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a  b  s  t  r  a  c  t

In a previous  work  [20], an  economic  model  predictive  control  (EMPC)  system  for  parabolic  partial  dif-
ferential  equation  (PDE)  systems  was  proposed.  Through  operating  the  PDE  system  in  a  time-varying
fashion,  the  EMPC  system  demonstrated  improved  economic  performance  over  steady-state  operation.
The  EMPC  system  assumed  the  knowledge  of  the  complete  state  spatial  profile  at  each  sampling  period.
From  a practical  point  of view,  measurements  of the  state  variables  are  typically  only  available  at  a
finite  number  of  spatial  positions.  Additionally,  the basis  functions  used  to  construct  a reduced-order
model  (ROM)  for the  EMPC  system  were derived  using  analytical  sinusoidal/cosinusoidal  eigenfunctions.
However,  constructing  a  ROM  on  the  basis  of  historical  data-based  empirical  eigenfunctions  by applying
Karhunen-Loève  expansion  may  be  more  computationally  efficient.  To address  these issues,  several  EMPC
rocess control
ransport-reaction processes

systems are  formulated  for both  output  feedback  implementation  and  with  ROMs  based  on  analytical
sinusoidal/cosinusoidal  eigenfunctions  and empirical  eigenfunctions.  The  EMPC  systems  are  evaluated
using  a non-isothermal  tubular  reactor  example,  described  by  two  nonlinear  parabolic  PDEs,  where  a
second-order  reaction  takes  place.  The  model  accuracy,  computational  time,  input  and  state  constraint
satisfaction,  and  closed-loop  economic  performance  of the closed-loop  tubular  reactor  under  the  different
EMPC  systems  are  compared.
. Introduction

Model predictive control (MPC) is a popular optimal control
echnique that has gained widespread popularity within the pro-
ess control industries. In the past decade, significant work has
een done on MPC  of partial differential equation (PDE) systems
e.g., [8–10,12,19,21,24,25]). To guide the PDE system to the desired
teady-state profile, conventional MPC  systems are formulated
ith the sum of squared differences between the state and inputs

rom their corresponding steady-state values. More recently, eco-
omic model predictive control (EMPC) formulated with a general
ost function accounting directly for the process economics, which
perates systems in a dynamically optimal fashion, has been pro-
osed for systems described by ordinary differential equations
ODEs) (e.g., [7,13,17,16,18]).
The significant challenge to applying the proposed EMPC sys-
ems directly to PDE systems is deriving a finite-dimensional
rdinary differential equation (ODE) in time approximation of the
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ax:  +1 310 206 4107.
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© 2014  Elsevier  Ltd.  All rights  reserved.

PDE model. Specifically, the finite-dimensional model must accu-
rately predict the spatiotemporal evolution of the system, while, be
of sufficiently low order for computational efficiency. To produce a
model-based control scheme for parabolic PDEs, Galerkin’s method
based on either analytical or empirical basis functions is typically
applied to the PDE model. In addition, utilizing approximate iner-
tial manifolds (AIMs) (e.g., [6,11]), a system of finite-dimensional
ODEs that accurately describe the dynamics of the dominant (slow)
modes of the PDE system is derived for the synthesis of low-
order controllers (e.g., [2] and the book [5]). Order reduction using
Galerkin’s method and analytical eigenfunctions was  employed in
[20] where we proposed an EMPC scheme for parabolic PDE sys-
tems.

While, the EMPC system of [20] demonstrated improved closed-
loop economics (greater production rate of the desired product over
steady-state operation), the EMPC system assumed the knowledge
of the complete state spatial profile at each sampling period. In
practice, however, measurements of the PDE system may  only be
available at a finite number of points. Therefore, the formulation
of an output feedback EMPC for parabolic PDE systems based on

measurements at a finite number of points should be considered.

Additionally, the EMPC systems presented in [20] were devel-
oped on the basis of low-order and high-order nonlinear ordinary
differential equation (ODE) models derived through Galerkin’s

dx.doi.org/10.1016/j.jprocont.2014.01.007
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jprocont.2014.01.007&domain=pdf
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where �k is an eigenfunction corresponding to the k-th eigenvalue
�k and �k is an adjoint eigenfunction of the operator A.

Assumption 1 below characterizes the class of parabolic PDEs
considered in this work and states that the eigenspectrum of oper-
ator A  can be partitioned into a finite part consisting of m slow
eigenvalues which are close to the imaginary axis and a stable infi-
nite complement containing the remaining fast eigenvalues which
are far in the left-half of the complex plane, and that the separation
between the slow and fast eigenvalues of A  is large. We  also note
that the large separation of slow and fast modes of the spatial opera-
L. Lao et al. / Journal of Pro

ethod using analytical basis functions. Considering the possible
imitation for using analytical basis functions and to improve the
OM accuracy, empirical eigenfunctions as the basis functions for
he Galerkin’s method may  be considered. The empirical eigen-
unctions may  be constructed by applying Karhunen-Loève (K-L)
xpansion (e.g., [26,15]). By collecting an ensemble of the system
olution data from process historical data or simulation data, the K-

 expansion method considers the presence of the dominant spatial
atterns in the solution of the parabolic PDEs and results in a more
omprehensive and accurate ROM than a ROM based on analytical
asis functions. This data-based construction of the basis functions
or order reduction to PDE systems has been widely adopted in the
ecent years in the context of model-based control problems for
arabolic PDE systems (e.g., [4,27,2,1,28,22]).

In this work, several EMPC systems are formulated and applied
o a non-isothermal tubular reactor where a second-order chemical
eaction takes place. First, an output feedback EMPC formula-
ion is presented. Second, a reduced-order model (ROM) of the
DEs is constructed on the basis of historical data-based empiri-
al eigenfunctions by applying Karhunen-Loève expansion to use
n the formulation of a computationally efficient EMPC system.
everal EMPC systems each using a different ROM (i.e., different
umber of modes and derived from either using analytical sinu-
oidal/cosinusoidal eigenfunctions or empirical eigenfunctions) are
pplied to the non-isothermal tubular reactor example. The model
ccuracy, computational time and closed-loop economic perfor-
ance of the closed-loop tubular reactor under the different EMPC

ystems are compared and discussed.

. Preliminaries

.1. Parabolic PDEs

We  consider quasi-linear parabolic PDEs with measured outputs
f the form:

∂x

∂t
= A

∂x

∂z
+ B

∂2
x

∂z2
+ Wu(t) + f (x(z, t)) (1)

j(t) =
∫ 1

0

cj(z)x(z, t)dz (2)

or j = 1, . . .,  p, with the boundary conditions:

∂x

∂z

∣∣∣∣
z=0

= g0x(0,  t),
∂x

∂z

∣∣∣∣
z=1

= g1x(1,  t) (3)

or t ∈ [0, ∞)  and the initial condition:

(z, 0) = x0(z) (4)

here z ∈ [0, 1] is the spatial coordinate, t ∈ [0, ∞)  is the time,
′(z, t) = [x1(z, t)· · ·xnx (z, t)] is the vector of the state variables (x′

enotes the transpose of x), f (x(z, t)) denotes a nonlinear vector
unction, yj(t) is the j-th measured output, and cj(z) are known
mooth functions of z (j = 1, . . .,  p) whose functional form depends
n the type of the measurement sensor. The notation A, B, W,  g0 and
1 is used to denote (constant) matrices of appropriate dimensions.
he control input vector is denoted as u(t) ∈ R

nu and is subject to
he following constraints:

min ≤ u(t) ≤ umax (5)

here umin and umax are the lower and upper bound vectors of the
anipulated input vector, u(t). Moreover, the system states are also
ubject to the following state constraints:

i,min ≤
∫ 1

0

rxi
(z)xi(z, t)dz ≤ xi,max, i = 1, . . .,  nx (6)
ontrol 24 (2014) 448–462 449

where xi,min and xi,max are the lower and upper state constraint for
the i-th state, respectively. The function rxi

(z) ∈ L2(0,  1) where L2(0,
1) is the space of measurable, square-integrable functions on the
interval [0, 1] is the state constraint distribution function.

2.2. Galerkin’s method

We first formulate the PDE system of Eqs. (1)–(4) as an infinite
dimensional system in the Hilbert space H([0,  1]; R

nx ), with H being
the space of measurable vector functions defined on [0, 1], with
inner product and norm:

(ω1, ω2) =
∫ 1

0

(ω1(z), ω2(z))Rnx dz,

‖ω1‖2 = (ω1, ω1)
1
2

(7)

where ω1, ω2 are two elements of H([0,  1]; R
nx ) and the notation

( · , · )Rnx denotes the standard inner product in R
nx . The state func-

tion x(t) on the state-space H is defined as

x(t) = x(z, t), t > 0, 0 ≤ z ≤ 1, (8)

and the operator A  is defined as

Ax = A
dx

dz
+ B

d2x

dz2
, 0 ≤ z ≤ 1. (9)

and the measured output operator is defined as:

Cx(t) =
[
(c1( · ), x( · , t)), . . .,  (cp( · ), x( · , t))

]′
(10)

Then, the system of Eqs. (1)–(4) takes the following form:

ẋ(t) = Ax(t) + Bu(t) + F(x(t)), x(0) = x0 (11)

y(t) = Cx(t) (12)

where x0 = x0(z), Bu(t) = Wu(t) and F(x(t)) is a nonlinear vector
function in the Hilbert space. The eigenvalue problem for A  takes
the form

A�k = �k�k, k = 1, . . ., ∞ (13)

subject to

d�k

dz

∣∣∣
z=0

= g0�k(0),
d�k

dz

∣∣∣
z=1

= g1�k(1) (14)
tor in parabolic PDEs ensures that a controller which exponentially
stabilizes the closed-loop ODE system, also stabilizes the closed-
loop infinite-dimensional system [3]. This assumption is satisfied
by the majority of diffusion–convection–reaction processes [5].
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Fig. 1. A tubular reactor with reaction A → B.

ssumption 1.

. Re(�1)≥ Re(�2) ≥ · · · ≥ Re(�k) ≥ · · ·,  where Re(�k) denotes the real
part of the eigenvalue, �k.

. The eigenspectrum of A, �(A), is defined as the set of all
eigenvalues of A, i.e., �(A) = {�1, �2, . . .}. �(A) can be par-
titioned as �(A) = �1(A) ∪ �2(A), where �1(A) consists of
the first m finite eigenvalues, i.e., �1(A) = {�1, . . .,  �m}, and
|Re(�1)|/|Re(�m)| = O(1).

. Re(�m+1) < 0 and |Re(�1)|/|Re(�m+1)| = O(�) where � < 1 is a small
positive number.

Next, we apply standard Galerkin’s method [23] to the
nfinite-dimensional system of Eqs. (11) and (12) to derive a
nite-dimensional subsystem. Let Hs and Hf be modal sub-
paces of A  defined as Hs = span{�1, �2, . . .,  �m} and Hf =
pan{�m+1, �m+2, . . .},  where �k, k = 1, 2, . . . are the eigenfunctions
f A. Using the orthogonal projection operators, Ps and Pf, which
roject the state x onto the subspaces Hs and Hf of A, respectively
xs = Psx ∈ Hs and xf = Pf x ∈ Hf ), the state x of the system of Eq.
11) can be written as

 = xs + xf = Psx + Pf x (15)

Applying Ps and Pf to the system of Eqs. (11) and (12) and using
he above decomposition for x, Eqs. (11) and (12) can be re-written
s:

ẋs(t) = Asxs(t) + Fs(xs(t), xf (t)) + Bsu(t), xs(0) = Psx0,

ẋf (t) = Af xf (t) + Ff (xs(t), xf (t)) + Bf u(t), xf (0) = Pf x0,

y(t) = Csxs(t) + Cf xf (t)

(16)

here As = PsA, Bs = PsB, Af = Pf A, Bf = Pf B, Ff = Pf F, Fs = PsF,
s = CPs, and Cf = CPf . Specifically, As = diag{�k}, k = 1, . . .,  m is a
iagonal matrix of dimension m × m and may  contain unstable
igenvalues (i.e., Re(�k) > 0 for some k). Since the basis functions
k are the eigenfunctions of A, the eigenfunctions �k are ortho-
onal to each other. Furthermore, the subspaces of A, Hs and Hf ,
re spanned by the eigenfunctions �k (of the operator A), and then,
sxf ≡ 0 and Af xs ≡ 0. Also, the operator Af is an unbounded expo-
entially stable differential operator. The first subsystem (i.e., first
quation) of Eq. (16) is referred to as the slow subsystem; while,
he second subsystem is referred to as the fast subsystem. Neglect-
ng the fast subsystem, we obtain the ODE system describing the
ominant dynamics of the PDE:

ẋs(t) = Asxs(t) + Fs(xs(t), 0) + Bsu(t), xs(0) = Psx0

y(t) = Csxs(t)
(17)

.3. Tubular reactor example

A chemical process example of industrial importance of the
orm of Eq. (1) is used to demonstrate the EMPC systems formu-

ated in this work. Specifically, consider a tubular reactor shown
n Fig. 1, where an exothermic, irreversible second-order reaction
f the form A → B takes place. A cooling jacket of constant tem-
erature is used to remove heat from the reactor. The states of the
ontrol 24 (2014) 448–462

tubular reactor are temperature and concentration of A in the reac-
tor, and the input is the inlet concentration of A. In order to simplify
the presentation of our results below, we use dimensionless vari-
ables and obtain the following nonlinear parabolic PDE model for
the process (details and model notation can be found in [20,23]):

∂x1

∂t
= − ∂x1

∂z
+ 1

Pe1

∂
2
x1

∂z2
+ BT BC exp

(
�x1

1 + x1

)
(1 + x2)2 + ˇT (Ts − x1) + ı(z − 0)Ti

∂x2

∂t
= − ∂x2

∂z
+ 1

Pe2

∂
2
x2

∂z2
− BC exp

(
�x1

1 + x1

)
(1 + x2)2 + ı(z − 0)u

(18)

where ı is the standard Dirac function, subject to the following
boundary conditions:

z = 0 :
∂x1

∂z
= Pe1x1,

∂x2

∂z
= Pe2x2;

z = 1 :
∂x1

∂z
= 0,

∂x2

∂z
= 0;

(19)

The following typical values are given to the process parame-
ters: Pe1 = 7, Pe2 = 7, BT = 2.5, BC = 0.1, ˇT = 2, Ts = 0, Tf = 0 and � = 10.
In all simulations reported below, second-order finite-difference
method was used to discretize, in space, the two parabolic PDEs of
Eq. (18) to derive two  101th-order set of ODEs (further increase
on the order of discretization led to identical open-loop and
closed-loop results); this discretized model was used to describe
the process dynamics. The following simulations were carried
out using Java programming language in a Intel Core i7 − 2600,
3.40 GHz computer with a 64-bit Windows 7 Professional operating
system.

3. Methodological framework for output feedback EMPC
for PDE systems

3.1. State-estimation using output feedback methodology

The objective of this section is to propose state estimation-based
EMPC formulations that make use of a finite number, p, of measured
outputs yj(t) (j = 1, . . .,  p) to compute estimates of xs and xf. The state
estimation scheme is based on a direct inversion of the measured
output operator to obtain estimates of the slow modes, x̂s(t) and
the concept of the approximate inertial manifolds to obtain esti-
mates of the fast modes, x̂f (t) in the system of Eq. (16). To develop
this estimation scheme, we must impose an assumption on the
number of measured outputs. We assume that the number of mea-
sured outputs is equal to the number of slow modes (i.e., p = m)
and the distribution functions of the measured outputs are chosen
such that C−1

s exists. Under this assumption, an estimate of the slow
subsystem state, x̂s(t) can be obtained as follows:

x̂s(t) = C−1
s y(t) (20)

where x̂s(t) is an estimate of xs(t).
Since the accuracy of the estimated modes through the recon-

struction of the spatially distributed PDE states is limited by the
number of available measurement points, we introduce the deriva-
tion of the estimation for the fast subsystem state, xf(t) to achieve
additional accuracy of the state estimation scheme. In the infinite-
dimensional system described by Eq. (16), the fast dynamics, ẋf (t)
can be ignored compared with that of the slow dynamics, ẋs(t) given
that Af includes eigenvalues with large negative real part [5] (Af is

exponentially stable). Thus, the equation of the fast state, xf(t) can
be approximately expressed as the following equality:

Af xf (t) + Bf u(t) + Ff (xs(t), xf (t)) = 0 (21)
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The fast state xf is equal to zero at its quasi-steady-state (we
ote that x(z, t) = 0 is a steady-state of the nominal PDE system
(t) ≡ 0). Accounting for the fact that Af includes eigenvalues with

arge negative real parts, we can neglect the fast subsystem state,
f(t) in the nonlinear term, Ff (xs, xf ). Using the estimated slow sub-
ystem state, x̂s to calculate the approximate fast subsystem state,
q. (21) becomes

f x̂f (t) + Bf u(t) + Ff (x̂s(t), 0) = 0 (22)

here x̂f (t) is the estimated fast state. An explicit form for the
stimated fast state can be derived:

ˆf (t) = −A−1
f

[Bf u(t) + Ff (x̂s(t), 0)] (23)

emark 1. The accuracy of the finite-dimensional ODE model
ith m slow modes is of order � = |Re{�1(A)}|/|Re{�m+1(A)}| (O(�)).

his means under state feedback the closeness of the closed-loop
ystem PDE state to the closed-loop system ODE state is O(�).
losed-loop stability under output feedback works not only for the
low and fast modes but also the real state as long as the estimation
rror is negligible. This occurs when m is chosen to be sufficiently
arge such that � is sufficiently small. Specifically, to achieve the
ame level of closeness for the output feedback case (O(�)), the
umber of measurements must be equal to the number of slow
odes (i.e., p = m).  From a practical standpoint, the discrepancy

etween the closed-loop PDE state under output feedback with
ore than m measurements and the one of the closed-loop PDE

tate under output feedback with m measurements will be indis-
inguishable since the achieved closed-loop system performance is
imited by the number of slow modes (m) used in the design of the
MPC. Therefore, if there are more available measurement points
han the slow modes (p > m), one can pick any m measurement
oints from the set of p points as long as the assumption that C−1

s

xists is satisfied. In this work, from both the open-loop and closed-
oop system simulation, we have good state estimation accuracy by
icking m sufficiently large and choosing the measurement points
uch that the inverse of the matrix Cs exists.

.2. Output feedback economic model predictive control
ormulation

Utilizing the estimates x̂s and x̂f of Eqs. (20) and (23), respec-
ively, we formulate a state estimation-based Lyapunov-based
MPC for the system of Eq. (16) to dynamically optimize an eco-
omic cost function. We  assume that the output measurements
re available continuously and synchronously at sampling instants
enoted as tk = k	 with k = 0, 1, . . ..  Accounting for xf is important
or increasing PDE state estimation accuracy and satisfying state
onstraints. To formulate a finite-dimensional EMPC problem, the
ast subsystem is truncated at the l-th fast state. With the estimated
low and fast modes, of Eqs. (20) and (23), respectively, the EMPC
ormulation takes the following form:

max
∈S(	)

∫ ttk+N

tk

L(x̌(
), u(
))d
 (24a)

.t. ˙̃xs(t) = Asx̃s(t) + Fs(x̃s(t), x̃f (t)) + Bsu(t) (24b)

˜s(tk) = C−1
s y(tk) (24c)

˜f (t) = −A−1
f

[Bf u(t) + ff (x̃s(t), 0)] (24d)

ˇ(t) = x̃s(t) + x̃f (t) (24e)
min ≤ u(t) ≤ umax, ∀t ∈ [tk, tk+N) (24f)

i,min ≤ (rxi
, x̌i(t)) ≤ xi,max, i = 1, . . .,  nx, ∀t ∈ [tk, tk+N) (24g)

ˇ ′(t)Px̌(t) ≤ � (24h)
ontrol 24 (2014) 448–462 451

where 	 is the sampling period, S(	) is the family of piecewise con-
stant functions with sampling period 	,  N is the prediction horizon,
x̃s(t) and x̃f (t) are the predicted evolution of the slow subsystem
state and fast subsystem state, respectively, with input u(t) com-
puted by the EMPC and y(tk) is the output measurement at the
sampling time tk.

In the optimization problem of Eq. (24), the objective function
of Eq. (24a) describes the dynamic economics of the process which
the EMPC maximizes over a horizon tN. The constraint of Eq. (24b)
is used to predict the future evolution of the slow subsystem with
the initial condition given in Eq. (24c) (i.e., the estimate of xs(tk)
computed from the output y(tk)). The constraint of Eq. (24d) is the
finite-dimensional truncation of the fast subsystem which is used
to predict the evolution of the fast subsystem states. The symbol
x̌(t) is used to denote the finite dimensional truncated state vec-
tor (i.e., both the slow subsystem and the fast subsystem states).
The constraints of Eqs. (24f)–(24g) are the available control action
and the state constraints, respectively. Finally, the constraint of Eq.
(24h) ensures that the predicted state trajectory is restricted inside
a predefined stability region which is a level set of the Lyapunov
function (see [13] for a complete discussion of this issue). The opti-
mal  solution to this optimization problem is u * (t|tk) defined for
t ∈ [tk, tk+N). The EMPC applies the control action computed for the
first sampling period to the system in a sample-and-hold fashion
for t ∈ [tk, tk+1). The EMPC is resolved at the next sampling period,
tk+1, after receiving a new output measurement, y(tk+1).

Remark 2. In the formulation of the state estimation-based
Lyapunov-based EMPC of Eq. (24), Eq. (24h) defines a stability
region of the closed-loop system. This stability region is typically
characterized with an explicit stabilizing state feedback controller
[13,14]. To account for the fact that additional uncertainty may  be
introduced by using an output feedback controller over a state feed-
back controller due to the estimation error, the stability region,
computed using an explicit stabilizing state feedback controller,
may  be reduced for the output feedback case and a sufficiently large
number of slow modes m (as well as number of output measure-
ments p) can always be found to ensure that closed-loop stability
under output feedback is accomplished.

3.3. Implementation of output feedback EMPC

The output feedback EMPC is applied to the tubular reactor.
To solve the EMPC problem, the open-source interior point solver
Ipopt [29] was used. Explicit Euler’s method was  used with suffi-
ciently small integration step of 1 × 10−4 to numerically integrate
the finite-dimensional ODE model of the transport-reaction pro-
cess. The cost function that we consider is to maximize the overall
reaction rate along the length of the reactor. The economic cost that
the EMPC works to maximize over the prediction horizon is

L(x, u) =
∫ 1

0

r(z, t)dz (25)

where

r(z, t) = BC exp

(
�x1

1 + x1

)
(1 + x2)2 (26)

is the reaction rate.
Regarding input and state constraints, the manipulated input

is subject to constraints as follows: −1 ≤ u ≤ 1. Owing to economic
considerations, the amount of reactant material available over the

period tf is fixed. Specifically, the input trajectory should satisfy:

1
tf

∫ tf

0

u(
) d
 = 0.5 (27)
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here tf = 1.0. To simplify the notation, we use the notation u ∈ g(tk)
o denote this constraint. Constraints on the minimum and maxi-

um  temperatures along the length of the reactor are considered
s state constraints, Namely, the temperature along the length of
he reactor must satisfy the following inequalities:

1,min ≤ x1(z, t) ≤ x1,max (28)

or all z ∈ [0, 1] where x1,min = −1 and x1,max = 3 are the lower and
pper limits, respectively.

Since the PDE system of Eq. (18) consists of two PDEs, the index
 (i = 1, 2) is used to denote the i-th PDE of Eq. (18). We  assume
he tubular reactor has p1 + p2 sensors where the first p1 sensors

easure the temperature (i.e., the state corresponding to the first
DE of Eq. (18)) at measurement points zs,1j ∈ [0, 1] for j = 1, 2, . . .,
1, and the next p2 sensors measure the concentration of A (i.e.,
he second state) at measurement points zs,2j ∈ [0, 1] for j = 1, 2,

 . .,  p2. Thus, the output measurements consist of the state mea-
urements at a finite number of points in the spatial domain (i.e.,
′
i
(tk) = [xi(zs,i1, tk)· · ·xi(zs,ipi

, tk)]) and can be written as

ij(tk) = xi(zs,ij, tk), i = 1, 2, j = 1, 2, . . .,  pi

here the output measurement vector, y′(tk) = [y′
1(tk)y′

2(tk)] and

′
i(tk) = [yi1(tk)· · ·yipi

(tk)], i = 1, 2.

e  assume the number of measurements satisfies pi = mi where
i refers to the number of total slow modes retained from the i-

h PDE in the construction of the model of Eq. (24b). Since point-
ise measurements are considered, the following measurement
istribution function is used:

ij(z) = ı(z − zs,ij), i = 1, 2, j = 1, 2, . . .,  pi (29)

here ı is the standard Dirac function. Each measurement point,
s,ij in the spatial domain is assumed to be at zs,ij = (j − 1)/(pi − 1).
he choice of measurement points satisfies the assumption that
−1
s,i

exists.
The state xi(z, t) can be decomposed into the sum of the ampli-

udes and the eigenfunctions of the first li eigenmodes:

i(z, t) ≈
li∑

j=1

aij(t)�ij(z), i = 1, 2 (30)

here aij(t) and �ij(z) are the amplitude and eigenfunctions asso-

iated with the j-th eigenvalue of the spatial operator A. Utilizing
he decomposition of Eq. (30), the estimated slow mode vector,
′
s,i

(tk) = [as,i1(tk)· · ·as,ipi
(tk)] (recall that mi = pi) can be written in

he following form:

i(tk) = Cs,ixi(tk) = Cs,ias,i(tk)

=

⎛
⎜⎜⎜⎜⎝

�i1(zs,i1) �i2(zs,i1) . . . �ip(zs,i1)

�i1(zs,i2) �i2(zs,i2) . . . �ip(zs,i2)

...
...

. . .
...

�i1(zs,ipi
) �i2(zs,ipi

) . . . �ip(zs,ipi
)

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

as,i1(tk)

as,i2(tk)

...

as,ipi
(tk)

⎞
⎟⎟⎟⎟⎠ (31)
ontrol 24 (2014) 448–462

for i = 1, 2. The estimated slow modes are:

âs,i(tk) = C−1
s,i

yi(tk)

=

⎛
⎜⎜⎜⎜⎝

�i1(zs,i1) �i2(zs,i1) . . . �ip(zs,i1)

�i1(zs,i2) �i2(zs,i2) . . . �ip(zs,i2)

...
...

. . .
...

�i1(zs,ipi
) �i2(zs,ipi

) . . . �ip(zs,ipi
)

⎞
⎟⎟⎟⎟⎠

−1 ⎛
⎜⎜⎜⎜⎝

xi(zs,i1, tk)

xi(zs,i2, tk)

...

xi(zs,ipi
, tk)

⎞
⎟⎟⎟⎟⎠
(32)

where âs,i(tk) is an estimate of as,i(tk) from the output measure-
ment, y(tk).

Since the decomposition of Eq. (30) provides a simplified
method for describing the temporal evolution of the PDE system,
the reduced-order model used in the EMPC (Eqs. (24b) and (24d)) is
written in terms of the temporal evolution of the amplitudes of each
eigenmode. After applying the decomposition of Eq. (30) to Eq. (16),
multiplying both sides by the adjoint eigenfunction, and making a
similar approximation as in Eq. (23), the resulting reduced-order
model has the following form (the ·̂ notation is dropped for sim-
plicity of presentation):

ȧs,i(t) = As,ias,i(t) + Fs,i(as(t), af (t)) + Bs,iu(t),

af,i(t) = A−1
f,i

[
Bf,iu(t) + Ff,i(as(t), af (t))

]
, i = 1, 2

y(t) = Cs,1as,1(t) + Cs,2as,2(t) + Cf,1af,1(t) + Cf,2af,2(t)

(33)

where as,i(t) = [as,i1(t) as,i2(t)· · ·as,imi
(t)]′ with elements as,ij(t) ∈

R  associated with the amplitudes of the j-th eigenmodes. The vector
af,i(t) is a vector of similar structure to as,i(t) with elements associ-
ated with the next mi + 1 to li eigenmodes. The vector as(t) and af(t)
are defined as as(t) = [as,1(t)as,2(t)]′ and af(t) = [af,1(t)af,2(t)]′. Using
this notation, the matrix As,i is defined as As,i = diag{�ij}, j = 1, . . .,  mi
(i.e., a diagonal mi × mi matrix where diagonal entries are equal to
�ij and the indices j and i are used to denote the j-th eigenmode of
the i-th PDE state) and the matrix Af,i is defined as Af,i = diag{�ij},
j = mi + 1, . . .,  li. Therefore, the quadratic Lyapunov function of Eq.
(24h) is also written in terms of the amplitudes and has the form:

V(a(t)) = a′(t)Pa(t) (34)

where a(t) denotes a vector consisting of the amplitudes of all
retained eigenmodes (i.e., both as(t) and af(t)) for each PDE, P is
an (l1 + l2) × (l1 + l2) identity matrix and � = 3 is used in the formu-
lations of the EMPC systems below.

3.3.1. Case 1: low-order output feedback EMPC system
In this set of simulations, a low-order output feedback EMPC

system of the form of Eq. (24) (the fast modes are neglected) is
formulated for the tubular reactor with the economic cost function
of Eq. (25), the input constraint of Eq. (27) and the state constraint
of Eq. (28). The low-order output feedback EMPC is given by the
following optimization problem:

max
u∈S(	)

1
N	

∫ tk+N

tk

(∫ 1

0

r(z, 
)dz

)
d
 (35a)

s.t. ˙̃as,i(t) = As,iãs,i(t) + Fs,i(ãs(t), 0) + Bs,iu(t), i = 1, 2 (35b)

ã (t ) = C−1y (t ), i = 1, 2 (35c)
s,i k s i k

−1 ≤ u(t) ≤ 1, ∀t ∈ [tk, tk+N) (35d)

u(t) ∈ g(tk) (35e)
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1 ≤
m1∑
j=1

ãs,1j(t)�1j(z) ≤ 3 (35f)

˜ ′
s(t)Pãs(t) ≤ � (35g)

here the notation ãs denotes the predicted temporal evolution of
he amplitudes of the slow modes, the prediction horizon is N = 3
nd the sampling time is 	 = 0.01. The constraint of Eq. (35e) is
he integral input constraint of Eq. (27) formulated for the samp-
ing time tk on the basis of the material usage from t = 0 to t = tk
o ensure that the integral input constraint is satisfied over the
indow tf = 1.0 (for simplicity of presentation, the beginning of the

perating window is denoted as t = 0). The tubular reactor is initial-
zed with a transient state profile (i.e., not the steady-state profile
orresponding to the steady-state input us = 0.5). For the reactor,
wo EMPC systems are formulated with the following low-order

odel of the PDE system:

. The low-order model based on 11 slow modes only (i.e.,
m1 = m2 = 11).

. The low-order model based on 21 slow modes only (i.e.,
m1 = m2 = 21).

here the measured output points consists of the state measure-
ents at m1 = 11 or m1 = 21 points which are evenly spaced in the

patial domain. Additionally, the reactor under uniform in time dis-
ribution of the reactant material over tf = 1.0 is also considered for
omparison purposes.

The closed-loop state profiles of the reactor over one period
f = 1.0 under the output feedback EMPC formulated with the low-
rder model based on 21 slow modes is displayed in Figs. 2 and 3.
he computed manipulated input profiles from the low-order out-
ut feedback EMPC systems formulated based on 11 and 21 slow
odes, respectively, over one period are shown in Fig. 4. From Fig. 4,

he output feedback EMPC system based on 21 slow modes com-
utes a smoother manipulated input profile than that of the output

eedback EMPC system based on 11 slow modes. The maximum
emperature profiles of the tubular reactor under the EMPC sys-
ems are shown in Fig. 5. Since the temperature directly influences
he reaction rate, the optimal operating strategy is to operate the

1
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0.4
0.6

0.8
1
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−0.4

−0.2

t

x 2(z
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ig. 3. Closed-loop profile of x2 of the tubular reactor under the low-order output feedba
Fig. 2. Closed-loop profile of x1 of the tubular reactor under the low-order output
feedback EMPC system of Eq. (35) based on 21 slow modes over one operation period.

reactor at the maximum allowable temperature. From Fig. 5, both
EMPC systems operate the tubular reactor with a maximum tem-
perature less than the maximum allowable which is a consequence
of the error associated with the low-order models. Since the low-
order model based on 21 slow modes is able to more accurately
compute the state profile, the output feedback EMPC system for-
mulated with this low-order model operates the reactor at a greater
temperature than the other EMPC system.

Over one period tf = 1, the total reaction rate of the process under
the EMPC system based on 21 slow modes is 5.13% greater than that
of EMPC system based on 11 slow modes and 8.45% greater than
that of the system under uniform in time distribution of the reactant
material. Moreover, the computational time profiles for these two
EMPC systems of Eq. (35) is given in Fig. 6. The EMPC system based
on 11 slow modes has a significant advantage in the computational
efficiency since it uses fewer modes in the reduced-order model.
Remark 3. Regarding the chattering in the computed input profile
(Fig. 4), the chattering is not caused by the numerical integration.

0
0.2

0.4
0.6

0.8

z

ck EMPC system of Eq. (35) based on 21 slow modes over one operation period.
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respectively, over one operation period.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

5

10

15

20

25

30

35

40

45

t

C
om

pu
ta

tio
na

l T
im

e 
Pr

of
ile

 / 
se

c

11 Slow Modes
21 Slow Modes

Fig. 6. Computational time profiles of the low-order output feedback EMPC system
of  Eq. (35) based on 11 and 21 slow modes, respectively, over one operation period.
ontrol 24 (2014) 448–462

A smaller integration time step size was tested and the same input
profile was  obtained.

3.3.2. Case 2: high-order output feedback EMPC system
In the second set of simulations, a high-order output feedback

EMPC system of the form of Eq. (24) is formulated for the tubular
reactor and has the form:

max
u∈S(	)

1
N	

∫ tk+N

tk

(∫ 1

0

r(z, 
)dz

)
d
 (36a)

s.t. ˙̃as,i(t) = As,iãs,i(t) + Fs,i(ãs(t), ãf (t)) + Bs,iu(t) (36b)

ãf,i(t) = −A−1
f,i

[Bf,iu(t) + Ff,i(ãs(t), 0)] (36c)

ãs,i(tk) = C−1
s,i

yi(tk), i = 1, 2 (36d)

−1 ≤
l∑

j=11

ã1j(t)�1j(z) ≤ 3 (36e)

−1 ≤ u(t) ≤ 1, ∀t ∈ [tk, tk+N) (36f)

u(t) ∈ g(tk) (36g)

ã′(t)Pã(t) ≤ � (36h)

where ãs is the predicted temporal evolution of the amplitudes
of the slow modes, ãf is the predicted temporal evolution of the
amplitudes of the fast modes, and ã is a vector consisting of both ãs

and ãf . The prediction horizon of the EMPC is N = 3 and the samp-
ling time is 	 = 0.01. The high-order model of Eqs. (36b) and (36c)
is based on 11 slow modes and 19 fast modes (i.e., m1 = m2 = 11
and l1 = l2 = 30). Two other model formulations are considered for
comparison purposes:

1. The low-order output feedback EMPC system of Eq. (35) based
on 11 slow modes.

2. A high-order EMPC system with full state feedback like in [20]
based on 30 modes (11 slow modes).

Again, the system with uniform in time distribution of the reactant
material over one operation period is also considered.

The closed-loop state profiles of the reactor under the high-
order output feedback EMPC of Eq. (36) is displayed in Figs. 7 and 8.
The manipulated input profiles computed by the high-order out-
put feedback EMPC system of Eq. (36) is shown in Fig. 9; while,
the input profile computed by the high-order state feedback EMPC
system is shown in Fig. 10. From Fig. 9, chattering in the input
profiles computed by the high-order output feedback EMPC sys-
tems is observed. The additional 19 fast modes in the high-order
output feedback EMPC system helps reduce this compared to the
low-order output feedback EMPC of Eq. (35). Correspondingly, the
differences in the maximum temperature profiles among the three
EMPC systems is shown in Fig. 11. The total reaction rate over one
operation period of the process under the high-order output feed-
back EMPC system is 0.89% greater than that of the process under
the low-order output feedback EMPC system and only 0.73% less
than that of the process under the EMPC system with full state
feedback. In summary, the above comparison results demonstrate
that the additional fast modes in Eq. (36) can improve the accuracy
of model prediction.

Moreover, the computational time profiles for these 3 different

EMPC systems of Eq. (36) are given in Fig. 12. From Fig. 12, the
computational efficiency of the EMPC system of Eq. (36) based on
30 modes (11 slow modes) is comparable to that of the full state
feedback EMPC system based on 30 modes (11 slow modes). Based
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Fig. 7. Closed-loop profile of x1 of the process under the high-order output feedback
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period.
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Fig. 8. Closed-loop profile of x2 of the process under the high-order output feedback
EMPC system of Eq. (36) based on 30 modes (11 slow modes) over one operation
period.
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Fig. 9. Manipulated input profiles of the high-order output feedback EMPC system
of  Eq. (36) based on 30 modes (11 slow modes) and uniform in time distribution of
the reactant material over one operation period.
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Fig. 10. Manipulated input profiles of the high-order full state feedback EMPC sys-
tem  based on 30 modes (11 slow modes) and uniform in time distribution of the
reactant material over one operation period.
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Fig. 14. Maximum temperature of x1 profile of the low-order output feedback EMPC
niform in time distribution of the reactant material over one operation period.

n the above results, from a practical point of view, comparable
otal economic cost and computational time is achieved while using

uch fewer measurement points with the high-order output feed-
ack EMPC system than that resulting from the full state feedback
MPC system.

.3.3. Case 3: measurement noise effect on low-order output
eedback EMPC system

In this case, the effect of bounded measurement noise on the
utput measurements is considered. Process noise is added to each
f the output measurements (recall that the output measurements
onsist of point-wise measurements of each of the states along the
patial domain). The process noise is modeled as bounded Gauss-
an white noise with 0 mean, unit variance, and bounds given
y −wmax,i ≤ wi ≤ wmax,i for i = 1, 2 where wi is the noise value
nd wmax,i is the bound on the noise. The bounds are given by
max,1 = 0.1 and wmax,2 = 0.1 which corresponds to 3% and 5% of

he maximum state value, respectively. The low-order output feed-
ack EMPC system based on 11 slow modes as in Case 1 is applied
o the tubular reactor. The closed-loop manipulated input profile of
he reactor under the low-order output feedback EMPC is displayed
n Fig. 13. Comparing Fig. 13 with the manipulated input profile
f the low-order output feedback EMPC without output measure-
ent noise in Fig. 4, the white noise causes increased chattering

n the computed input profile, but the EMPC still maintains closed-
oop stability (i.e., boundedness of the closed-loop state profile in a
ompact set). The maximum temperature profile of the closed-loop
ystem with measurement noise under the EMPC system is shown
n Fig. 14. The EMPC system can still maintain operation below
he maximum allowable temperature. Furthermore, the closed-
oop economic performance index (i.e., the integral of Eq. (25) with
espect to time integrated over the operating window) is 4.37 for
he case without measurement noise and 4.32 for the case with

easurement noise (1.1% decrease in economic performance when
easurement noise is added).

. Methodological framework for low-order EMPC using
mpirical eigenfunctions

As another way to derive a reduced-order model (ROM)

or the system of Eq. (11), empirical eigenfunctions may  be
sed as basis functions in Galerkin’s method. This method can

ead to improved computational efficiency over using analytical
inusoidal/cosinusoidal eigenfunctions. In this section, the overall
system with white noise on output measurement and maximum allowable dimen-
sionless temperature over one operation period.

approach is summarized followed by several closed-loop simu-
lations of the closed-loop tubular reactor under an EMPC with a
model constructed from empirical eigenfunctions. Both state feed-
back and output feedback implementation of the EMPC systems
formulated for the tubular reactor example are considered.

4.1. Implementation of Karhunen-Loève expansion

In order to compute the empirical eigenfunctions, we  first
derive and solve a high-order and convergent discretization of
the PDE of Eq. (18). In detail, 20 different initial conditions and
arbitrary (constant) input values, u(t) were applied to the process
model to get the spatiotemporal solution profiles. Consequently,
from each simulation solution profile, 125 uniformly sampled
solutions (which are typically called “snapshots”) were taken
and combined to generate an ensemble of 2500 solutions. The
Karhunen-Loève (K-L) expansion was applied to the developed
ensemble of solutions to compute empirical eigenfunctions that
describe the dominant spatial solution patterns embedded in the
ensemble where the Jacobian in the K-L expansion is calculated
through a finite-difference method. After truncating the eigenfunc-
tions with relatively small eigenvalues (smaller than 1 × 10−5), we
were left with the first 4 eigenvalues which occupy more than
99.99% of the total energy included in the entire ensemble. The
first 4 of these empirical eigenfunction profiles for each state are
presented in Figs. 15 and 16. Note that in contrast to the sinu-
soidal/cosinusoidal eigenfunctions, these empirical eigenfunctions
are not symmetric with respect to the center of the spatial domain
owing to the nonlinear term f and the input u(t).

The methodology used to carry out the order reduction and
EMPC design is summarized below.

1. Initially, we  form an ensemble of solutions of the PDE system of
Eq. (1) for different values of manipulated input variables u(t).

2. Then, we apply Karhunen-Loève (K-L) expansion to this ensem-
ble to derive a set of empirical eigenfunctions (dominant spatial
patterns that minimize the mean square error over all the
ensemble elements) [1].

3. The empirical eigenfunctions are used as basis functions within a
Galerkin’s model reduction framework to transform the infinite
dimensional nonlinear PDE system into a ROM in the form of a

low-dimensional nonlinear ODE system.

4. Finally, an EMPC formulation is developed with the ROM and
applied to the tubular reactor example.
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emark 4. As a practical implementation note, we point out
hat even though the increase of the eigenfunctions applied
o the series expansion of Eq. (18) could improve the accu-
acy of the computed approximate model, eigenfunctions that
ave high frequency spatial profiles with small eigenvalues
re discarded because of the probable round off errors. For
his case, the descending first 5 empirical eigenvalues are
isted as follows: for x1(z, t), �1,1 = 2.365, �1,2 = 1.157 × 10−1,
1,3 = 4.926 × 10−2, �1,4 = 9.315 × 10−4, �1,5 = 7.255 × 10−6 and for
2(z, t), �2,1 = 9.719 × 10−1, �2,2 = 1.371 × 10−1, �2,3 = 5.138 × 10−2,
2,4 = 9.405 × 10−4, �2,5 = 8.930 × 10−6.

.2. Galerkin’s method with empirical eigenfunctions

To reduce the PDE model of Eq. (18) into an ODE model, we
ake advantage of the orthogonality of the empirical eigenfunc-
ions obtained from the K-L expansion. Specifically, using Galerkin’s

ethod, we first derive a low-order ODE system for each of the PDEs
escribing the temporal evolution of the amplitudes correspond-

ng to the first mi eigenfunctions. The low-order finite-dimensional
odel for the first j = 1, . . .,  mi eigenfunctions of the i-th PDE has
he following form:

ȧs,i(t) = As,ias,i(t) + Fs,i(as(t), 0) + Bs,iu(t), i = 1, 2 (37)
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Fig. 17. L2 norm of the closed-loop evolution profiles of Eq. (18) using 4 different
ROMs with respect to the evolution profile from the higher-order discretization
finite difference method.

where a′
s,i

(t) = [as,i1(t)· · ·as,imi
(t)] is a vector of the amplitudes of

the first mi eigenfunctions.
To present the effectiveness of empirical eigenfunctions in cap-

turing the dominant trends that appear during closed-loop process
evolution, we  let the process evolve starting from a certain initial
condition and under a constant input value, u(t) = 1. Four different
ROMs are presented and compared to show the ROM accuracy in the
context of EMPC handling manipulated input and state constraints.
Specifically, the following ROMs are considered:

1. ROM using 8 analytical sinusoidal/cosinusoidal eigenfunctions
(e.g., 8 eigenfunctions for each PDE state; 16 eigenfunctions
total).

2. ROM using 7 analytical sinusoidal/cosinusoidal eigenfunctions.
3. ROM using 4 empirical eigenfunctions.
4. ROM using 3 empirical eigenfunctions.

We compared the square of the L2 norm, denoted as ||dX||2, to
quantify the error of each of the reduced-order models. Specifically,
we define ||dX||2 as

||dX||2 =
2∑

i=1

101∑
j=1

(xi,j − x̂i,j)
2, i = 1, 2 (38)

where xi,j and x̂i,j are the state values of the i-th PDE at the j-th dis-
crete points equally distributed along the spatial domain obtained
from reduced order model and the finite difference method, respec-
tively. The four different reduced-order models are compared with
respect to the evolution profile from the higher-order discreti-
zation finite difference method (i.e., the two 101th-order set of
ODEs obtained by discretizing, in space, the two  parabolic PDEs
of Eq. (18)) under the same initial condition and input value in
Fig. 17. From the Fig. 17, comparing the L2 norm between the
ROM using 4 empirical eigenfunctions and the ROM using 8 ana-
lytical eigenfunctions, the ROM constructed from the empirical
eigenfunctions is more accurate than the accuracy of the ROM
constructed from analytical eigenfunctions with more modes. The
average approximation error of each reduced-order model is at
maximum of the order of 10−1. Furthermore, we  compared the

computational efficiency under the above two different model
reduction methods. The comparison of the computational time
corresponding to these 4 different ROMs is given in Fig. 18. The
ROM based on empirical eigenfunctions shows its advantage on the
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Fig. 19. Manipulated input profiles of the EMPC formulation of Eq. (39) using 4
different ROMs over one operation period (profiles are overlapping).

Fig. 20. Closed-loop profile of x1 of the EMPC formulation of Eq. (39) using 4 different
ROMs over one operation period (profiles are overlapping).
Fig. 18. Computational time profiles of Eq. (18) using 4 different ROMs.

omputational efficiency compared with the ROM based on the
nalytical sinusoidal/cosinusoidal eigenfunctions.

.3. Implementation of EMPC

The implementations details of the EMPC are the same as for the
utput feedback case (see Section 3.3) except for two  differences.
irst, the availability of the full state profile across the entire spatial
omain is assumed at each sampling instance except for the third
ase study below, and second, the reduced-order model used in
he EMPC is constructed using empirical eigenfunctions as basis
unctions.

.3.1. Case 1: low-order EMPC system with input constraints only
In this set of simulations, we consider an EMPC formulation

sing the model of Eq. (37) and considering only input constraints
hich is of the form:

max
∈S(	)

1
N	

∫ tk+N

tk

(∫ 1

0

r(z, 
)dz

)
d
 (39a)

.t. ˙̃as,i(t) = As,iãs,i(t) + Fs,i(ãs(t), 0) + Bs,iu(t) (39b)

˜s,ij(tk) = (�s,ij( · ), xi( · , tk)), j = 1, . . .,  mi, i = 1, 2 (39c)

1  ≤ u(t) ≤ 1, ∀t ∈ [tk, tk+N) (39d)

 ∈ g(tk) (39e)

˜ ′
s(t)Pãs(t) ≤ � (39f)

here the notation is similar to the notation of the EMPC formula-
ions in the previous sections. The EMPC of Eq. (39) is applied with

 prediction horizon N = 2 and a sampling time 	 = 0.01.
The closed-loop behavior of the tubular reactor under an EMPC
ormulated with four different ROMs was considered: ROMs based
n 3 and 4 empirical eigenfunctions and ROMs based on 7 and 8
nalytical sinusoidal/cosinusoidal eigenfunctions. For x(z, 0) = 0, all
f these 4 ROMs achieve the same manipulated input and closed-
oop state profiles under the EMPC of Eq. (39) which are shown
n Figs. 19–21, respectively. We  emphasize here on the compu-
ational efficiency under the above two different methods. The
omparison of the computational time corresponding to these 4
Fig. 21. Closed-loop profile of x2 of the EMPC formulation of Eq. (39) using 4 different
ROMs over one operation period (profiles are overlapping).

different situations is given in Fig. 22. The ROM based on empir-
ical eigenfunctions shows its advantage on the computational

efficiency compared with the ROM based on the analytical sinu-
soidal/cosinusoidal eigenfunctions.
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Fig. 23. Closed-loop profile of x1 of EMPC formulation of Eq. (40) using the ROM
based on 4 empirical eigenfunctions over one operation period.
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Fig. 24. Closed-loop profile of x2 of EMPC formulation of Eq. (40) using the ROM
based on 4 empirical eigenfunctions over one operation period.
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.3.2. Case 2: low-order EMPC system with state and input
onstraints

In this case, the state constraint of Eq. (28) into the EMPC for-
ulation and thus, the EMPC formulation takes the form:

max
∈S(	)

1
N	

∫ tk+N

tk

(∫ 1

0

r(z, 
)dz

)
d
 (40a)

.t. ˙̃as,i(t) = As,iãs,i(t) + Fs,i(ãs(t), 0) + Bs,iu(t) (40b)

˜s,ij(tk) = (�s,ij( · ), xi( · , tk)), j = 1, . . .,  mi, i = 1, 2 (40c)

1 ≤
mi∑
j=1

ãs,1j(t)�1j(z) ≤ 3 (40d)

1 ≤ u(t) ≤ 1, ∀t ∈ [tk, tk+N) (40e)

 ∈ g(tk) (40f)

˜ ′(t)Pã(t) ≤ � (40g)

e consider a prediction horizon N = 3 and a sampling time
 = 0.01. For this case, the initial condition is the steady-state of

he system under uniform input distribution, u = 0.5, as shown in
he Figs. 23 and 24.

We  compared the simulation results from the ROM based on 4
mpirical eigenfunctions (i.e., m1 = m2 = 4) and ROMs based on 8 and
2 sinusoidal/cosinusoidal eigenfunctions, respectively, for x(z, 0)
qual to the steady-state of the system under constant input value,
(t) = 0.8. Figs. 23-24 show the closed-loop evolution of the states
nder the EMPC formulation of Eq. (40) from the ROM based on

 empirical eigenfunctions. The manipulated input profiles for the
bove 3 different ROMs are given in Fig. 25, which have the same
ehavior as the ones in Case 1. For the input profile of ROM based
n 4 empirical eigenfunctions in Fig. 25 (solid line), the chattering is
aused by the over-estimated maximum temperature by the ROM
n EMPC, which is also seen in Fig. 26 (solid line).

For this case study, we compared the integral of the reaction
ate along the length of the reactor among the above 3 different
OMs and the case of the system under uniform in time distribu-

ion of the reactant material, i.e., u(t) = 0.5, as shown in Fig. 27. From
ig. 27, for the cases of 3 different ROMs, the reaction rates under the
MPC significantly increase initially because of the second-order
eaction rate dependence. The economic cost decrease since the
Fig. 25. Manipulated input profiles of the EMPC formulation of Eq. (40) using 3
different ROMs and uniform in time distribution of the reactant material profile
over one operation period.

reactant material fed to the reactor decreases to satisfy the reac-

tant material constraint. Over tf, the total reaction rate from the
system under the EMPC formulation from the ROM on the basis
of 4 empirical eigenfunctions is 11.25% greater than that from the
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Fig. 26. Maximum temperature of x1 profiles of the EMPC formulation of Eq. (40)
using 3 different ROMs over one operation period.
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Fig. 28. Computational time profiles of the EMPC formulation of Eq. (40) using 3
different ROMs over one operation period.
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ig. 27. The integral of the reaction rate along the length of the reactor of the tubular
eactor under the EMPC formulation of Eq. (40) using 3 different ROMs and under
niform in time distribution of the reactant material over one operation period.

ystem under uniform in time distribution of the reactant mate-
ial. The total economic cost of the ROM on the basis of 4 empirical
igenfunctions is 0.79% and 1.85% greater than that of the ROM on
he basis of 8 and 12 analytical eigenfunctions, respectively. This
an be explained from the point of view that the empirical eigen-
unctions capture more information on the nonlinear terms and the
nput effect in the original PDE model which is not considered by
he analytical eigenfunctions.

The comparison of the computational time corresponding to the
MPC systems based on the above 3 different ROMs is given in
ig. 28. The ROM based on 4 empirical eigenfunctions shows its
dvantage on the computational efficiency compared with the ROM
ased on both 8 and 12 analytical eigenfunctions.

.3.3. Case 3: low-order output feedback EMPC system with state
nd input constraints

In this set of simulations, a low-order output feedback EMPC
ystem (Eq. (35)) based on a ROM using empirical eigenfunctions
s formulated and applied to the tubular reactor. The tubular reac-

or is initialized with x(z, 0) equal to the steady-state of the system
nder constant input value, u(t) = 0.6. For the reactor, the low-order
utput feedback EMPC system based on the ROM using 4 empirical
igenfunctions is compared with the low-order output feedback
Fig. 29. Closed-loop profile of x1 of EMPC formulation of Eq. (35) using the ROM
based on 4 empirical eigenfunctions over one operation period.

EMPC system based on 11 slow modes only (i.e., m1 = m2 = 11).
Additionally, the reactor under uniform in time distribution of the
reactant material over tf = 1.0 is also considered for comparison
purposes.

We compared the simulation results from the low-order
output feedback EMPCs using the ROM based on 4 empirical
eigenfunctions (i.e., m1 = m2 = 4) and ROMs based on 11 sinu-
soidal/cosinusoidal eigenfunctions, respectively. Figs. 29-30 show
the closed-loop evolution of the states under the EMPC formula-
tion of Eq. (35) from the ROM based on 4 empirical eigenfunctions.
The manipulated input profiles for the above 2 different ROMs are
given in Fig. 31. For the input profile of ROM based on 4 empirical
eigenfunctions in Fig. 31 (solid line), the chattering is caused by
the over-estimated maximum temperature by the ROM in EMPC,
which is also seen in Fig. 32 (solid line). Different from the simu-
lation results in Section 4.3.2, the EMPC using the ROM based on
4 empirical eigenfunctions has higher amplitude of fluctuation on
the input profile and also a much lower maximum temperature
in the reactor. This difference results from the limited number of
measurement points used with the EMPC using the ROM based on
4 empirical eigenfunctions (i.e., p1 = p2 = m1 = m2 = 4) compared to

the EMPC using the ROM based on 11 analytical eigenfunctions (i.e.,
p1 = p2 = m1 = m2 = 11).

For this case study, we  also compared the integral of the reac-
tion rate along the length of the reactor among the above 2 different
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Fig. 30. Closed-loop profile of x2 of EMPC formulation of Eq. (35) using the ROM
based on 4 empirical eigenfunctions over one operation period.
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Fig. 31. Manipulated input profiles of the EMPC formulation of Eq. (35) using the
ROM based on 4 empirical eigenfunctions and the ROM based on 11 analytical eigen-
functions and uniform in time distribution of the reactant material profile over one
operation period.
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Fig. 32. Maximum temperature of x1 profiles of the EMPC formulation of Eq. (35)
using the ROM based on 4 empirical eigenfunctions and the ROM based on 11 analyt-
ical  eigenfunctions and maximum allowable dimensionless temperature over one
operation period.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

t

R
ea

ct
io

n 
R

at
e,

 L
(x

,u
)

Output Feedback EMPC Using
4 Empirical Eigenfunctions
Output Feedback EMPC Using
11 Analytical Eigenfunctions
Uniform Input, u(t) = 0.5

Fig. 33. The integral of the reaction rate along the length of the tubular reactor under
the EMPC formulation of Eq. (35) using the ROM based on 4 empirical eigenfunctions

and the ROM based on 11 analytical eigenfunctions and uniform in time distribution
of  the reactant material profile over one operation period.

ROMs and the case of the system under uniform in time distribu-
tion of the reactant material, i.e., u(t) = 0.5, as shown in Fig. 33. From
Fig. 33, the total reaction rate over tf from the system under the
EMPC formulation from the ROM on the basis of 4 empirical eigen-
functions is still 9.45% greater than that from the system under
uniform in time distribution of the reactant material and mean-
while, 1.46% less than that of the ROM on the basis of 11 analytical
eigenfunctions.

5. Conclusions

In this work, two  types of EMPC systems for quasi-linear PDE
systems were presented: (1) an output feedback EMPC system
and (2) an EMPC system formulated with a reduced-order model
derived using empirical eigenfunctions as basis functions. The
EMPC systems were applied to a tubular reactor of industrial
importance. Through time-varying operation, the EMPC systems
yielded improved closed-loop economic performance over steady-
state operation. Additionally, constructing a ROM on the basis
of historical data-based empirical eigenfunctions by applying
Karhunen-Loève expansion demonstrated computational bene-
fits over using analytical sinusoidal/cosinusoidal eigenfunctions as
basis functions.
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