™*? such
that:

y=z+Vi (70)
where 4 is chosen so that Ay = b. Substitution gives:
Az+VA=>b 71)
Az+AVAi=b (72)
AVAi=b- Az (73)
A=AV (b - Az) (74)

assuming that AV is nonsingular. Thus, the projection and its corre-
sponding Jacobian are:

y=z+V AV) ' (b- Az) (75a)
J=9 VaAav)yta (75b)
2z

The above formulation has several notable properties. By multiply-
ing by A, it is seen that:

AT =A—-AV(AV)'A=0 (76)

Therefore, for any perturbation 6z, the corresponding constrained-
output perturbation §y = J§z satisfies:

Asy=0 77)

In other words, the forward pass through this constraint enforcement
layer allows the projected output to be locally perturbed only along di-
rections that preserve the currently active constraint values. For active
inequality constraints, this means that both outward perturbations that
would increase violation and inward perturbations that would increase
slack are removed; the surviving directions are those that move along
the active boundary.

As for the backward pass, which is critical to the training of the
neural network, the gradient that flows to the NN layers prior to the
constraint enforcement layer is defined as:

g.=J"g, (78)

where g, is the gradient of the loss with respect to the constrained
output. Using the expression for J, this becomes:

g.=g,—A AV Vg, (79

This gradient has a corresponding orthogonality property with respect
toV:

Vig, =VTg, —VTAT(AV) TV Ty, (80)
=VTg,—ANT @A) VT, (81)
=0 (82)

This property demonstrates that the backward gradient passed into the
shallower layers of the NN is orthogonal to the directions in which
the projection occurs. In other words, the gradient signal calculated
from the loss with respect to the constrained output is modified along
the span of the active constraint normals until the remaining signal is
orthogonal to the projection directions.

If the NN were trainable in a manner that allowed the output to
be directly modified by gradient descent, then the physical intuition of
the constraint enforcer is that the projected control action can only be
modified, to first order, in directions that do not change the currently
active constraint values. This means that even if the gradient contains
a component that would improve the active constraint satisfaction,
i.e., by moving the action towards or into the safe set, that component
is removed by the local projection Jacobian. Therein lies the primary
limitation of strict constraint enforcers within neural networks: the
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inability to retain information along the directions eliminated by the
projection.

To demonstrate this, we will consider two examples. First, consider
the case in which the projection is optimized through a QP-layer
such that the minimal projection that satisfies the constraints is used.
Specifically, we consider the Lyapunov constraint and actuator bound
constraints from the LMPC formulation in Eq. (6). In this case, the
constrained output is the solution to:

u* =arg min% (u- uNN)-r (u—uyy) 832
St Upin S U S Uy (830)
V(x,u) <V (x,ug) (839

where uy y denotes the unconstrained NN output, «* denotes the con-
strained control action, and uyp denotes the reference control action
used in the Lyapunov constraint. For a fixed state x, the Lyapunov

derivative can be written as:
Vxu)y=LV @) +L,V ) u 84

where L,V (x) is independent of 4 and LgV(x)T is the row vector
multiplying the control input. Therefore, the Lyapunov constraint can
be rewritten as:

(85)
(86)

LV +LV @ u< LV )+ LV ug
T T
LV (x) u<LV(x) ug
Thus, for a fixed state, the Lyapunov constraint is linear in . Similarly,

the actuator bounds can be written as two separate sets of linear
inequality constraints:

<u

= (87)

(88)

Umin —U < —Upiy

U < Uy

The QP-layer projection is therefore governed by three linear inequality
constraint families: the lower actuator bounds, the upper actuator
bounds, and the Lyapunov constraint. Because the optimization prob-
lem is formulated with a quadratic objective and linear constraints, the
Karush-Kuhn-Tucker (KKT) conditions can be used to explicitly char-
acterize the optimal control action. The Lagrangian of the inequality-
constrained problem can be written as:

£ (t i s ) = 5 (1= tiynr) " (= ) 89)
T (=t i) (90)
A (0 ) ©D
+up (LV )T u— LV ()" ug) (92)

where pin, Umax> a0d u; are nonnegative KKT multipliers. The station-
arity condition is:

0, L (¥, Hmins Himaxs H1,) =U* =iy N (93)
= Hmin + Hmax + Hp LgV (X) (CD)]
=0 (95)

Primal feasibility requires:
—ul 4 Ui <0, i=1,....m (96)
U =t <0, i=1,....,m 97)
LV () u* =L,V (x) ug <0 (98)

Dual feasibility requires:

Himing = 0, i=1,..,m (99)
Hmaxi 2 0, i=1,....m (100)
up >0 (101)

666

Chemical Engineering Research and Design 232 (2026) 654697

Complementary slackness requires:

Himing (=16 + ;) =0, i=1...,m (102)
Himaxi (4 = Umaxi) =0, i=1....,m (103)
Hy (LgV )T u* = LV ()T ug) =0 (104)

Complementary slackness demonstrates that each inequality constraint
falls into one of two cases. If a constraint is inactive, then its multiplier
is zero and it does not contribute to the stationarity condition. If a
constraint has a nonzero multiplier, then the corresponding inequality
constraint must hold with equality. Thus, the local form of the projec-
tion is derived from the stationarity condition after selecting the active
constraints, i.e., the constraints whose multipliers are nonzero.

To analyze the local Jacobian of this projection, we consider the
locally fixed active set after projection. Active upper-bound constraints
correspond to rows with a 1 in the coordinate of the active actuator and
0 elsewhere, while active lower-bound constraints correspond to rows
with a —1 in the coordinate of the active actuator and 0 elsewhere. That
is, if the ith upper bound is active, the corresponding row is:

efu =ty (105)

whereas if the ith lower bound is active, the corresponding row is:

—eTu=—u (106)

min, i

where ¢; denotes the ith standard basis vector for the Euclidean space.
Let A, and A ; collect the active upper-bound and lower-bound
rows, respectively, and let b,, and b, collect the corresponding
upper-bound and lower-bound values, respectively. The Lyapunov con-
straint contributes an active row only when it is active at the projected
output. In that case, define:

Ap =LV (107)
and:
by =LV (®) ug (108)

If the Lyapunov constraint is inactive, then this row is omitted from
the active set. The full locally active constraint matrix can therefore be
written as:

Amin bmin
Ay =] Amax | by = |bmax (109)
AL bL

where any inactive constraint rows are omitted. The active constraints

are therefore locally represented by:
At =by (110)

On this locally fixed active branch, the KKT stationarity condition

reduces to:
u —uyy+ Ay =0 (111)

where y 4 collects the active KKT multipliers. Solving for u* gives:

u*=uNN—A;/4A (112)
Substituting this expression into the active constraints gives:

Aqu* =by (113)

Ay (uny —ALHa) =by (114)

Aquny — A AT g =by (115)

A Al g =Aquyy —by (116)

pa = (A4AT) ™ (Auuwy —ba) 117)

assuming A 4A", is nonsingular. Substitution into u* = uyy — Al sy
gives:

W =uyy — AT (ALAT) T (Aquyy —by) (118)
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Equivalently:

* -1
w=uyy+ Al (A A) T (by— Aquyy)
Therefore, the local Jacobian of the QP-layer projection with respect to
the unconstrained NN output is:

u™*

(119)

T =T-AT (AuA]) " Ay (120)
Since A AAL is nonsingular, A 4 has full row rank and:

At = AT (Aa])” (121)
Thus, the Jacobian can equivalently be written as:

Jy=1-A%Ay (122)

Although the original QP is formulated using inequality constraints, the
local Jacobian is governed by the active rows at the projected output,
as identified by the KKT conditions. These active rows are represented
in the equality form A ,u* b, because active inequalities lie on
their boundaries at the projected output. Therefore, the local Jaco-
bian removes perturbation components normal to the active constraint
boundaries and preserves only perturbations tangent to the active set.
This can be verified directly by multiplying by A 4:

Ad =0 (123)

Therefore, for any perturbation 6uy y, the corresponding constrained-
output perturbation éu* = J 46uy  satisfies:

A bu* = 0. (124)

In other words, the projected control action can only be locally per-
turbed along directions that preserve the currently active Lyapunov
and actuator-bound constraint values. Furthermore, this projection is

orthogonal which implies that the Jacobian is symmetric:
=0y (125)

Thus, the backward gradient passed to the unconstrained NN output is:

Buyy =080 = I a8 (126)
and it satisfies:
Ap8uyy =0 (127)

Therefore, the backward gradient is also tangent to the currently active
constraint boundary. For active actuator bounds, this means the gra-
dient components corresponding to saturated actuator coordinates are
zeroed out. For an active Lyapunov constraint, this means the backward
gradient loses the component along the Lyapunov constraint normal
L,V (x). As a result, once the QP-layer places the output on the active
boundary, the NN does not receive gradient information through this
local Jacobian in directions that would change the active Lyapunov or
actuator-bound constraint values.

As a second example, consider a RAYEN-style projection applied
to the same feasible set. Unlike the QP-layer projection, RAYEN does
not compute the minimal Euclidean projection. Instead, it projects the
unconstrained NN output along a ray from an interior point of the
feasible set. Let u, denote this interior point and define:

r=uyy — U (128)
The projected output is written as:
ut =uy+ar (129)

where a is chosen so that u* lies on the active boundary of the feasible
set. For the locally active constraint row:

(130)
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substitution gives:

ag (ug+ar) = by (131)
a;uo + aa;r = by (132)
br—alu
Q= R "RT0 (133)
a;r
Thus:
bp—alu
u =g+ ——R2 (134)
aRr

where a;{ is the active row selected from the same actuator-bound or
Lyapunov constraint rows used in the QP-layer formulation.
Let:

Pr = bg — ajug (135)

so that:

a= ﬁTR (136)
aRr

Since r = uyy — uy, we have dr = duy . Differentiating u* = ug + ar
gives:

du* = aduyy + rda 137)
and differentiating « = fig (a,T{r)_] gives:
o
da = —Ea;duNN (138)
R
Therefore:
du* = aduyy — r%a;duNN (139)
IZRV
ra;
=al| I - T duNN (140)
aRr
Thus, the local Jacobian of the RAYEN projection is:
* ral
Je=-2 -2k (141)
0MNN a;l;r

This has the same oblique projection structure as the general formu-
lation, but the projection direction is the ray r rather than the active
constraint normal ag.

As in the QP-layer case, multiplying by the active row gives:

apdp=0 (142)
so the forward perturbation éu* = Jzéuy y satisfies:
apéu* =0 (143)

Thus, the projected output can only be locally perturbed along direc-
tions that preserve the currently active constraint value.

However, unlike the QP-layer projection, Jy is generally not sym-
metric. The backward gradient is:

T rTgu*
Buyny = ‘IRgu* =a\ 8y —aAp—= (144)
apr
Multiplying by rT gives:
r gy =0 (145)

Therefore, the backward gradient is orthogonal to the ray direction r,
rather than the active constraint normal ay. This is the key distinction
from the QP-layer case. For the QP-layer projection, the projection
direction is the active constraint normal, making the projection orthog-
onal. For RAYEN, the projection direction is the ray from the interior
point to the unconstrained NN output, making the projection oblique.
As a result, RAYEN does not remove the gradient loss issue; it changes
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Fig. 4. Visualization of the impact on the gradient direction from KKT projection of a toy problem with box and Lyapunov constraints. The gradient in all four
cases is assumed to be the same with respect to the projected loss in order for the impact on the gradient to be consistent and clear. Because the system is two
dimensional, it is not possible to be orthogonal to 2 non-parallel vectors at once, hence why violation of the Lyapunov constraint and at least one bound results

in no gradient.

Control Action 2 (u3)

RAYEN Ray Gradient Filtering

X
<-"
7
] /
7
‘/
(Y
.
LY
LY
LY
A )
LY
\
b .
[} X
7
/
/
i J
A
Q
Q 7 A
/ / ’
1 / / L’
/ /
] & 4 £
7
’
’
4
4
b CTTPNN
-3 -2 -1 0 1 2 3

Control Action 1 (u1)

Feasible Halfspace
Infeasible Halfspace
Lyapunov Boundary

Box Boundary

Interior Point ugp

Latent Endpoint ug + v
RAYEN Output Usafe

Full Ray to Latent Endpoint
OL/3Usare

= aL£/av (clipped: Lv)

A: Lyapunov Only

B: Bound Only

C: Lyapunov + Bound

D: Lyapunov + Two Bounds

Fig. 5. Visualization of the impact on the gradient direction from RAYEN-based projection of a toy problem with box and Lyapunov constraints. The gradient
in all four cases is assumed to be the same with respect to the projected loss in order for the impact on the gradient to be consistent and clear. Because the
projection direction is based on the ray alone, violating the Lyapunov and bound constraints at once does not result in a zeroing of the gradient.

the direction in which gradient information is lost. This distinction is

visualized in Figs. 4 and 5.

As is seen in these simpler examples, projection methods of various
forms lead to a kind of destructive interference of the gradient signal in
which the only remaining modality of learning for constraint-violating

samples is to modify weights in ways that have no effect on the

currently active constraint values. This occurs for bad signals that
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would otherwise lead to even worse violations, but it also occurs for
beneficial signals that would allow for simultaneous cost function and
constraint improvements. More broadly, because the forward pass in
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Au o False
f Optimize
Model .
- o Optimal & —
T Initialize Predictive : True u
2
C Control Constrained?
Evaluate J

Fig. 6. Block diagram representation of a Model Predictive Control loop.
Evaluation criteria are left as dots as the values solved vary based on the solver
chosen. The optimization step simultaneously optimizes for the objective and
constraint satisfaction.

constraint-violating regions applies a projection, the constrained output
can become locally insensitive to changes in the unconstrained NN
output along the projection directions. In other words, when constraints
are active, hard constraint enforcement functions as a locally rank-
deficient mapping from the unconstrained output space to the active
feasible boundary. Therefore, multiple unconstrained outputs can map
to the same constrained output, resulting in a loss of information in the
backward pass gradient. Thus, safe NNs cannot directly learn how to
improve the loss through the local estimate of the impact of improved
constraint satisfaction, as this signal is lost. This is the remaining barrier
that prevents safe NNs from being considered true replacements to
MPC, and can be visualized through Figs. 6 and 7. Whereas MPC is an
iterative loop that modifies its proposed control action trajectory based
on constraint satisfaction and objective optimality simultaneously, NNs
train through an iterative loop that modifies their weights and biases
through these gradients that, depending on the design and positioning
of the constraint enforcement, have varying degrees of information loss
in constrained cases that all result in the inability to improve both
metrics simultaneously.

3.3.4. Straight-Through Estimators (STEs)

Whereas QP-layers and equivalent methods for strict constraint
enforcement propose frameworks that enable a broad category of prob-
lems to be modeled under a unified design, there exists a lesser known
approach that is often used outside of the network for external enforce-
ment, but has not seen significant research as an alternative method for
strict internal constraint enforcement; gates. In many ways, gates are
similar to projection methods, but operate in a simpler modular form.
As an example, a constraint that selects between two functions based
on an if-else statement can be formulated as a single expression using
the Heaviside step function. The consequence of these hard gates is that
such functions do not have well-defined derivatives.

A workaround to this would be to use a straight-through estimator
(STE) where the forward pass and backward pass are defined with
respect to different functions. This allows a strict forward pass using
non-differentiable techniques while the backward pass must be some
differentiable approximation. In the case of the Heaviside step function,
some good approximates are shown in Fig. 8. Notably, a direct estimate
of the Heaviside function can be done by modulating input weight
of the Sigmoid function (¢). The consequence is that as this weight
increases, so does the scale of the gradient. Because the unweighted
sigmoid has a peak gradient of 0.25, it is seen that a weight of 4 will
result in a peak gradient of 1. While one can improve the estimation
error, the impact of this choice on gradients in deep networks is worth
noting. The ReLU (tanh) approach is another valid forward pass
method which can be used to guarantee enforcement of one of the
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conditions but not the other. In particular, if the input is reliably
large enough (roughly larger than 3) then the enforcement is a close
approximation of strict enforcement.

Alternatively, several surrogates can be utilized for the backward
pass gradient calculations. A particularly viable option is tanh
(softplus) which can also be scaled through softplus’s f term,
which converges to tanh (ReLU) in the limit. This option is notable
compared to other ReLU estimates such as Mish or Swish due
to the non-negativity of the resulting gradient. These options high-
light two approaches that can be used during training: a purely hard
constraint enforcement gate whose gradient must be approximated
via straight-through-estimation, or a soft constraint enforcement gate
whose gradient can be approximated via straight-through-estimation if
desired but is not required.

A core benefit of these STE-based gates comes from the gradient
behavior. Unlike the projection or QP-layer approaches, the gradient in
the case of the softplus and Sigmoid surrogate approaches but is
never truly zero. In other words, there is signal that flows back to the
weights of the NN that does not suffer from the orthogonality issues
of strict enforcers. Even so, as an estimate, there is still an effective
modeling error within the training loop where the gradient is a mix of
terms from either the surrogate pass or the true forward pass.

To see the impact of the STE on the gradient terms, as was done
with the KKT and RAYEN cases, we will consider the case of box
and Lyapunov constraints. For brevity, we will denote the difference
between the proposed and reference control action vectors as:

Su=uyyn —Uug (146)
and denote the input to the gate as:
z=-1Téu (147)

where [ is shorthand for L,V (x). It is convenient to formulate the gate
as an alpha-gate where « is defined, in the hard case, by:

1 z>0
0 z<0

a = Heaviside (z) = { (148)
In this formulation, we take the origin to be zero for the Heaviside
function to allow for marginal conservativeness of the constraint sat-
isfaction. The resulting constraint enforcement through replacement of
the unsafe proposal with the safe reference can be done through:

u =auyy + (1 —a)ug (149)
whose derivative is:
du* = aduy y + Suda (150)

Because of the STE, the evaluation of « follows Eq. (148) whereas the
derivative uses the form of a as follows:

a = tanh (softplus(z)) (151)
The softplus equation is defined as:
softplus(x) = % In )l + efx (152)

but for the sake of this proof we will assume g = 1. The resulting
derivatives can be broken down into components. The derivative of «
becomes a function involving the Sigmoid function ¢ defined as:

1 e*

1+e> - e +1
The derivative of « with respect to the proposed output is broken into
two parts, the first in terms of z:

da

o(x)= (153)

o' (z2) = 2= = sech? (softplus () 6 (2) (154)
and the second in terms of uy y:

9z _ T (155)
oun N
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These expressions are then substituted into the derivative of u* to yield:

du* = aduy y — o (2) (Su) ! Tduy y (156)

with the corresponding Jacobian of the safe output with respect to the
proposed output:

T =2 _ Heaviside (2) I — o (z) (5u) IT
Jupnn

(157)

This yields the following gradient to the shallower layers in the NN:

= J'g,. = Heaviside (z) g,» — o’ (z) (6u' g,+) ! (158)

8unn

Unlike the prior evaluations through multiplication and perturbation
consideration, the existence of a hard and soft component in this
expression causes the impact to collapse into sub-cases. We need to
consider the ‘depth’ of feasibility, i.e., the proximity to the region near
the feasibility boundary where the hard and soft approximations differ
notably. If the system is feasible, the Heaviside function evaluates to 1,
and if not, it evaluates to 0. If the feasibility is ‘deep’ in either direction,

then the soft term is roughly equivalent to the Heaviside function, and
so ' ~ 0 collapses the gradient impact to solely consider the Heaviside
term. In other words, strong satisfaction yields:

Suyy = JT g, = Heaviside () g« = g, (159)

which corresponds to no gradient loss, whereas strong violation yields

= JTg, = Heaviside (z) g,» =0 (160)

8unn

which corresponds to complete gradient loss. In such cases, the impact
on the gradient is equivalent to what clipping would achieve, a con-
straint enforcement that either preserves the entire gradient or removes
the entire gradient. The benefit comes from the “shallow” cases where
constraint satisfaction is near the boundary. In such cases, the soft term
is non-zero, and so the gradient in the shallow violation case becomes:

=J"g, =Heaviside(2) g, —a' (2) (6u'g,. )1 = —a’' (2) (6u'g,.) 1 = —cl
(161)

Buyy
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The implication of this form is that the corresponding vector is some
constant multiple of the vector /; however, the constraints are defined
such that the constraint boundary is /. This means that the remaining
gradient is not parallel to the boundary as was the case for KKT
or RAYEN. Instead, the remaining gradient is perpendicular to the
boundary. The shallow satisfaction case is of similar form:

= J"g,. = Heaviside (z) g,» — &' (2) (6u" g, ) | = g, — ¢l (162)

8uyn
In this case, the expression retains the original gradient and instead
perturbs it through this perpendicular term. The remaining question
is whether or not these gradients are beneficial. The / component is a
fixed vector that dictates the direction of the final gradient, which in
both cases is either towards or away from the Lyapunov boundary de-
pending on its sign. ¢’ is a constant term whose sign is always positive,
so it has no impact on direction and instead impacts the magnitude in
a manner that is inversely proportional to how well it fits the Heaviside
function. In other words, a near-perfect fitting to the Heaviside function
would cause this term to be near-zero whereas bad fitting would allow
some scale to persist. Thus, éu' g, is the constant that dictates whether
the direction of the resulting gradient drives the gradient towards or
away from the Lyapunov boundary. éu" is a vector that always points
from the reference action (which lies on the Lyapunov boundary) to the
proposed action. g, is the original gradient, which points in the direc-
tion that «* should move to yield the largest first-order increase to the
loss function. Because the loss function is often minimized through gra-
dient descent, the actual direction that the control action is driven dur-
ing updates is opposite to this. The product of these vectors is a constant
S = 6u' g,.. We can view the signage of S as an indicator for when su"
and g, point in the same direction. Conceptually, this means that when
S > 0, moving from uy to uy is estimated to increase the loss, and as
such, gradient descent favors driving uy, towards ug. In such a case,
the original gradient is perturbed by —c/, where ¢ > 0, causing the up-
date to uy 5 to be driven towards the infeasible halfspace. The opposite
is true when S < 0, as in such a case ¢ < 0 yields a perturbation in the
+1 direction, driving uyy towards the feasible halfspace. As such, the
impact on the gradient, and thus the impact on the driving force that
modifies the update of uyy per gradient descent step is an objective-
weighted term that either tightens or worsens the constraint satisfaction
based on the estimated impact on the objective. Of course, uy  is not
directly modified in NN training, but the logic remains true regarding
how gradient descent attempts to modify the NN’s raw output.

While this gradient behavior can be beneficial, it is not always so.
Consider the four cases that can exist near the constraint boundary as
depicted through Fig. 9. If the original gradient points towards the
infeasible halfspace, then the perturbation will perturb this to be a
stronger signal that aims more directly towards the Lyapunov bound-
ary, thereby aggressively pushing the gradient descent step towards
moving the control action away from the boundary to safer actions as
is the case for point C. In this case, the gradient impact is favorable as
it both improves on the objective while pushing for less risky actions.
If the gradient instead points towards the feasible halfspace, then the
perturbation will both amplify the magnitude of the vector and orient
it so that the gradient descent step follows a shorter path towards the
Lyapunov boundary as is true for case E. This case can be good or
bad depending on how aggressive the steps are, as pushing too much
towards the boundary may cause it to overshoot and result in fallback.
As for the two cases when the proposed action is already unsafe, case
D showcases how the gradient aiming towards the feasible halfspace
would result in a gradient whose resulting step would directly push
the action back towards the safe set along the shortest path to this set.
This is a highly favorable case as it allows for a signal that ignores the
objective signal, which is irrelevant information due to it attempting to
push deeper into the infeasible halfspace, and instead entirely focuses
on returning to the feasible halfspace where such signals would then be
relevant. This leaves case B, where the gradient signal originally points
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towards the infeasible region, indicating that the objective is improved
by moving towards the feasible region; however, the result is a gradient
that aims perpendicular to the Lyapunov boundary, which causes the
step to push the control actions directly towards the infeasible halfs-
pace. This is the main problem that remains in the STE case. Whereas
all the other cases can be favorable under sufficiently sized steps,
this case is always unfavorable as it teaches the network to further
destabilize an already unstable output. In all cases, the magnitude of
this perturbation is scaled by both the value of the soft-estimate o«
and the magnitude of the inner product between the original gradient
and the reference difference vector. In other words, so long as the
reference action is not very different from the proposed unsafe action,
the resulting perturbations will not have a large impact, as is seen for
all cases in Fig. 9.

Because the strength of this force is dependent on how well the soft
estimation fits the Heaviside function, a poor estimation will yield a
stronger force whereas a good estimation will yield a weaker one. This
enables a method of controlling this constraint-informed driving force
through the g term in the softplus function. Recall from Fig. 8 how
the tanh(softplus) gradients behave when f is increased. As f
approaches infinity, the driving force for negative inputs gets a weight
of 0 whereas positive inputs keep some weight so long as they are near
the origin. In other words, this formulation, despite being an imperfect
estimation of the Heaviside step function in the limit relative to other
smooth estimates like the Sigmoid function, allows for the undesired
form of the force (case B) to decay to O in the limit while preserving
most of the desired forms. The consequence is that the remaining signal
for all violating cases, including case D, would collapse to the zeroing
behavior of generic clipping methods.

Thus, the alpha-gate approach via STEs is potentially beneficial for
constraint handling due to the addition of perturbations to the gradient
that inform the model about the impact of opening or closing the
constraint gate. Normally, such information would not exist due to
Heaviside gates having no derivatives, but the STE solves this problem.
The surrogate signal is often beneficial, but can also be detrimental. As
such, the alpha-gate method is not without its flaws, and instead exists
as another approach to consider when designing safe NNs.

3.3.5. Action handling in constrained RL

An often overlooked aspect of RL is what action to use for a
given step in the training pipeline. Even in systems that are otherwise
unconstrained, there are simple physical limits that must be respected
by the proposed actions in the form of actuator limits. In the docu-
mentation of many training loops, such as the TD3 formulation from
SpinningUp, clipping of the action to satisfy bounds is not universally
done. SpinningUp’s TD3 implementation, for example, does not clip
the Actor’s output that is fed into the Critic during the Actor loss
calculation, but all other instances of action proposals (such as the post-
noise exploration action and the post-noise future action for the Critic
loss) clip the final action (Achiam, 2018).

The addition of constraints further complicates this, as there are
now a total of 3 types of action forms; the raw policy output, the clipped
policy output, and the fully constrained policy output. Regardless of
framework, RL must provide the environment with the types of actions
that are expected for real-world applications, and thus the environment
must always receive the fully constrained action. Similarly, there is
no reason to design the network with the intent of its outputs being
infeasible to implement, and so exploration and thus the Critic loss
terms often use the feasible clipped outputs. This still leaves room for
variation in how the action is used in the Replay Buffer, Critic Loss,
and Actor Loss calculations. Existing works provide a convenient pair
of baseline templates referred to as DPre+ and DPro+ (Kasaura et al.,
2023). In the case of DPre+, the action stored in the Replay Buffer
and the future action solved for in the Critic Loss step are all the
clipped actions, whereas the Actor loss step uses the unmodified policy
output. DPro+ is similar, but the action stored in the Replay Buffer is
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Table 1
Action handling variants for RL training loops.
Mode Environment Replay buffer Critic loss Actor loss Penalty
action action O(s,a) 0'(s",d) -0 +)
DPre+  Safe Feasible Feasible Feasible Policy Policy
DPro+  Safe Safe Safe Feasible Policy Policy
DProj+ Safe Safe Safe Safe Safe Policy

Here, Policy denotes the actor proposal, Feasible denotes the actuator-clipped action that
does not necessarily satisfy the Lyapunov safety constraint whereas Safe denotes the
feasible action after projection/fallback such that it satisfies both the actuator bounds
and the Lyapunov safety constraint. The + modifier adds a policy-action violation
penalty to the actor loss.

the fully constrained action instead. We further consider an extension
of these templates referred to as DProj+ where all instances of the
action in the training loop are the fully constrained form. Additionally,
this extension has an extra configuration referred to as DProj+~ in
which the baseline Actor loss of the training method uses a STE that
estimates the backwards gradient of the full constrained action as if the
unmodified policy output was used instead. In all of these templates,
the + denotes an additional penalty term that is added to bias the
network away from relying on the projection phenomenon. While the
exact implementation of this penalty varies, with some implementa-
tions adding it to the reward function itself, it is sufficient to add it
as an auxiliary loss term to the Actor loss that scales proportionally
to the degree of constraint violation for the various constraints. These
templates are summarized in Table 1. Each of these methods comes
with their own set of theoretical drawbacks.

DPre+ yields a different formulation than the typical value function
because it captures the augmented closed-loop system. In other words,
the Critic estimates the value of submitting the unconstrained a into
a system where the constraint enforcement is treated as a part of the
environment dynamics. This poses a problem when exploration yields
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many unsafe actions for a given state that results in the same reward
and future state after constraint enforcement because the Critic loses
the ability to distinguish between what is a good or bad action to
provide the system. Since the Actor is trained to maximize the Critic,
the Actor may learn to output unsafe actions that are only valuable
because they are rescued by the constraint enforcer. This is undesirable
because the goal of the training loop is to use the Critic to yield a good
Actor. Thus, one can finish training with good loss terms only to find
that the Actor’s policy is poor without the constraint enforcement in
practice.

DPro+ aims to avoid this problem by formulating the Critic using
the fully constrained action, and thus does not model the augmented
closed-loop system. In other words, this formulation does not assign the
value of the constrained outcome directly to the unconstrained action
that produced it and thus avoids masking the value of many distinct raw
actions with the same enforced outcome. As a result, the Actor loss can
continue to use the raw policy output but still learn to treat safe and
unsafe actions differently; however, this is under the assumption that
the Critic learns to quantify the value of unsafe actions. This is the root
of the new issue that arises from the Actor training loop. DPro+ can
be interpreted as learning the value of safe current actions followed
by a feasible continuation policy. This makes the Critic meaningful
on the safe/feasible action region covered by the training process, but
not on the entire action region because only safe or feasible actions
ever get involved in the Critic loss formulation. The Actor training
loop issue arises when the Actor is evaluated at actions outside this
region, especially infeasible raw actions. This out-of-distribution data
will cause the Critic to extrapolate from data that it was trained off of,
which risks overestimation and reintroducing the lazy Actor problem
of DPre+.

Ideally, there should not be such a distribution issue, and this can
be fixed by making sure that the bootstrapped Critic term and the
Actor loss action term are safe actions, which motivated the design of
DProj+. Under further analysis, there are still issues that can arise
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from this design. Notably, unlike DPro+ or DPre+, the process of en-
suring that these action terms are safe involves applying the constraint
enforcement within both the Critic and Actor training loops instead
of applying it during the exploration phase outside of the training
loops. This is a significant problem for designs that have complex
constraint enforcement procedures because of the added computation
cost. A major benefit of NNs is that training in simulations can be
massively accelerated due to the simplicity of the networks along with
various methods of optimizing with respect to this structure, and so
these added constraint enforcement steps compound over each update
to drastically slow down training iteration speed. The second problem
is with regards to gradients. As discussed previously, there is no free
lunch with constraint enforcement in a gradient-based algorithm. The
Actor training loop passes gradients backwards through the entire Critic
and then the entire Actor; thus, even external constraint enforcement is
functionally treated as an internal layer for the Actor due to its impact
on the gradients used to modify the Actor weights. The same issue is
present if the feasible action is used instead of safe if the feasibility
is naively enforced through hard clipping mechanisms; however, this
can be safely worked around by using tanh activation in the output
layer due to the fact that tanh is a smooth reparameterization that
does not map several points to the same clipped bound and instead
squeezes them into the open interval of (-1, 1). Similarly, the Critic
training loop involves two Critic forward passes; once with the current
state action pair, and once with the future state and action pair. The
current pair is from the Replay Buffer, so no gradients pass into the
Actor, but the future action is based on the Actor’s output, and so it
suffers from the same internalized constraint enforcer problem. In the
case of algorithms like TD3, the target Critics are involved in this future
action portion, and so the gradients are detached because the goal is to
not update the target networks during the Critic update. Thus, DProj+
improves consistency between the Actor objective and the Critic’s
training distribution, but it does so at the cost of projection-induced
gradient degradation in the Actor update.

While DProj+ may seem to be the least prone to the distribution
issues of the 3, the gradient and computational impacts are non-
negligible. Of DPro+ and DPre+, it is difficult to quantify which of the
two sets of issues will cause the least problems in a given application.
As such, it is often left as a matter of design preference. Both DPre+
and DPro+ are well suited for problems with simple or easy-to-satisfy
constraints. If the risk of the Actor producing out-of-distribution actions
is minimal, DPro+ will be less likely to cause problems. Similarly,
if the risk of the Actor becoming over-reliant on the quality of safe
fallback actions is minimal, then DPre+ will be less likely to cause
problems. These cases tend to overlap, and thus it is more beneficial to
view DPre+ as the low-effort lightweight implementation and DPro+
as the implementation that has more directly interpretable results at
the expense of more design effort and a notable computational impact
during exploration.

4. Guaranteeing stability in gated neural network-based control

The following section details the closed-loop form of the proposed
RL-based control architecture alongside a formal derivation of its sta-
bility properties.

4.1. Closed-loop implementation

We consider two closed-loop implementations of safe control sys-
tems involving neural networks denoted as systems B and C in Fig. 10.
In both formulations, the closed-loop system is designed to operate with
respect to two sources of control signals: the fallback controller and the
safe RL-controller. The fallback controller is as defined in Section 2.3
where the relevant form of the constraint to be enforced is based on
the formulation of the constraint as would be used in LMPC such
as Eq. (6e) or Eq. (7). As noted previously, the safe RL-controller
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can take two forms, depicted in systems B and C, respectively. In
system B, the safe RL-controller is safe through external enforcement
where the proposed control action from the NN is compared to the
fallback controllers action in the form of the stability constraint. If
violated, the fallback is used, and if safe, the proposed control action
is used. By contrast, system C’s safe RL-controller is safe through
internal enforcement. To help clarify which type is being referred to,
system C’s design will be referred to as the Constraint Enforcing Neural
Network Controller (CENNC). Safe NNCs can be considered the broader
definition that includes hybrid designs while CENNCs are a particular
case that is a strict constraint enforcer and NNC in one NN. To achieve
this, the design involves 2 augmentations to the underlying NNC: the
internalized fallback controller section and the internalized constraint
enforcer section. In order to check the constraint satisfaction and
fallback if needed, additional information from the fallback controller
is needed. We can consider the two LMPC constraint forms provided
from Section 2.4. For Eq. (6e), recall that the class of systems in this
work are defined by Eq. (1). Further note that for a given forward pass
of the NN, the state parameter is held constant. Thus, when we consider
the reformulation of the constraint as a difference in V, the equation
simplifies to exclude lone parameters based on x alone.

V(% (1) (1) =V (% (1) @ (% (1)) <0 (163)
(£oV (5 () + LV (% (1)) " u (1))

~ (L, ¥ (3 (1)) + LV (5 (1) @ (3 (1)) ) <0 (164)

LV (%(1) (u (1) —@ (% (1)) <0 (165)

Here, L,V and L,V are the Lie derivatives of the Lyapunov function.
With this simplified formulation, we can see that besides u, which
would be the proposed action from the NN, all that is needed is L,V
and reference control action, both of which are calculated at the current
state. For Eq. (7):

V(% (t).u(ty)) <—aV (%(1,)) (166)
V(%(1).u(t)) +aV (%(1)) (167)
LV (% (1)) + LV (% (1) u (1) +aV (% (1)) (168)

Here, although the equation does not simplify much, the end result is
still an inequality that is purely composed of functions of the state.
Since the state is already an input to the NN, and none of these terms in-
volve learnable parameters, the Lie derivatives corresponding nonlinear
function and the fallback controllers functions can safely be internally
implemented. In particular, much like how LMPC requires a model of
the system dynamics to calculate the evolution of the state based on the
current proposed actions, the CENNC formulation requires information
derived from a first-principles model to calculate the corresponding Lie
derivatives. Alternatively, these terms can be calculated externally and
passed as auxiliary inputs alongside the state. Both forms of this, and
any mix of the two, can be used as the internalized fallback controller
section depicted in red in Fig. 10.

To handle the internal constraint enforcement, any hard constraint
enforcement method from Section 3.3.3 or 3.3.4 would be sufficient.
For the form of the constraint considered in this work, the STE-Gate
based approach from Section 3.3.4 is best suited as it is both simple to
design and has potentially favorable gradient impacts. We once again
consider the two forms of the constraint from the LMPC formulation.
For both cases the only remaining step is to re-frame the constraint as
an if-else condition:

<0
<0

ifz>0 then u=uyy (1) else u=@(x(1))

where z denotes the two Lyapunov cases and thus is either —L,V

(% ()" (unn (1) =@ (2 (1)) or —[LfV(f‘ (1)) + LV (% (1))
u(t;) +aV (2 (t;))] for the LMPC constraint forms. Recall that ReLU
and the Heaviside step function both yield zero for negative inputs.
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Fig. 10. Generalized safe process control block diagrams for Model Predictive Control (A), Reinforcement Learning-based control (B), and Constraint Enforcing
Reinforcement Learning-based control (C). The fallback control for the Model Predictive Controller block is assumed to be integrated as a part of the MPC itself.
Constraint Enforcing Neural Network Controller utilizes the fallback control as input and integrates the constraint enforcer internally as depicted by the shaded
sections of the block. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Thus, we can consider the negative of the expression and collapse
the if-else formulation into a Heaviside step function formulation. In
particular, it is convenient to formulate these gates in an alpha-gate
manner where we define a as the switch parameter defined by:

a = Heaviside (z) (169)

where the Heaviside operation can either treat the zero case as one
for strict adherence to the constraint or zero for a more conservative
approach. The resulting alpha-gate is thus:

u=auyy () + (1 -a)® (% (1)) (170)
or alternatively
w= (% (1)) + o (uwy (1) @ (% (11))) a7

Finally, the STE must be designed, where

alpha_hard = torch.heaviside(z, torch.zeros_like(z))
alpha_soft = torch.tanh(F.softplus(z, beta=beta))
alpha = alpha_soft + (alpha_hard - alpha_soft).detach()

u_current = alpha * u_nn + (1.0 - alpha) * u_current

In this code, the definition of « involves a detachment operation
which is the code form of the STE where the forward pass uses all
3 terms and thus uses the hard form whereas the backwards pass
uses only the non-detached terms, and is thus the soft form. Overall,
this alpha-gate approach functions as a strict internal enforcer of the
Lyapunov constraint. There remains the issue of the actuator bounds;
however, the fact that the constraint violation results in a replace-
ment of the action with a reference that is guaranteed to satisfy the
constraints allows for simpler handling. Instead, the proposed control
action needs to be derived from a layer in the NN that uses tanh
activation. This ensures that if the proposed action satisfies the con-
straint, it already inherently satisfies the bounds as well. The alpha-gate
approach or any other similar strict internal enforcement approach are
represented in Fig. 10 as system C.
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Remark 5. Prior works using the form of system B from Fig. 10
utilized a short-horizon form of the LMPC that was feasible for real-
time application to the process in contrast to the long-horizon form
which took too long to solve and exceeded the sampling time of the
system. The CENNC design in system C is still compatible with such
a framework, but because the LMPC operates based solely on the
state as input, including the LMPC internally is functionally equivalent
to solving the LMPC externally and injecting its output into the NN
wherever needed.

Remark 6. While the CENNC design can operate individually with
strict constraint satisfaction, it can be beneficial to use the external
constraint enforcer approach of system B from Fig. 10 as a performance
condition instead of a stability condition. One can see that if the
fallback controller is involved in the forward pass of the CENNC that
using a high-quality fallback controller can slow down training. Thus,
the CENNC can be constructed with respect to a fallback controller
that continue to satisfy the constraints but does so in a lightweight
manner at the expense of control quality. The resulting CENNC will
continue to satisfy the constraints, but will suffer from a worse baseline
performance in cases where internal fallback occurs, in which case the
external constraint enforcer can be used to switch the control action to
a better performing reference controller.

Remark 7. The novelty of the framework depicted in Fig. 10 as system
C is not necessarily the strict internal constraint enforcement, as that
has been explored in several works that involve differentiable QP-
layers. Instead, the novelty is mainly in the composition for Lyapunov-
based stability guarantees through the alpha-gate approach. This ap-
proach is built in a manner that is both simple to design and tunable
as needed. In doing so, the framework provides a method that achieves
strict internal constraint satisfaction while also being lightweight, easy
to work with, interpretable, and allows for constraint informed gra-
dient signals to exist in a manner that can be tuned to strengthen
or weaken specific near-boundary cases as needed. Additionally, the
alpha-gate approach to the depicted framework, due to its reliance on
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the Heaviside step function for strictness, is capable of strictly enforcing
any scalar inequality or equality constraint, which makes it applicable
to generalized continuous optimization problems whereas alternative
approaches such as QP-layers are limited to linear constraints.

4.2. Closed-loop stability

We now explore the closed-loop systems stability properties un-
der the proposed controllers. In the continuous-time case, Section 2.3
demonstrates how exponential stability of the origin is assured by
the reference controller; however, the closed-loop design cannot be
built under the assumption of continuous-time control. In real-world
systems, signals need time to transmit, measurements need time to
complete, and computation times for even the lightest of controllers
are non-zero. As such, the process evolves as a continuous-time system,
but must be controlled through discrete-time control via the sample-
and-hold control implementation. In this implementation, actions from
the controllers are applied in fixed intervals and the actions are held
constant for the entire interval 1 € [t,,7, + 4). This has consequences on
the stability guarantees which leads to the system instead converging to
a small region around the origin. In summary, it can be seen that under
the assumptions from Section 2.3 (and by further assuming that the
sample-and-hold implementation is done with sufficiently small sam-
pling time) that a known stabilizing reference controller, sufficiently
smooth Lyapunov function that satisfies Eq. (4), and state feedback are
sufficient for solving and applying the necessary control actions that
guarantee boundedness inside the stability region and convergence to
a small region around the origin for the closed-loop system state.

4.2.1. Closed-loop stability under LMPC

Theorem 1. Consider an LMPC as is defined in Eq. (6) whose stability
constraint is an element in the set of valid stability constraints:

Sx) € {V(x®x),—aV (x)} (172)

where the systems dynamics are enforced through Eq. (6b) and modeled
by Eq. (1). Further consider the first control input vector that is extracted
from the full LMPC’s control trajectory, u(t). If the stabilizability assump-
tion, as defined in Section 2.3, is applied to the given system, then, for any
x (ty) € R,, there must exist a pair of positive constants ¢,,, a > 0 such that
the closed-loop state is driven to a small region around the origin (denoted
Q, ) under the sample-and-hold implementation of u (t) if the conditions

below hold for any sampling instant t;:

L MpA—ap < —e¢, (173a)
Prin c=max {V (x (1, + A) |V (x (1)) < p,) } (173b)
ps <V (x (1)) (173¢)
Ps < Pmin <P (173d)

Proof. Starting with the definition of the time-derivative for the Lya-
punov function taken for any time within the current sampling-interval
1E [t 1y + A):

V(x@,u(y)) = F(x@),u(ty))

we manipulate the expression algebraically through addition and sub-
traction of a constant. Namely, we add and subtract the time-derivative
of the Lyapunov function taken at the first time-instant in the current
sampling interval:

IV x®)

v (x0.u(1)) = I ey, u () 175)
- WF(X (1) u (1)) (176)
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aV (x(t
+ %F (x (1) u(te))
This expression can be simplified through substitution of expressions
derived from the stabilizability assumption. Namely, Eq. (5¢) combines
the first two terms into one:

a77)

oV (x (1))

V(x(t),u(tk))sL; % F(x(tk),u

This expression further simplifies via the integral triangle inequality:

(1)) A78)

x(t)—x(tk))+

[ - x ()] 5/ |F (x(0).u (1)) dr < Mpa (179)
Tk
which yields:
v
V(x@.u(t)) <L MpA+ wl’(x (1) u(ty)) (180)

The remaining derivative term simplifies depending on the form of
the stability constraint used in the LMPC formulation; however, both
cases presented collapse to the same form. In the case where S (x) =
V (x,® (x)), Eq. (4b) simplifies the term to —c; |x|?. This term further
simplifies through additional algebraic manipulation of Eq. (4a):

V(x) <o lxl? (181)
—cy |x|* < =V (x) (182)
—ey |x]? < —Z—3V(x) = —aV (x) (183)

2

In the case where S(x) = —aV (x), it is seen that both expressions
take the same form. Finally, note how V (x) is a term that scales
proportionally to |x|. It can be seen that, as |x| — 0, the impact of
this term becomes 0, and thus the upper-bound of the time derivative
across any arbitrary time for one sampling-period is not negative, hence
exponential stability is no longer valid. Instead, consider two smaller
level sets of p defined in Eq. (173d) where p, and p,;, are related
through Eq. (173b) such that p,,;, is the level set that captures all single
sampling-period deviations from states starting in p,. Thus, we consider
p, to be the level-set in which the upper-bound of the time-derivative
of the Lyapunov function is non-negative. In the context of this proof,
for any sampling instant 7,, we consider points that lie outside of this
region (i.e., when Eq. (173c) holds true). Thus, the final upper-bound
is defined as:

V(x(t),u(tk)) < L;MFA—aps (184)

In order for this upper-bound to be negative, the sampling-period must
be sufficiently small, which leads to Eq. (173a). Thus, with sufficiently
small 4, any closed-loop state x (1,) € Q,\Q, will decay over time
towards 2, but ultimately converge to £, . [

Remark 8. When S (x) = V (x,® (x)), the effective « = 2; however,
when S (x) = —aV (x), a can be any positive constant. Thus, in the latter
case, & = a— can be interpreted as either an effective decay rate or as
a relative strength weight that allows the user to loosen or tighten the
stability strength requirements relative to the reference controller. Both
extremes have caveats. If « is dialed too low, then the resulting p, and
Pmin May no longer satisfy Eq. (173b) for any point within 2, because
the necessary size of these regions will exceed the size encompassed
by p. On the other extreme, if « is dialed too high, then the required
control action may exceed the actuator bounds. Additionally, since the
Lyapunov function properties are satisfied under the bounded reference
controller, there is no guarantee that the Lyapunov function will abide
by the necessary properties under these unbounded actions (assuming
they are feasible to apply in the first place).

Remark 9. The proof as presented is done with respect to any point in
time within a single sampling interval. As such, the same proof would
apply for every sampling interval along the horizon that LMPC works
with; however, we use the receding horizon formulation of LMPC in
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Eq. (6). In such a formulation, the stability constraint is not applied
beyond the initial time-instant. In other words, the stability properties
only hold for the first sampling interval, not the entire horizon. This is
practically fine because only the first control action from the resulting
control trajectory is used before resolving the LMPC problem, but it is
worth noting that all sampling intervals beyond the first are inherently
suboptimal for the constrained optimal control problem due to their
lack of stability constraint consideration. As a result, this relaxing of
constraints makes longer horizon LMPC solutions deviate from the truly
optimal trajectory.

4.2.2. Closed-loop stability under CENNC

Because NNs do not inherently satisfy constraints, the only way
to guarantee that such unpredictable outputs consistently satisfy the
stability constraints would be to in some form modify or replace them.
In our prior works, this was done through an external constraint
enforcer which operated as a hierarchical safety filter that directly
replaces proposals that fail the constraint with the reference control
action and selects with priority from NN first and MPC second (if
used) (Khodaverdian et al., 2025b, 2026, 2025a). The stability proof
of such a control system follows a case-by-case analysis to demonstrate
how all cases collapse to some controller that satisfies the constraint.
Because our proposed framework allows for the use of a soft constraint
enforcer in the alpha-gate, such cases would fall under the category
of unpredictable outputs, and thus we defer to our prior proofs for
their stability guarantees under external constraint enforcement, which
is now necessary. For the remaining strict case, such as the Heaviside
formulation, external enforcement is no longer necessary.

Theorem 2. Assume the existence of a reference controller (® (x)) and
Lyapunov function (V (x)) as described in Section 2.3. Consider any neural
network controller whose outputs are elements of the admissible input set U
as defined in Eq. (2). For such a controller, consider the implementation of
an additional layer in the form of a final strict alpha-gate:

u =auyy + (1 —a)ug (185)

Here, uyy is the prior proposed output, u* is the new output, uy is the
reference control action, and «a is a gating term defined by a = Heaviside (z)
where z = — (V (x,uyy) — S (x)) and S (x) is an element in the set of valid
stability constraints:

S(x) € {V (x.ug) .-V (x)} (186)

For this resulting CENNC, if the information needed to solve z is made
available to the alpha-gate, then there must exist a pair of positive constants
€,0- B > 0 such that the closed-loop state is driven to a small region around
the origin (denoted 2, ) under the sample-and-hold implementation of
u* (t) if the condmons 'in Egs. (173a) to (173d) hold for any sampling
instant t.

Proof. Because the arbitrary NN must yield outputs that are elements
of U, we start by considering an arbitrary neural network whose output
layer is activated by tanh. Through an affine transformation, this
output (y) can be mapped to any action within the actuator bounds,
thereby ensuring that box constraints are pre-satisfied and thus the
output is an element of U.

Umax —

mln
UNN = Upip T

»+1D (187)

2
We denote the difference between this proposed action and uy as Su:
Su=uyny —Uug (188)
This formulation is used in the case where S (x) =
z=—(V (xuyy) =V (x.ug))

—((LV )+ LV () uyy) -

V (x,ug) such that:

(189)
(190)

z= (LV )+ LV (0 ug))
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—L,V ()7 (uyy —ug) (191)

This formulation would thus require, at minimum, L,V (x) and up to
be provided to the alpha-gate in order for z to be solved. If instead
S = —pV (x), the resulting z is solved by:

(192)
(193)

z:—(V (x,uNN)+ﬂV(x))
=—(L;V @)+ LV () uyy + BV (%))

which requires ug, V' (x), and either LV (x) and L,V (x) or a means to
calculate V (x,uyy) explicitly. With this information, z can be solved
internally.

In the case where z > 0, « = 1, which indicates that the stability
constraint is satisfied by the proposed action. This is because the form
of z is a reordered form of the stability constraint.

z>0 (194)

-V (xuyy) =S x) >0 (195)
V (xuyy)=S(x)<0 (196)

V (xuyy) < S(x) 197)

Because this case corresponds to the satisfaction of the stability con-
straint, we want u* = uy , which turns out to be true:

u =auyy + (1 —a)ug (198)
u* =luyy +(1 = Dug (199)
W =uyy (200)

Thus, the resulting action is one that satisfies the stability constraint,
and therefore the stability proof follows as in Eq. (173). If instead z < 0,
then « = 0, which indicates that the stability constraint is violated by
the proposed action. Once again, this is seen by reordering z:

20 (201)

- (V (xuyy) = S(x) <0 (202)
V (xuyy)=S(x)=0 (203)
V(xuyy) =S &) (204)

Because this case corresponds to the violation of the stability constraint,
we want u* = up, which turns out to be true:

W =auyy + (1 —a)ug (205)
u* =0uyy +(1 =0 ug (206)
ut =up (207)

Thus, the resulting action is one that satisfies the stability constraint,
and therefore the stability proof follows as in Eq. (173). [J

Remark 10. In Eq. (7), a is used to denote the constant for this form
of the Lyapunov-based stability constraint. In Theorem 2, this constant
is denoted by p for clarity as a is used to refer to the Heaviside value
from the alpha-gate.

Remark 11. In the case where z = 0, the choice of which con-
troller is needed becomes irrelevant as both are equally stabilizing.
By defining the Heaviside function to use O at 0, we make the in-
ternal constraint enforcement negligibly more conservative than the
equivalent LMPC’s stability constraint formulation. A truly equivalent
representation would define Heaviside as 1 at 0.

Remark 12. The reference controller used in Theorem 2 can take
the form of an LMPC, assuming it is solvable within the time-frame,
because Theorem 1 demonstrates that the LMPC is at least as stabilizing
as the reference controller it is defined with respect to. As such, the
CENNC can use either controller as its reference, where the practical
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consequence will be in terms of the scale of the su component that is
present in the gradient as shown in Eq. (158).

Remark 13. If the soft form of the alpha-gate is used, the resulting
a is no longer strictly 1 or 0, and thus »* becomes a weighted sum of
the two control actions. Since both actions satisfy the box constraint,
the resulting action will too; however, the satisfaction of the Lyapunov
constraint is not guaranteed. Thus, this form of the internal constraint
enforcement would still require external constraint enforcement.

5. Application to a chemical process example

This section explores the implementation of the CENNC framework
to a benchmark chemical process example. The goal is to demonstrate
the viability of the framework in safety-critical processes. Additionally,
a set of additional controllers (LMPC, an example IL-based controller,
a non-CENNC RL-based controller, and a QP-layer based CENNC) are
designed as a point of comparison for various aspects of the framework.

5.1. Process description

The benchmark chemical process example is a singular continuous
stirred tank reactor (CSTR) example. The CSTR is assumed to be per-
fectly mixed while operating non-isothermally due to the presence of a
singular exothermic irreversible reaction. This reaction is an arbitrary
liquid-phase reaction (A — B) with second-order dynamics. The reactor
is controlled through direct manipulation of the feed concentration
(C40) and through direct heat addition or removal at a rate Q. This
system is modeled through the following dynamics:

dCy F 2

—A = 2 (Cyo—Cy) = kC 208
i =7 (Co=Ca) 4G 208)
dT  F AH |, 0

— =—(T,-T) - C (209)
dr VL(O ) .C, pL.C,V,

where k = kjexp [—%] and k, denotes the isothermal rate-constant.

All other terms in Eq. (208) that have a O in their subscript denote
feed values for the respective term. Cy, T, p;, C,, AH, E, and V;, denote
the concentration of species A, temperature, density, specific heat, heat
of reaction, activation energy and liquid volume, all for the bulk fluid
phase, respectively.

5.2. Control problem

The state variables are chosen to be C, and T whereas the control
variables are chosen to be C,, and Q, yielding:

x' = [CA,T]
u' = [CAO,Q]

(210)
(211)

which define the absolute state and control vectors, respectively. Be-
cause the Lyapunov function is defined with respect to the origin,
we redefine the state and control variables in deviation variable form
without loss of generality.

T

xT=[Cy—Cu. T— T

ul = [CAO —Cyp,, O - Qs]

(212)
(213)

Here, the values of the steady state parameters are derived from an
open-loop stable steady state and can be found in Table 2 along with
other constants used in the CSTR model. Additionally, the control input
is bounded such that:

3.5 < Cyp — Caps < 3.5kmolm™>

—5x10°<Q0-0,<5%x10°kJh~!

(214)
(215)

677

Chemical Engineering Research and Design 232 (2026) 654697

Table 2
Parameter values of the CSTR model.
Var. Value Var Value
Cys 1.954kmol m™3 Caos 4.0kmol m™3
c, 0.231kJkg ' K~! AH —11,500 kJ kmol ™!
E 5.0 x 10* kJ kmol ™ F 5m3h!
ko 8.46 x 10° m* kmol " h~! o, 0.0kJh!
R 8.314kJ kmol ' K~ oL 1.0x 10* kgm™3
T, 300.0K T, 300.0K
T, 401.9K v, 1m?

For this system, a reference controller that satisfies the stabilizabil-
ity assumption as defined in Section 2.3 is found to be two Proportional
(P) controllers with a weight vector of [2.0, 5000]T. The corresponding
Lyapunov function is found to be of the quadratic form V = x' Px
1,060 22

22 0.52
to create a controller that will drive the closed-loop system from any

initial state in £, where p = 120 to a small region around the origin.
For this system, we can conservatively estimate this small region to
be contained within the region where V' < 1. For all controllers, the
sampling time of the system is taken to be 4 =7.2s.

with P = [ . The design goal for this process example is

5.3. LMPC design

The LMPC design follows the form shown in Eq. (6) with a horizon
length of N = 60 corresponding to a 7.2 min trajectory over which the
states are simulated and the actions are optimized. The cost function
used for LMPC in this system is of the form:

L(x,u)= x'TQXx/ + uTQuu (216)

where O, = diag[1,000 1], 0, = diag[10 1x1078], and x’ is a
shorthand denotation for the state after the application of u to the
current x. This form of the cost function is designed due to the need
for a discrete approximation of the continuous-time framework shown
in Eq. (6). In such a framework, where the integral is replaced with a
sum series, the inclusion of the initial state is irrelevant to the control
objective as the measured initial state cannot be changed. As such, the
summation is shifted to be with respect to the future sampling instance
for the state so that it captures the impact of the current control action
on the state. This cost function is utilized in the design of all RL-based
controllers and all LMPCs that aim to satisfy the design objective.

Because of the long horizon length, the LMPC formulation is imple-
mented using direct multiple shooting instead of single shooting. The
motivation behind this choice is that the sensitivity of the trajectory
to earlier actions leads to difficulties in single shooting approaches for
long horizon tasks that multiple shooting suffers less from Betts (1998).
Multiple shooting additionally controls the state variables during opti-
mization but uses equality constraints based on the dynamics function
to ground them to the numerical integration logic seen in single shoot-
ing methods. In particular, this was implemented using the CasADi
Python package via the Opti stack (Andersson et al., 2019). Numerical
integration was done via the RK4 method with an integration step size
of h, = 0.36s. The nonlinear solver used in LMPC is IPOPT with default
settings and warm-starting.

Remark 14. The design of the reference controller can be any such
controller that satisfies conditions discussed in Section 2.3 and thus
is guaranteed to satisfy the stability constraint. As discussed in Sec-
tion 4.2, the reference controller can itself be an LMPC whose fallback,
referred to as the fail-safe controller, satisfies the stability constraints.
While this is a viable option for non-CENNCs, it is not needed for
CENNCs. We avoid using a lightweight LMPC, one with a shorter
horizon length, because the need to solve such a problem repeatedly
during training would impact the training time heavily. Instead, we use



A. Khodaverdian et al.

the reference P controller, which has the added impact of strengthening
the impact of the STE on the gradient as the éu term is typically larger
as a consequence of the reference controller being suboptimal.

5.4. Imitation learning-based control design

For the sake of comparison, we design an IL-based control base-
line design to demonstrate the relative impact of RL and the CENNC
framework. In prior works, such a design has demonstrated notable
improvements to computation time with good fitting on data that it
was trained on Khodaverdian et al. (2025b, 2026), and so it functions
as a viable framework for comparison. This IL-based controller is
constructed as a Feedforward Neural Network (FNN) whose input is
x and whose output is the tanh scaled form of u which is rescaled
afterwards. Specifically, the network is a feedforward neural network
with 3 hidden layers of width 32, 32, and 64, respectively, for a total of
4 layers that convert the dimensions 2 — 32 — 32 — 64 — 2. The
network uses Mish activation with pre-activation LayerNorm. The
weights and biases of the network use f1oat64 precision.

Data generation for the IL task uses the LMPC formulation above
over a total of 20,000 trajectories. The LMPC is run in float64
precision with fixed seeding using seed 42. Two datasets are generated,
one where the initial state is randomly sampled between the level sets
of V=1 and V = 50 and the other generated with random initial
states within ¥ = 1 and V' = 120. In both cases, the closed-loop system
utilized LMPC for a maximum of 2,500 steps with early trajectory
termination in the case where the state enters the region V' < 1.
The data generation yielded two datasets of 442,867 and 549,261 state—
action pairs, respectively, containing 52 and 37 instances of controller
fallback across 51 and 36 trajectories, respectively. It can be seen
from Fig. 11 that the trajectory-based sampling process yields data that
concentrates near the terminal region and is sparse near the boundary
of the maximal level set defined for the dataset. By viewing the same
type of plot in the action space as shown in Fig. 12, it can be seen that
the actuator bounds on C,, function as an inhibitor to the optimality
of the resulting actions for the given objective. As such, it is expected
that NN training will have a concentration of actions that saturate these
bounds in an attempt to achieve the increased cost optimality. It is seen
by Figs. 13 and 14 that neither the state nor action space contain sharp
changes in the optimal action or average state, respectively, which is
beneficial for NN training as jaggedness is difficult to accurately model
through differentiable means. This behavior is consistent for the other
action and state space plots for the system whose initial states satisfy
X € 2150\, and it is also consistent for the same plots for the system
whose initial states satisfy x; € £25)\£2;.

Training was done over 5,000 epochs with an initial learning rate of
1 x 10~* using an 80/10/10 train/val/test split where data is randomly
split from a concatenated 1D vector of all the recorded state-action
pairs. The CosineAnnealingWarmRestarts scheduler is used to
decay the learning rate after every training step to a minimum of
1 x 108 before resetting after 2,500 epochs. Mini-batching was used
with a batch size of 1,000 where the dataset is first purged of any
state-action pairs that involve fallback control and then subsequently
shuffled randomly. An epoch is concluded after the full dataset is
processed in batches of 1,000 with no data repetition. The loss function
is the Huber loss between the FNNs output and the LMPC initial control
action for a given state. The optimizer used for training is a hybrid
approach utilizing Muon for weights and AdamW for biases. Due to the
scale difference between C, and T, T is divided by 20 prior to being
fed to the NN as this brings both states to roughly the same magnitude
without excessive standardization. Additionally, the loss function is
calculated with respect to the scaled control action. In other words,
the raw NN output is within (-1, 1) due to the tanh activation in the
output layer, and the corresponding datasets actions are scaled to the
same range via a division by the actuator bounds which works cleanly
due to their uniform design. As seen in Table 3, the dataset generation
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Fig. 11. 2D Histogram of the number of samples for a given pair of states for
the system whose initial states satisfy x, € £,,\,.
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Fig. 12. 2D Histogram of the number of samples for a given pair of control
actions for the system whose initial states satisfy x, € 2,,)\,.

Table 3

Compute time for LMPC state-action pair dataset generation and IL training.
Dataset generation CPU-hours are computed from the sum of per-trajectory
solve times. Wall-clock time is the true generation time after parallelizing
across the CPU cores of one ml.c7i.48xlarge instance using Amazon SageMaker
Studio Code Editor. IL training was performed on a single RTX A2000.

Stage Domain Wall-clock time Compute-hours
MPC dataset generation Q5 \ 2, 3h 17m 05s 582.1 CPU-h
MPC dataset generation Q150 \ 2, 3h 55m 44s 704.8 CPU-h
IL training 25\ 2 3h 36m 47s 3.61 GPU-h
IL training 2150\ 2, 4h 26m 54s 4.45 GPU-h

poses the largest computational burden in the training pipeline in the
absence of a sufficiently powerful CPU. Even with a 192 core compute
optimized system, the dataset generation took roughly 4h to complete
which is roughly equivalent to the time it took to train the model.
The trained model contains two checkpoints, the final checkpoint
(for recovery or further training if desired) and the best performing
checkpoint based on the evaluation set. The best checkpoints in both
cases occurred prior to the learning-rate reset at epoch 2,500 instead



. Khodaverdian et al.

State Space Colored by Cag — Cao,

40 A

204

Mean Cao — Cao,

—204

L2

—40 1

T T T
0.00 0.25 0.50

Ca—Ca,

T T T T T T
-1.00 -0.75 -0.50 =0.25 0.75 1.00

Fig. 13. 2D state space plot color-coded by the value of u, for the system
whose initial states satisfy x, € £,,,\€2,. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)
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Fig. 14. 2D action space plot color-coded by the value of x, for the system
whose initial states satisfy x, € £,,,\€2,. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

occurring at epochs 2,285 and 2,318 for the 5, \ £, dataset and
015 \ £ dataset, respectively. These checkpoints yielded a validation
loss of 5.7809 x 10~8 and 1.6930 x 1077, respectively, with a test loss
of 5.9858 x 1078 and 1.7314 x 1077, respectively, indicating good fit
and potentially good generalization. The loss curve for both datasets
exhibits a rapid convergence to a low loss value as shown in Figs. 15
and 16. Note that in these figures, the test loss is defined with respect
to the final checkpoint, which performs marginally worse than the best
case. Even in the case of the final checkpoint, the test, validation and
train losses are all within the same order of magnitude, indicating that
overfitting is likely not an issue. To further ensure that stable train-
ing occurred various additional metrics were monitored. Due to the
existence of LayerNorm but lack of Normalize-and-Project techniques,
there are possible concerns regarding trainable parameter scales. To
monitor this, the gradient of all trainable parameters concatenated into
a single vector is plotted per-epoch as shown in Figs. 17 and 18 which
demonstrates that the gradient also exhibits rapid collapse to a small
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Fig. 15. Loss curve of the IL-based network trained from data generated by
the LMPC for the system whose initial states satisfy x, € £25,\42,.
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Fig. 16. Loss curve of the IL-based network trained from data generated by
the LMPC for the system whose initial states satisfy x, € 2,,,\2,.

value. Although the gradient seemingly grows in magnitude as training
progresses despite the decaying learning rate, it is seen by the plot
of various metrics for the weights and bias terms shown in Figs. 19
and 20 that the networks weights and biases do not exhibit growth
over the training run. In fact, the trends indicate that some parameters
grow despite an overall decay in scale, indicating a trend towards
sparsity patterns. This is verified through computing the Hoyer sparsity
at the best performing epoch as 0.7977 and 0.8246 for the weights of
the Qs \ 2, dataset and £,,, \ 2, dataset, respectively, and 0.5094
and 0.6154 for the biases, respectively. Hoyer sparsity is a metric of
sparsity based on the ratio of the L, and L, norms that ranges from 0 for
vectors whose elements are all equivalent to 1 for a vector containing a
singular non-zero element (Hoyer, 2004). This indicates that the weight
matrices in particular exhibit this pattern of increasing sparsity that can
be of use in further compressing the size of the network to improve
computation time or decrease hardware requirements.

The final model is tested on the total database to observe its fit
via a plot of the generated actions vs. the LMPC reference actions as
shown in Figs. 21 and 22. The ideal case is for most points to lie near
the y = x diagonal, as this would indicate a closer fit. As observed,
the model fits very well to its training data and exhibits few outlier
points. During closed-loop simulations on the trained model, the IL-
based controller will utilize the external constraint enforcer framework
as shown in system B of Fig. 10.

To better understand how this model is expected to deviate from
LMPC, we further consider plots that look at similar 2D histograms
using bins based on the NN-controllers values. In particular, the dataset
can be filtered into these new bins to allow for computation of a percent
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Fig. 17. Average gradients of the concatenated trainable parameter vector
over the training run for the IL-based network trained from data generated
by the LMPC for the system whose initial states satisfy x, € £25)\,.
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Fig. 18. Average gradients of the concatenated trainable parameter vector
over the training run for the IL-based network trained from data generated
by the LMPC for the system whose initial states satisfy x, € £2,,,\€2,.
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Fig. 19. Various normalized metrics of the concatenated weights and biases
vectors over the training run for the IL-based network trained from data
generated by the LMPC for the system whose initial states satisfy x, € Q25,\£2,.
L2 refers to the Euclidean norm, RMS refers to the root mean squared of the
vector, and Abs max refers to the maximum magnitude element of the vector.

error that defines how metrics from the NN-controller vary from the
LMPC in the state and action spaces. Figs. 23 and 24 demonstrate that
for the majority of the action space, the LMPC and NN controller exhibit
similar densities of states. Notably, the regions near the boundary of
the state space elliptical level set for the datasets (which correspond to
the boundaries of the action space where samples exist) demonstrate
the most variance. This is expected, as the trajectory based sampling
sparsely samples these regions and densely samples points near the
origin. The validity of this intuition can be observed by contrasting the
regions of variance with the densely samples regions from Fig. 12 to

680

Chemical Engineering Research and Design 232 (2026) 654697

Weight and Bias Magnitudes

Biases

—

—w
RMS
—— Abs max

Weights

\\'\

—w
RMS
~—— Abs max

Parameter magnitude

10

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
h h

Fig. 20. Various normalized metrics of the concatenated weights and biases
vectors over the training run for the IL-based network trained from data
generated by the LMPC for the system whose initial states satisfy x, € 2,5\ ;.
L2 refers to the Euclidean norm, RMS refers to the root mean squared of the
vector, and Abs max refers to the maximum magnitude element of the vector.
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Fig. 21. 2D Histogram of the number of samples for a given pair of NN
generated control actions and stored MPC control actions in the overall dataset
for the system whose initial states satisfy x, € Q5,\£,.
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Fig. 22. 2D Histogram of the number of samples for a given pair of NN
generated control actions and stored MPC control actions in the overall dataset
for the system whose initial states satisfy x, € £2,,\£2;.

observe how the densely sampled regions lack this variance. Further,
it is seen that the previously mentioned expected issue of actuator
bound handling is observably true; the NN-controller is biased towards
producing u; values at the actuator boundary. In terms of the accuracy
of the network, loss curves show that overall the behavior is good;
however, these curves lack information on which regions, if any, the
network struggles on. Figs. 25 to 28 demonstrate that the NN-control
has a tendency of poorly estimating the optimal action when either
action is near 0. Figs. 25 and 26 in particular are worth considering as
the variance is not uniformly under or over estimating the importance
of the concentration term, but instead seems to form distinct regions
in the action space that either underestimate or overestimate the state
measurement. Additionally, the issue of boundary estimation is ob-
served in these figures. Unlike Figs. 23 and 24, the manifestation of this
problem is in the form of striped regions of under or overestimation for
the respective state measurement. In particular, the concentration term
is seen to suffer the worst estimation of importance near the actuator
bounds of u; whereas the estimation issues for temperatures importance
exist across the entire dataset with less density near the actuator
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Fig. 24. 2D Histogram of the difference in the number of samples for a given
pair of control actions in the overall dataset for the system whose initial states
satisfy x, € 2,50\ 82,.

bounds. Both concerns are potential artifacts from the scaling choices,
as T will still have a higher magnitude range than C, due to the range
of the state space (which means T has a more sensitive gradient impact)
and the tanh scale being compared to a linear scaling of the dataset
actions (which means actions near the boundary are in the saturated
gradient region of tanh and are thus harder to train). Figs. 29 to 32
depict the consequence of these problems; there is notable estimation
error concentrated in these regions which only scales in magnitude as
the datasets coverage expands. Overall, the results demonstrate fairly
minimal variation on the order of 1% error across any given section of
the state or action space. Thus, the model can be considered sufficiently
well trained and ready for use.

Remark 15. The motivation behind the two datasets is to observe the
generalizability of the framework to points outside of its training set. It
further allows us to see how the broadening of the dataset in a manner
that sacrifices density near the origin for density far from the origin
impact the model’s performance.
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Fig. 25. 2D action space plot color-coded by the difference in x, between
the IL-controller and the stored MPC data for the system whose initial states
satisfy x, € £25,\2,. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 26. 2D action space plot color-coded by the difference in x, between
the IL-controller and the stored MPC data for the system whose initial states
satisfy x, € 2,,\2,. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Remark 16. The LMPC is used during data generation without regards
as to whether or not such an LMPC is feasible to implement as a real-
time controller. This is appropriate, and often beneficial, in the case of
IL because the LMPC data operates as a target for training but is not
required after training is complete. In other words, the LMPC can be
infeasible for practical use, but can instead operate as a high-quality
reference for IL.

Remark 17. Huber loss was used instead of the Mean Squared Error
(MSE) loss because of concerns that outlier points may lead to overly
aggressive gradients. We applied this logic to all such instances where
MSE may be used so long as the range of values that can be expected
notably exceeds 1, at which point the squared operation becomes a risk.

Remark 18. Muon is utilized in this work due to its close parity to
AdamW in terms of performance, but notably reduced computational
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Fig. 27. 2D action space plot color-coded by the difference in x, between
the IL-controller and the stored MPC data for the system whose initial states
satisfy x, € £25,\£2,. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 28. 2D action space plot color-coded by the difference in x, between
the IL-controller and the stored MPC data for the system whose initial states
satisfy x, € £2,,0\2,. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

burden. Due to how the optimizer is implemented in PyTorch, Muon
does not work for the bias vectors, and thus AdamW is used.

Remark 19. While the Normalize-and-Project approach was previously
mentioned as a suitable modification to the training loop under Lay-
erNorm, it was found that the weights and biases did not begin to
diverge and thus the approach was deemed unnecessary. This held true
for all networks that were designed in this work.

Remark 20. Hyperparameters for this network were not tuned with the
exception of the initial learning rate, which was hand tuned in order-
of-magnitude increments. It was observed during prior works involving
similar chemical reactor systems that the other hyperparameters, such
as dropout, had an insignificant impact during training.
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Fig. 29. 2D state space plot color-coded by the difference in u; between the
IL-controller and the stored MPC data for the system whose initial states satisfy
Xy € 25\Q,. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 30. 2D state space plot color-coded by the difference in u, between the
IL-controller and the stored MPC data for the system whose initial states satisfy
X € £25\£2,. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

5.5. Reinforcement learning-based control design

In this work, we consider 3 different RL-based controllers, of which 2
are CENNC type designs. For all 3, the training code was kept the same.
Namely, we implement a modified form of Algorithm 1 using the same
CSTR system as the environment. Because the reward function needs
to be designed in a manner that mimics the objective of the LMPC, the
same future state-based stage cost function is used in the design of the
reward function used in all RL-based controllers:

r==(s"T0,s +a'Q,a) (217)

Note that because the cost function is minimized in LMPC but the
reward function is maximized in RL, the stage cost’s sign is flipped.
Additionally, the reward is divided by 1,000 to limit the gradient scale
during training. This scale was chosen based on rough observations
during training runs that were done prior to finalizing the framework.
Regarding the constraint enforcement, the environment is designed
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Fig. 31. 2D state space plot color-coded by the difference in u, between the
IL-controller and the stored MPC data for the system whose initial states satisfy
xy € 25\£2,. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 32. 2D state space plot color-coded by the difference in u, between the
IL-controller and the stored MPC data for the system whose initial states satisfy
Xy € 215\2,. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

with respect to the mode of action handling as described in Table 1. As
such, DPre modal designs will implement the constraint enforcement
as effectively being merged with the environment’s dynamics whereas
DPro and DProj modal designs will implement the constraint en-
forcement as a part of the Agent, but not necessarily as a part of the
Policy/Actor. Note that the Agent can be considered the full control
block whereas the Actor typically is reserved to representing the Policy
network. In this context, the DProj modality can be considered the
case where the Actor that the Critic evaluates is the Agent.

Regarding the modifications done to Algorithm 1, the most notable
is the initial random exploration phase being replaced with a noisy
controlled exploration phase where the reference P controller generates
the action upon which exploration noise is applied (in the same manner
as the normal exploration phase in standard TD3). This modification
is critical for the design as chosen because random exploration is
excessively prone to divergence in safety critical systems. In the context
of the chemical process example, thermal runaway is easily achieved
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Table 4

Design parameters for the TD3-based RL controllers.
Variable Value Variable Value
Buffer size 1x10° Batch size 1,000
Training episodes 20,000 Max episode steps 5,000
Divergence penalty 1x10° Discount factor 1.0
Actor initial learning rate 1x107* Critic initial learning rate 1x107*
Actor minimum learning 1x1078 Critic minimum learning 1x1078
rate rate
Start steps 20,000 Warmup steps 40,000
Update after 10,000 Update every 1
Actor delay 2 Polyak weight 0.005
Exploration noise start 0.6 Exploration noise final 0.01
Policy noise start 0.4 Policy noise final 0.01
Noise clip 0.5 Reward scale 1,000
Gradient-norm clip 1.0 Penalty weights 1.0
Softplus weight start 1.0 Softplus weight final 10.0
Environment precision float64 Network precision float64

in a system with exothermic reactions when the control actions lack
any consideration of stability. Because these initial trajectories still
have a heightened risk of divergence and because the replay buffer
requires sufficient samples before training begins to prevent excessively
sampling the same data, training does not begin until 10,000 steps are
completed. After these 10,000 steps, the exploration phase continues to
use the noisy reference controller for another 10,000. In other words,
training starts, but the Actor is not used for exploration until 10,000
additional environment steps are completed.

For exploration, trajectories start with initial states within Qs \ £,
in order to observe how the networks generalize to the unsampled
regions. Trajectories have a maximum length of 5,000 steps and are
terminated early if the state enters 2, or if the state diverges. We define
divergence as any state whose value in Python is either NaN or Inf.
In the case of divergence, the replay buffer stores a duplicate of the
prior non-diverged states and replaces the reward with a flat penalty
of 1 x 10°. Because TD3 is designed for use in finite horizon tasks,
the design of the loss term for the Critic include a termination flag as
denoted by d in Eq. (26). This term is 1 in the case of divergence and
convergence to £2,, but is 0 for the case of reaching the maximum step
count. The reasoning behind this was that the optimization problem
has an arbitrary horizon length, and we did not want to bias the
system towards underestimating long horizon runs. The exploration
noise used decays linearly after a trajectory concludes from an initial
value of 0.6 to a minimum of 0.01 over the course of the training run.
The motivation for this decaying exploration noise was to allow for
exploration in later trajectories to be localized near the noise-free path
in a manner that allows for a fine-tuning approach to the objective.

The training process is terminated after 20,000 episodes are com-
pleted instead of a step-based termination criteria or an early-termin-
ation criteria. Much like the exploration noise, the policy noise term
also decays linearly after an episode is completed, from 0.4 to a min-
imum value of 0.01. Unlike exploration noise, the policy noise term
exists to prevent exploitation, hence we aggressively smooth the Critic
during early stages of training and weaken this smoothening effect as
training stabilizes. To additionally assist in stabilizing the Critic, the
Critic loss equation is modified to use the Huber loss function instead
of MSE. In order to make the value function match the form of the
infinite horizon LMPC cost for the system with early termination, we
use y = 1. Similar to the IL runs, the RL runs utilize CosineAnneal-
ingWarmRestarts with learning rate decaying after every trajectory
is complete and resetting after every 4,000 episodes. The remaining
configuration details are shown in Table 4.

The Actor loss function is also modified to better suit the control
focused framework by including up to 2 additional penalty terms; one
based on the degree of constraint violation of the raw NN output and
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one based on the degree of internal constraint enforcement (if appli-
cable). In this system, there are only two constraints to consider; the
actuator bounds and the Lyapunov constraint. As such, the constraint
violation penalty is defined as follows:

[ReLU (ug (x;) —1) ]

sran LV ()" (g () = i )

LV (x;) Il >]

Here, u, (x;) is the tanh normalized form of the action prior to the
internal constraint enforcement layer, i, (x;) is the form of u, (x;)
after being multiplied by the actuator scaling so that it is bounded
by the actuator bounds instead of [—1,1]. For the sake of simplicity,
A, = 1. This is also true for all other penalty weights. This penalty is
composed of two components, the first of which is a formulation of the
box penalty which abuses the desired output scaling of the network to
penalize frameworks that yield actions that violate the actuator bounds.
If tanh activation is used in the output layer, this term will always
be 0, and the same is true for any network that is truly capable of
strictly guaranteeing actuator bounds are met within the scaled form.
The second term is the projection of the safe v.s. raw action difference
vector along the unit normal of the Lyapunov boundary for the given
x. This is equivalent to the signed distance to the boundary for a given
action, which allows for ReLU to filter safe actions out, as negative
w.r.t. the boundary is safe. Together, these terms provide a way to
penalize the network for producing constraint violating actions based
on the extent to which the constraint is violated.

The remaining additional Actor loss term, referred to as the Alpha
penalty, penalizes the network for using internal constraint enforce-
ment in an effort to prevent the network from over-relying on it. The
form of this penalty is based on a calculated alpha value:

(218)

L, =4, (-a) (219)

The two CENNC frameworks that are evaluated are the Alpha-Gate ap-
proach and the QP-layer approach. Specifically, the QP-layer approach
is designed to mimic the KKT optimal solution for the system with its
respective gradient defined by Eq. (122) being applied via a STE. In
the Alpha-Gate formulation, @ is simply the average of all of the «
terms whereas for the KKT case @ is an average of the effective a terms
based on the constraint satisfaction of the internal intermediary actions.
This Alpha penalty term is disabled until 40,000 environment steps are
completed as a means of allowing the network to warm up. The delayed
penalty allows for the network to somewhat stabilize before facing the
full multiobjective optimization problem.

Weights and biases were initialized through orthogonal initializa-
tion with various gains and biases based on the layer design. Hidden
linear layers were initialized with \/5 gain and no bias whereas the final
layer that yields the action uses a gain of 0.01 to limit initial action
scale. LayerNorm blocks were initialized with the default PyTorch
initialization.

5.5.1. External constraint enforcer baseline

The only non-CENNC network that is trained using RL is a baseline
controller that does not utilize the Alpha penalty and thus has no
inherent consideration of the constraints beyond what is induced by
the Action handling modality that is chosen. Specifically, the network
is a feedforward neural network with 3 hidden layers of width 32, 32,
and 64, respectively, for a total of 4 layers that convert the dimensions
2 - 32 - 32 —» 64 — 2. The input layer and each hidden layer have
pre-activation LayerNorm with Mish activation with the exception of
the output layer which has no LayerNorm and uses tanh activation.

As described above, the FNN-baseline does no internal constraint
enforcement and has no Alpha penalty, meaning it has no consider-
ation of the constraints. This makes the impact of the + form of the
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Fig. 33. 2D Histogram of the number of samples for a given pair of control
actions generated by the DPro+ variant of the Alpha-Gate framework CENNC
whose initial states during training satisfy x, € Q25,\€,.

Action handling modality especially impactful as it injects signals to
the network based on the constraints that otherwise would have no
alternative.

5.5.2. CENNC design

Both of the CENNC designs are built on the same model with the
sole exception of their constraint handling section. These networks are
designed to be self-refining through the use of LSTMCells, which are
the building blocks of Long Short-Term Memory (LSTM) NN designs.
The individual cells were used because time-series data is not utilized
in these designs. Instead, the internal constraint enforcement is used to
generate candidate actions which are fed into subsequent LSTMCells,
effectively generating a time series of progressively refined action
proposals that would ideally utilize information from prior iterations
to generate better quality actions. As designed, the networks use 1
LSTMCell with a hidden width of 32 unrolled for 5 steps. This is notably
different than using 5 unique cells in the sense that all 5 steps have the
same weights and biases in our case. Both networks utilize a repeated
design aspect referred to as the Actor head that consists of the 32 —
64 — 2 section from the non-CENNC FNN design.

Unlike the non-CENNC FNN design, these networks have additional
inputs that serve as both auxiliary inputs and as necessary inputs for
the constraint enforcement block. Notably, there are an additional 2
inputs; the reference control action and its corresponding V value.
The control actions are scaled through division of their bounds and
the V input is divided by 100 to keep the input scale roughly around
1. Although V can be used directly for the constraint, it is primarily
included as an auxiliary input with the added benefit of enabling a
soft constraint enforcement network design where V is predicted by
the network for a given u instead of directly calculating it through the
lie derivative formulation. While this form of the network would no
longer strictly satisfy the constraints, it enables the framework to be
applied to a system where the dynamics are unknown which can yield
improved closed-loop performance relative to a network trained on a
first-principles model that may poorly approximate the dynamics.

For the Alpha-Gate CENNC design, the constraint was formulated
as the simplified form of Eq. (6e) as defined in Eq. (147). The Alpha-
Gate formulation follows from the discussion in that section where the
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softplus-based STE uses a form of g that linearly increases after
each trajectory from an initial value of 1 to a final value of 10 at the
end of the training. Because the bounds are pre-satisfied by the tanh
activation in the Actor head, and there are no further constraints, there
is no need for additional gates. The Alpha penalty for this formulation
is simply the average of the 5 « terms that arise during the forward
pass. The average was used instead of the final « in order to motivate
the network to utilize all refinement steps instead of over-relying on
the final fallback step.

For the KKT CENNC design, the safe action is of known form
using Eq. (119) where the STE Jacobian is of the form Eq. (122). The
example that derives these equations can be used as reference for the
justification of the design. Unlike the Alpha-Gate, the KKT solution
cannot ignore the issue of bound satisfaction because the minimal
projection with respect to the Lyapunov constraint is not guaranteed
to satisfy the bounds whereas the reference control is designed to
inherently satisfy these bounds. Because of this, the equivalent QP-
problem is formulated to consider the box constraints and the Lyapunov
constraint simultaneously. The Alpha penalty used for this framework
is the average of the 5 effective a values that would have been used
if the Alpha-Gate formulation was used. In other words, the proposed
refinement to the action is checked and yields either 0 or 1 based on if
both constraints are satisfied before the KKT solution is applied.

Remark 21. Although these frameworks may utilize the + penalty
from the Action handling modality, the penalty is effectively inactive
because both frameworks strictly satisfy the constraints and thus will
always yield a penalty of 0. The remaining issue is the problem of
machine-precision, which may yield negligibly small penalty terms,
hence the use of £10at64 in all networks for this paper. Because the
LMPC uses float64 to accurately handle the nonlinearities during
numerical optimization, all the constraints applied to it would be of
the same numerical precision. This can lead to misleading instances
of fallback if the NN designs are defined with respect to a different
numerical precision despite being strictly safe for this precision. While
using a higher numerical precision is beneficial, it is also detrimental
to the scalability of the network, and thus it is recommended that the
constraints be defined in a conservative manner using a small bias to
mitigate accidental closed-loop fallback.

5.5.3. Critic design

Thus far, the RL-based designs have described the formulation of the
CENNC, which only applies to the Actor. In all formulations, the Critic
is defined to be the exact same. The Critic’s loss function is the generic
TD3 loss function but with Huber loss used instead. The NN design
for the Critic is a residual feedforward neural network whose inputs
consist of the normalized form of the state and action vectors and whose
output is Q with respect to the scaled form of the reward function. The
networks input layer has pre-activation LayerNorm and is fed into 3
residual blocks. The residual blocks utilize LayerNorm prior to the
input of the linear layer (pre-LayerNorm) as well as an activation-free
output layer. In other words, each residual block has two layers, the
last of which has no nonlinear activation function. After the 3 residual
blocks, there is a final LayerNorm followed by the activation function
followed by the linear output layer. Overall, the network is 8 layers
deep. With the exception of the input and output layers, these layers are
all of width 16, and all instances of the activation function use GELU.

5.5.4. Training behavior

Like the IL run, the behavior during training allows for insights into
how the models are expected to behave. Because RL has an exploration
integrated into the training loop, the analysis of model performance
can be partially done prior to any closed-loop runs through sufficient
logging of performance. As such, several metrics were recorded during
the training run across 4 groups of RL runs; the RL Baseline non-CENNC
model, the Alpha-Gate CENNC model, the KKT CENNC model, and
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Fig. 34. 2D Histogram of the number of samples for a given pair of control
actions generated by the DPro+ variant of the Alpha-Gate framework CENNC
with added exploration noise and clipping whose initial states during training
satisfy x, € 25,\2,.

the representative well-performing configuration comparison. The last
group is a group that takes the DPro+ variants of each framework and
compares them across architectures to see how the architecture itself
impacts performance. DPro+ was chosen due to its relatively better
performance compared to DPre+ and its relatively simpler design
compared to DProj variants. These 4 groups are plotted as sub-figures
in one figure to aid in direct comparisons.

Before looking at the information that is available during the train-
ing run, it is worth looking at the effective distributions of the replay
buffers experienced in the runs. For this, consider Figs. 33 to 36. Figs.
33 to 35 are action density plots that demonstrate the distribution of
actions during the training run as captured from the final replay buffer
after training is complete. It can be seen that, although the raw network
actions eventually converge to similar action distributions seen in the
IL run from Fig. 12, without any noise the distribution does not sample
the action space well. For RL, it is important that the sampling is both
sufficiently diverse and sufficiently dense around the optimal regions.
Without noise, these actions only satisfy the later, which can hin-
der model generalization to unseen behaviors. After adding noise, we
get Fig. 34, but noisy action risk violating the stability constraints, and
thus the safe actions are the only applied actions to the environment
which yields Figs. 35 and 36. These plots demonstrate that the desired
distribution is achieved for the action space and that the corresponding
state space distribution also follows the desired distribution. Notably,
the distributions are more densely aligned to the diagonals than the
LMPC distributions, which is likely a consequence of the noise terms
that exist during training. Regardless, the distributions indicate that the
data is well sampled.

To start, the Actor and Critic loss function plots are presented
in semi-log form in Figs. 37 and 38, respectively. Immediately after
training starts, the Critic loss collapses as the limited data is trained
on. Even with the rapid collapse, the loss remains fairly high overall
because the actor in the bootstrapped term is effectively noise. As more
data is introduced, the Critic can exhibit slower further improvement,
flat lining, or a worsening in loss in a seemingly random manner. This
is partially because of the actor updates which initially will pass noisy
actions that are out-of-distribution relative to the reference controller
actions to the Critic. As a result, the Critic value will be inaccurate,
which risks leading the Actors’ proposed actions to degrade in quality,
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actions generated by the DPro+ variant of the Alpha-Gate framework CENNC
with added exploration noise, clipping, and reference controller fallback (if
needed) whose initial states during training satisfy x, € Q25,\£2;.
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Fig. 36. 2D Histogram of the number of samples for a given pair of states
explored by the DPro+ variant of the Alpha-Gate framework CENNC whose
initial states during training satisfy x, € Q25,\£,.

but it can also improve the quality if the random weights are lucky and
yield actions close to the reference. In either case, the Actor becomes
less noisy and more predictable, but does so in a heavily delayed
manner due to the update delay, Polyak averaging, and the gradual
overriding of the low-magnitude output layer initializations. As a result,
the Actors actions are not only out-of-distribution with respect to the
reference controller, but are out-of-distribution with respect to itself
from earlier steps, hence the gradual climb in Actor loss. Once the
Actor begins influencing the exploration at the 20,000 step mark, the
issues of early distribution mismatches begin to fade. By the 40,000 step
mark, where the Alpha penalty loss is activated, all frameworks have
exhibited gradual loss decay that remains stable for the remainder of
the training run.
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Regarding the gradient plots seen in Figs. 39 and 40, the frameworks
begin to demonstrate unique behavior. For context, the Actor and Critic
networks are both gradient clipped so that the gradients that truly
impact the weights are no larger than a norm of 1. As such, all the gradi-
ent plots demonstrate the gradients prior to clipping. The RL Baseline
framework exhibits an initial phase of high magnitude gradients that
quickly stabilizes even before the Actor is utilized for exploration. The
DPre+ variants gradients have effectively converged by the 40,000 step
mark, which indicates that the Actor in this framework may be stuck
oscillating between candidates unlike the DPro+ case which exhibits
continually decaying gradients, indicating that it has reached a local
minima and is refining the weights. The KKT frameworks all exhibit an
extended period of heightened gradient scales indicating an increased
difficulty in tuning the Actor. Much like the RL Baseline case, the
DPre+ variant exhibits convergence to higher gradient norms later in
training. The same behavior is seen in the Alpha-Gate framework, but
the heightened gradient scales are short lived. Unlike the KKT and RL
Baseline case, the gating mechanism is seen to occasionally result in
very small gradients early in training which resulted in the zoomed-
out scaling. When comparing the DPro+ variant of the 3 frameworks,
it is seen that the RL baseline yields the smallest gradients, and thus
the most stable training, while also reaching these small values in the
quickest manner. Both KKT and Alpha-Gate eventually reach a similarly
small gradient norm, but do so via a gradual decay instead of the
aggressive decay seen in the RL Baseline.

Unlike the Actor, the Critic gradient trends are mostly similar. All
frameworks saw an initial spike followed by an effectively flat gradient
norm curve for the DPre+ variant whereas the other variants saw
continual decay. Interestingly, the learning rate resets do not visibly
impact these curves until later in training, indicating that the loss
landscape for the training may be smooth for most of the training run.

Constraint violation is only a concern for the RL Baseline case, as the
CENNC framework strictly satisfies the constraints regardless of if the
KKT or Alpha-Gate framework is used. Regardless, the + penalty case
is plotted for all frameworks to demonstrate the previously mentioned
numerical precision impact. Fig. 41 demonstrates how the apparent
violation of constraints reaches a stable minimum in both the DPre+
and DPro+ variants of the RL Baseline. Unlike the KKT or Alpha-Gate
cases, because the RL Baseline has no inherent constraint enforcement,
there is always a risk that the network produces a constraint violating
action. Because of this, the fact that the + penalty is the only driving
force for constraint satisfaction can be overpowered by the primary loss
term. This conflict is a key issue in multi-objective frameworks which
highlights the benefits of the CENNC framework.

For the CENNC framework, the Alpha penalty functions as the main
method of reducing reliance on internal fallback, and so we monitor
this penalty and its impact on a. Fig. 42 demonstrates that both the
KKT and Alpha-Gate frameworks exhibit a high initial penalty that
quickly stabilizes before entering a steady decay trend. As is true in
many of the prior plots, DPre+ operates as an outlier from the other
variants and has periods where the Actor relapses back to relying on
internal fallback. In terms of the overall magnitude of the penalty,
the Alpha-Gate approach relies less on internal fallback than the KKT
approach. The RL Baseline had no Alpha penalty and thus the data is
not plotted. Fig. 43 demonstrates the impact of this penalty and the
main loss term on the actual average a. In both frameworks, it can be
seen that the DPre+ case has a quicker initial convergence to a high
a but a lower peak value after the Actor stabilizes during warm-up
relative to the other variants. Both the KKT and Alpha-Gate behave
similarly in the 10,000-20,000 region before exhibiting a second spike
in the 20,000-40,000 region. While Alpha-Gate exhibits a delayed second
spike, it stabilizes nearly at 1 without the influence of the Alpha penalty
whereas KKT stabilizes near 0.9. Once the Alpha penalty is active, all
networks quickly converge near 1 and remain there for the rest of
the run with the exception of occasional deviations that are quickly
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Fig. 37. Semi-Log plot of the overall loss term for the Actor network at each environment step during the training run. Objective refers to this overall loss term
to account for the fact that some loss terms are not universally present across architectures or variants.
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Fig. 39. Semi-Log plot of the gradient norm for the Actor network at each environment step during the training run as reported by PyTorch’s
torch.nn.utils.clip_grad_norm_ function. The norm presented is the value prior to gradient clipping. To improve readability, the x-axis is binned
into 350 equal sized bins to allow for the banded form of the plots to be shown. The banded form includes the median curve along with a semi-transparent

banded region that spans the 25-75th percentiles.

corrected. Overall, both CENNC frameworks indicate that reliance on
internal fallback is minimal.

Finally, we can roughly observe the expected performance of these
models through their estimation error and the corresponding explo-
ration phase cost trajectories. Although these involve the noise terms,
the noise is decayed to a minimal degree by the end of the training run,
which would make the exploration phase equivalent to a slightly noisy
closed-loop run. In all runs, a metric referred to as the average step
estimation error is calculated. This term takes the value of Q at a given
point along a trajectory and compares it to the true remaining cost for
that trajectory. The resulting step estimation error is then averaged
for all steps along a trajectory. In other words, this metric roughly
models how well the Critic is at predicting the true trajectory cost under
the Actor. Fig. 44 demonstrates that all frameworks exhibit an initial
gradual decay, followed by a rapid decrease in error when the Actor
is allowed to influence exploration, followed by gradual decay that
lasts for the remainder of the training. Notably, all variants experience
gradual acceleration of this decay as the noise terms fade and the
networks converge to accurate estimates. DPre+ is once again the
outlier, as it stops improving near the end of the training. In fact, in
the Alpha-Gate case, it begins to worsen near the end of the training
run. By the end of training, all frameworks roughly converge to the
same degree of accuracy in this metric, although some frameworks
take more exploration steps before finishing all the required training
trajectories. Fig. 45 demonstrates that all models experience a rapid
convergence to an overly-aggressive policy that finishes the trajectories
in a few steps. KKT in particular converges to the least aggressive of
the 3 frameworks, which leads to it taking more environment steps
over the course of the training. All frameworks begin to polish their
policies shortly after the halfway mark to be less aggressive, as seen
by the gradual increase in step count. While this may seem unintuitive,
it is important to note that the cost optimal control is not necessarily
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the most aggressively stabilizing controller. Fig. 46 demonstrates this
fact by showing how all frameworks and their variants follow the same
rough trend towards a lower episode cost. In fact, all networks that
were trained end with a similar average episode cost, but the metric is
not a reliable indicator of true performance because of the significance
of the initial state on the optimal trajectory cost.

Training times varied between frameworks and variants. Because RL
requires exploration and training in a sequential loop, there was no par-
allelization utilized, which slowed training down. Table 5 summarizes
these results for the available configurations. In terms of training time,
KKT stands out as the slowest framework to train at roughly 22 h despite
already being simplified compared to true QP-layer designs. During the
design stage of the frameworks, early trial runs with a true QP-layer
approach indicated training times spanning several weeks. The Alpha-
Gate approach (with runs spanning between 9h and 14h) is roughly
twice as slow as the RL Baseline approach (with runs spanning between
5h and 8h) and roughly twice as fast as the KKT framework, but it is
important to keep in mind that the NNs themselves are not structured
equivalently between the RL Baseline and the CENNC frameworks.
Of the variants, the DPre variants took the longest despite being
the simplest to calculate as a result of the poorer training behavior
that these variants exhibited. In particular, the DPre variants were
upwards of 45% slower than the same frameworks DPro+ variants.
DProj variants were seemingly the fastest despite being the most
computationally expensive variant, but the difference in training time
is not as significant as the DPre variant.

Remark 22. It can be seen in the loss curves from Figs. 37 and
38 that all of the runs continue to exhibit gradual improvements but
are terminated prior to stabilizing at a minimum value. While this
can partially be explained by the influence of the decaying noise
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Fig. 40. Semi-Log plot of the gradient norm for the Critic network at each environment step during the training run as reported by PyTorch’s
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Fig. 41. Semi-Log plot of the constraint violation loss term (£,) for the Actor network at each environment step during the training run. Because 0 cannot be
represented in a Semi-Log plot, these points are omitted, which results in the occasional large linear connection that linearly interpolates these values instead.
To improve readability, the metric is averaged over the last 1,000 updates.
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Fig. 42. Semi-Log plot of the Alpha penalty loss term (£,) for the Actor network at each environment step during the training run. Because the RL Baseline
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Fig. 43. Plot of the average « term (a) for the Actor network at each environment step during the training run. For the KKT case, this term is calculated
manually based on its internally proposed actions. Because the RL Baseline framework does not use internal fallback mechanisms due to its design as a non-
CENNC framework, its plot is left blank.

design, the networks can potentially be improved further. The pur-
pose of the various designs is not to demonstrate a perfectly optimal

implementation. Instead, these designs exist to demonstrate, broadly,
how the architectures behave under the same training conditions. The
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Fig. 44. Semi-Log plot of the average estimation error of the Critic network at each environment step during the training run. Step estimation error is calculated
as the mean absolute error between the remaining cumulative trajectory cost and Q for the current state (which would ideally be 0 due to y being 1). The average
of this metric is calculated over the entire current trajectory. To improve readability, the x-axis is binned into 350 equal sized bins to allow for the banded form
of the plots to be shown. The banded form includes the median curve along with a semi-transparent banded region that spans the 25-75th percentiles.
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Fig. 45. Semi-Log plot of the average episode length of the exploration phase at each environment step during the training run. To improve readability, the
metric is further averaged over the last 100 episodes.
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Table 5
Compute time for TD3-based RL training runs. GPU-hours assume one RTX
A2000 per training run.

Controller Wall-clock time Compute-hours
RL Baseline DPre+ 7h 31m 21s 7.52 GPU-h

RL Baseline DPro+ 5h 09m 51s 5.16 GPU-h
KKT DPre+ 22h 05m 29s 22.09 GPU-h
KKT DPro 21h 09m 37s 21.16 GPU-h
KKT DPro+ 21h 20m 34s 21.34 GPU-h
Alpha-Gate DPre 13h 42m 20s 13.71 GPU-h
Alpha-Gate DPro+ 11h 27m 55s 11.47 GPU-h
Alpha-Gate DProj+ 10h 32m 31s 10.54 GPU-h
Alpha-Gate DProj+ ~ %h 43m 31s 9.73 GPU-h

performance of the networks is secondary to the pros and cons of the
frameworks themselves.

Remark 23. Although the gradient analysis may indicate that the
constraint informed variants of the RL runs are at a heightened risk of
unstable training, the similar gradient norms seen in the Critic indicates
that the Actors discrepancies can be partially explained through the
different NN architectures used between the non-CENNC and CENNC
cases. Thus, the CENNC framework itself cannot be ruled as the sole
cause of this behavior.

Remark 24. The + penalty is always active for variants that utilize it.
This is not treated the same as the Alpha penalty, which is only active
after the warm-up phase ends at step 40,000 for applicable frameworks.

Remark 25. Despite the fact that Alpha-Gate is not tested on the
DPre+ configuration, the DPre variant is referred to as DPre+ in
the above discussion for the sake of simplicity. In practice, the + has
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no impact on the model and the variation between the + and non-+
variants for a given framework is caused by the non-deterministic
aspects of Python machine learning packages.

5.6. Closed-loop simulation results

To evaluate these frameworks and their variants, the closed-loop
system was simulated using the same 120,000 uniformly sampled initial
states for all configurations. Each trajectory is then simulated for a fixed
200 steps, which allows for the controllers to be evaluated in regions
outside their training distributions at both extremes. The sole exception
to this evaluation process was the LMPC controller, which was only
evaluated using the first 1,215 initial states due to the significantly
higher computational time that was required. For consistency, the cost
metrics are reported both as the raw cumulative value for the given
trajectories as well as a relative metric with respect to the LMPC cost.
The IL runs are done twice, once without any fallback, to observe the
impact of the lack of fallback on the controllers performance. The cost
metrics from this evaluation run are summarized in Table 6 along with
timing metrics.

In terms of cost, the reference controller is observed to be the worst
performing controller by a large margin. This is fine, as the reference
controller is not designed with cost optimality in mind and serves
solely for ensuring stability of the system. The IL controllers marginally
outperform the LMPC in this evaluation run, but it is important to
keep in mind that the LMPC is under-sampled relative to the NN
and reference evaluations and so the metrics are approximate. Fig.
47 demonstrates that if we only consider the samples that the LMPC
is evaluated on, that all controllers are effectively equal or worse on
average. The IL controllers struggle to maintain their fit for points far
from the origin, and the RL controllers struggle to generalize their
performance for points near the origin.
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Controller Case Mean cost Mean wall Mean wall time Mean wall time
Full trajectory Early stopping time (s)° to V<1 (s)? per step (s)*
Value % vs. LMPC Value % vs. LMPC
Reference P 1.083 x 10* 41.6% 1.077 x 10* 41.5% 3.188 1.106 0.01594
LMPC 7,652 0% 7,611 0% 805.4 109.1 4.027
25, No Safety 7,614 —0.49% 7,572 -0.51% 0.5316 0.07286 0.002658
IL Baseline £, Safety 7,614 —0.49% 7,572 -0.51% 0.5311 0.07278 0.002656
2,5, No Safety 7,549 —1.34% 7,507 -1.36% 0.5311 0.07229 0.002656
Q,,, Safety 7,595 —0.74% 7,553 —0.76% 0.5304 0.07231 0.002652
RL Baseline DPre+ 7,800 1.93% 7,655 0.57% 3.506 0.3891 0.01753
DPro+ 7,763 1.46% 7,462 —1.96% 3.597 0.3274 0.01799
DPre+ 8,167 6.74% 7,622 0.15% 221 0.2157 0.01105
KKT DPro 9,247 20.9% 7,485 -1.67% 2.202 0.2126 0.01101
DPro+ 7,938 3.74% 7,511 -1.31% 2.209 0.2194 0.01104
DPre 8,054 5.25% 7,577 —0.44% 0.6917 0.06631 0.003459
DPro+ 7,708 0.74% 7,466 -1.91% 4.107 0.3687 0.02053
Alpha-Gate .
DProj+ 7,743 1.20% 7472 —1.83% 3.997 0.3611 0.01999
DProj+ ~ 7,768 1.52% 7,487 —1.63% 0.6907 0.06044 0.003454

a Per-step timing and wall time to reach V <1 are estimated from per-trajectory wall time divided by the number of executed steps; per-step timers were not stored.

b Evaluation wall-clock times were measured on a local workstation using CPU-parallel trajectory evaluation. 12 CPU workers on an Intel Core i7-10700K CPU @ 3.80 GHz (8

physical cores, 16 hardware threads) were used during evaluation in all cases.
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LMPC is evaluated on. These trajectories are grouped into rings of width 1 whose average trajectory cost is used as the reference value for the resulting percent

differences.

Additionally, the existence of fallback did not noticeably impact the
IL controllers cost compared to the form of the controller with no stabil-
ity guarantees. Of the RL controllers, the Baseline and Alpha-Gate are of
comparable performance with the Alpha-Gate seemingly outperforming
the RL Baseline in non-DPre configurations. KKT performed the worst
of the frameworks, and also demonstrated a significant vulnerability
to noise. As has been noted previously, + and non-+ variants are func-
tionally equivalent barring numerical precision leaks, and plots of these
leaks such as Fig. 41 indicate that the gradient impact is negligible.
Despite this, the DPro and DPro+ variants of the KKT framework have
significantly different performance. In fact, the training metrics as a
whole would otherwise indicate that the two controllers are expected
to perform identically. This is actually true for the region that was
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sampled, but falls apart when generalization is considered. Consider
the mean trajectory cost term. If it is split into the pre-terminal region
and post-terminal region cumulative costs, it is seen that the DPro
configuration has a pre-terminal cost of 7,511 and a post-terminal cost
of 1,736.5 as opposed to the respective DPro+ configuration’s values
of 7,535.1 and 402.9. Because the training was done in a limited ring
of the stability region, but evaluation was done in the full stability
region, the closed-loop performance mismatch that is seen between
these two comes entirely from these untrained regions. In other words,
the generalization of the KKT approach is unstable.

In terms of timing, because the networks used in this example are
fairly small, the evaluation phase is a CPU-limited task. During the
evaluation phase, the Python code used was gradually improved to
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Table 7
Seed-421 effective fallback summary for evaluated non-reference controllers over 120,000 closed-loop trajectories of at most 200 steps initialized in @,,,.
Controller Case Fallback®
1<V <50 V >50 V<l
Trajectories Fallback count Trajectories Fallback count Trajectories Fallback count
with fallback (region %) with fallback (region %) with fallback (region %)
IL Baseline 5, Safety 0 0 (0.00%) 0 0 (0.00%) 120,000 12,972,775 (62.63%)
Q,,, Safety 0 0 (0.00%) 2,705 10,762 (3.10%) 688 2,831 (0.01%)
RL Baseline DPre+ 2,810 5,611 (0.24%) 833 1,599 (0.56%) 120,000 11,273,184 (52.83%)
DPro+ 0 0 (0.00%) 0 0 (0.00%) 119,801 7,135,202 (32.71%)
DPre+ 0 0 (0.00%) 2,771 4,027 (1.18%) 120,000 17,651,119 (81.59%)
KKT DPro 0 0 (0.00%) 9,870 24,245 (5.71%) 120,000 9,791,073 (46.60%)
DPro+ 0 0 (0.00%) 17,165 56,041 (12.33%) 120,000 18,535,915 (86.16%)
DPre 4,528 4,809 (0.24%) 442 442 (0.16%) 120,000 15,178,312 (69.94%)
Alpha-Gate DPro+ 0 0 (0.00%) 0 0 (0.00%) 60,177 8,710,409 (39.87%)
P DProj+ 0 0 (0.00%) 0 0 (0.00%) 120,000 8,721,428 (39.95%)
DProj+ ~ 0 0 (0.00%) 0 0 (0.00%) 120,000 18,382,379 (83.94%)

2 Fallback denotes effective fallback: non-CENNC frameworks exhibit no internal fallback, and CENNC frameworks exhibit no external fallback, thus external fallback is counted
for non-CENNC frameworks and internal fallback is counted for CENNC frameworks (as indicated by the final value of a).

b Region percentages are fallback event counts divided by the cumulative number of valid steps taken in the indicated Lyapunov region, not by all evaluated state-steps.

optimize for this, hence why some runs take around 0.01s whereas
others are closer to 0.003 s. More generally, the NN and P runs exhibited
roughly the same per-step wall time which positions all of the methods
as significantly more computationally efficient than LMPC, which was
roughly 2 to 3 orders of magnitude slower per step. Additionally, it
is seen that when we look at the per-trajectory timings, that the NN
methods outperform the P controller due to the stabilizing controllers
generally slower convergence behavior. As a result, the per-trajectory
improvement in computation time compared to the LMPC is closer to 3
to 4 orders of magnitude less time for the NN methods and 1 to 2 orders
of magnitude less time for the NN methods compared to the reference
controller. In all cases, the same number of workers was used for the
same hardware, and so all runs may exhibit improved or worsened
performance depending on the configuration used during deployment.
It is more conclusive to compare the relative performance of these
controllers. Thus, all runs with the exception of the LMPC framework
are observed to be of comparable computational performance.
Fallback metrics are another important data point to consider, and
these results are summarized in Table 7. The results are split into 3
regions, the region in which the controllers were trained on (with the
exception of the full range IL run), and the remaining 2 unsampled
regions during training. As seen, the IL runs have good generalization,
but the extent of this depends on the sampling method. The IL run that
was sampled on the smaller region generalized well to the terminal
region but poorly for the outer region whereas the full range IL run
generalized well to the terminal region but suffered regressions in
the generalization to the outer region. As for the RL runs, the DPre
variants are poorly behaved in the RL Baseline and Alpha-Gate run,
but seemingly well behaved in the KKT run. As noted before, the KKT
run exhibits a noisy generalization behavior, and thus it consistently
struggles to generalize to the unseen regions. In all cases, the KKT
generalized better to the outer region than the terminal, and the DPro
variant is seen to require less internal fallback in both regions than
the DPro+ variant despite its worse closed-loop cost performance.
The Alpha-Gate and RL Baseline both generalize well to the outer
region, and both struggle to do so for the terminal region. Unlike
KKT, the terminal region generalization is roughly comparable between
the Alpha-Gate and RL Baseline frameworks. The DProj+~ variant
generalizes notably worse to the terminal region than the non-STE
form, which itself is seen to perform worse than the DPro+ variant.
Thus, the DPro+ functions as a solid baseline for comparisons between
the frameworks. It is important to note that although the CENNC frame-
works seemingly have high rates of fallback, these fallback metrics are
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an effective metric that include both internal and external fallback. In
reality, the purpose of including the CENNC frameworks in this table is
to demonstrate how heavily these controllers rely on internal fallback
for the purposes of generalization, and it is seen that it is comparable to
the reliance of external fallback in the RL Baseline case but better than
the reliance in the IL case for sampling in a similar region. Thus, the
CENNC framework enables models to generalize constraint handling in
a manner that is comparable to the action handling modality but with
the added benefit of not requiring external fallback.

To visualize the closed-loop performance, we take a representative
sample from the evaluation dataset. In particular, this sample is taken
from the outermost ring where the Lyapunov function is between 119
and 120, and the point is chosen to be in the region of the state-space
where the IL networks struggled to fit, indicating difficult regional
dynamics. Fig. 48 is a multi-figure plot that demonstrates this repre-
sentative initial point and the corresponding closed-loop trajectories
for the DPro+ variant of each controller. The reference controller can
be seen to have a far slower convergence to the origin than all other
controllers which results in a larger cumulative cost. The controllers
exhibit very similar trajectories with the exception of the KKT con-
troller that not only begins with an action that is noticeably different
from the other controllers but also exhibits occasional sharp action
spikes that results in delayed convergence and a higher cumulative
cost. The RL Baseline controller also exhibits similar spikes, but to
a significantly lesser degree and in a manner that does not lead to
the same oscillatory behavior as the KKT run. Of the RL controllers,
the Alpha-Gate framework performed the best for this sample, but
performed worse than the IL baseline. Additionally, the Alpha-Gate
approach converged to a notably larger offset from the origin than the
IL controllers. Fig. 49 demonstrates the same trajectory, but under
early termination when entering the terminal region. In this scenario,
the Alpha-Gate and RL Baseline controllers both outperform the LMPC
and IL controllers. Because the RL runs are trained with respect to
a reward function that terminates upon entering the terminal region,
this result replicates the behavior seen in the early stopping section
of Table 6; the RL runs are optimized for early stopping and will
outperform LMPC in this context. This result is by design, since the
LMPC is inherently a finite horizon optimization problem and thus we
formulated the infinite horizon problem into a variable length finite
horizon optimization problem with respect to the terminal region. Thus,
the cost performance is not the priority and deviations within the
single-digit percentage in cost is not of concern. Instead, the importance
is that constraint handling is successfully internalized in the Alpha-Gate
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Closed-Loop Evaluation on Seed 421, Sample 865 without Early Stopping | Ring 120 (full trajectory)
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Fig. 48. Closed-loop trajectories of the states, actions, cumulative cost, and Lyapunov function’s time derivative for a representative sample on the outermost
Lyapunov ring. The closed-loop simulation is done over 200 steps without early termination. For clarity, the individual metric plots are split into an overall time
axis and a zoomed in late time axis indicated by the shaded regions in the overall time axis plot. The resulting 2D state-space trajectory is provided in the
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state is indicated by a cross that is colored to match the corresponding legend entry. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)

approach with minimal consequences relative to the KKT approach,
which is seen to have limitations in generalizing to unseen data.

Remark 26. As depicted in this work, the alpha-gate CENNC approach
explicitly derives constraint information needed for proper constraint
enforcement through the first-principles model of the process. In doing
so, one may interpret this as a “model-based” implementation of the
framework, where the environment dynamics are known through a
mathematical model that is used to calculate terms such as V explicitly
much like how LMPC would handle constraints. More generally, the
framework can be designed with a “model-free” implementation where
the relevant constraint metrics such as V are instead passed into the
network as inputs much like how the reference action is done for the
presented example.

6. Conclusion

In this work, we explore through first-principles how neural net-
works can be designed to be both a scalable design to larger networks
without gradient collapse and designed to inherently satisfy and learn
from constraints. We refer to controllers that satisfy the latter as Con-
straint Enforcing Neural Network Controllers (CENNC). This CENNC
framework exists currently through differentiable Quadratic Program-
ming (QP) layers, but it is demonstrated that this implementation leads
to both less stable training dynamics as well as less stable generalizabil-
ity of the final network to unseen data. We demonstrate that a simpler
architecture utilizing the Heaviside step function and Straight-Through
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Estimators (STEs) is capable of stable training and stable generalizabil-
ity. The resulting network is referred to as the Alpha-Gate CENNC, and
this network is evaluated against a KKT optimal equivalent network
to the QP-layer design for a chemical process example. It is further
evaluated against a generic RL Baseline controller and an IL Baseline
controller with various action handling modalities for the replay buffer
regarding how constraint enforcement is applied during training and
exploration. From the results it is seen that the Alpha-Gate framework
exhibits similar performance to the RL Baseline with external enforce-
ment. In particular, the rate of internal constraint enforcement, the
resulting trajectory costs, computation time, and training dynamics are
all similar. Thus, the Alpha-Gate framework is demonstrated to be a
simple and efficient internalization of constraint handling that exhibits
stable training, removes the need for external constraint enforcement,
and allows the network to learn to respect constraints.

The findings of this work are limited to process systems in which the
stabilizing reference control law and corresponding Lyapunov function
are known explicitly. Additionally, the impact of modeling errors,
disturbances, and data sparsity are not explored. As such, future work
should involve demonstrating the impact of these metrics as well as
means to counteract their impact. It is also worth exploring data
driven approaches to applying the framework for model-free scenar-
ios including deriving the reference control law, Lyapunov function,
and process dynamics. Scalability of the framework to high dimen-
sional processes is also not explored and serves as a point of future
research.
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Closed-Loop Evaluation on Seed 421, Sample 865 with Early Stopping | Ring 120 (early stopped)
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