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ABSTRACT

Economic model predictive control (EMPC) is a predictive feedback control methodology that unifies eco-
nomic optimization and control. EMPC uses a stage cost that reflects the process/system economics. In
general, the stage cost used is not a quadratic stage cost like that typically used in standard tracking
model predictive control. In this paper, a brief overview of EMPC methods is provided. In particular, the
role of constraints imposed in the optimization problem of EMPC for feasibility, closed-loop stability, and
closed-loop performance is explained. Three main types of constraints are considered including termi-
nal equality constraints, terminal region constraints, and constraints designed via Lyapunov-based tech-
niques. The paper closes with a well-known chemical engineering example (a non-isothermal CSTR with
a second-order reaction) to illustrate the effectiveness of time-varying operation to improve closed-loop
economic performance compared to steady-state operation and to demonstrate the impact of economi-

cally motivated constraints on optimal operation.

© 2016 International Federation of Automatic Control. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Economic model predictive control (EMPC) has attracted signif-
icant attention and research over the last five years. This interest is
a result of the ability of EMPC to integrate optimization of process
economics with process control by incorporating a general stage
cost function in the optimization problem and allowing for con-
sistently dynamic (time-varying) process operation without requir-
ing the process to settle at a steady-state or reference trajectory
(Amrit, Rawlings, and Angeli, 2011; Angeli, Amrit, and Rawlings,
2012; Engell, 2007; Heidarinejad, Liu, and Christofides, 2012a; Hel-
big, Abel, and Marquardt, 2000; Huang, Harinath, and Biegler,
2011; Rawlings and Amrit, 2009; see, also, the reviews Ellis, Du-
rand, and Christofides, 2014; Rawlings, Angeli, and Bates, 2012 for
a more complete overview and reference list of the EMPC litera-
ture). In contrast to tracking model predictive control (MPC), which
usually incorporates a quadratic stage cost, the stage cost of EMPC
is chosen as a direct or indirect measure of the process/system
economic performance. As a result of the general stage cost used,
EMPC may force a process to operate in a time-varying manner
to optimize the economics. The rigorous design of EMPC schemes
that operate large-scale processes in a dynamically optimal fashion
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while maintaining stability of the closed-loop system is challenging
because traditional stability analysis concepts, such as asymptotic
stability of a steady-state for a process under a given controller,
may be inapplicable to a closed-loop system under EMPC.

To address the three key fundamental issues of feasibility, sta-
bility, and economic performance, constraints are often employed
in the EMPC problem formulation. To this end, many EMPC for-
mulations have been proposed encompassing theoretical analysis
of closed-loop properties (e.g., Alessandretti, Aguiar, & Jones, 2014;
Amrit et al.,, 2011; Angeli et al., 2012; Bayer, Miiller, & Allgdwer,
2014; Faulwasser, Korda, Jones, & Bonvin, 2014; Ferramosca, Rawl-
ings, Limon, & Camacho, 2010; Griine, 2013; Griine & Stieler, 2014;
Heidarinejad et al., 2012a; Huang, Biegler, & Harinath, 2012; Huang
et al., 2011; Limon, Pereira, Mufioz de la Pefia, Alamo, & Grosso,
2014; Miiller, Angeli, & Allgower, 2014a; Zavala, 2015), optimiza-
tion and computational issues (e.g., Biegler, Yang, & Fischer, 2015;
Kadam & Marquardt, 2007; Wiirth & Marquardt, 2014), and im-
plementation and applications (e.g., Ellis & Christofides, 2015b;
Grosso, Ocampo-Martinez, Puig, Limon, & Pereira, 2014; Heidarine-
jad, Liu, & Christofides, 2012b; Omell & Chmielewski, 2013; Zhang,
Liu, & Liu, 2014).

This article describes the role and implications of constraints
used in EMPC. It is an extended version of the work (Ellis &
Christofides, 2015a). Owing to space limitations, certain techni-
cal assumptions are omitted and statements of the results are
summarized.

1367-5788/© 2016 International Federation of Automatic Control. Published by Elsevier Ltd. All rights reserved.
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Notation: | - | denotes the Euclidean norm of a vector. The sym-
bol S(A) denotes the family of piecewise constant functions with
period A > 0. A continuous function 8 : R" — R is positive defi-
nite if 8(0) =0 and B(x) > 0 for all x # 0. A continuous function
a: [0, a) — [0, oo) belongs to class K if it strictly increasing and
«(0) =0.

1.1. Class of nonlinear systems

The class of systems considered is described by the system of
nonlinear ordinary differential equations (ODEs):

X(t) = f(x(t), u(t), w(t)) (1)

where x(t) € X ¢ R" denotes the state vector, u(t) € Uc R™ de-
notes the manipulated (control) input vector, and w(t) e W c R!
denotes the disturbance vector. The set of admissible input values
U is compact, and the disturbance vector is bounded in the set
W := {w e R!||w| <0} where 8 > 0 bounds the norm of the dis-
turbance vector. The vector function f:X x Ux W — X is locally
Lipschitz on X x U x W. A state measurement is synchronously
sampled at sampling instances denoted as t; := kA where k € I,
and A > 0 is the sampling period (the initial time is taken to
be zero). The assumption of state feedback is standard owing to
the fact that the separation principle does not generally hold for
nonlinear systems. Nevertheless, some rigorous output feedback
implementations of EMPC exist (e.g., Heidarinejad et al., 2012b;
Zhang et al., 2014). The system (1) is equipped with a continuous
function [, : X x U — R, which reflects the instantaneous pro-
cess/system economics. The function [e( -, -) will be used as a stage
cost in a model predictive control (MPC) framework and will be
referred to as the economic stage cost. The system (1) may have
additional constraints other than the input and state constraints.
Collecting all the constraints including the input, state, and ad-
ditional constraints, the constraints may be written generally as
static constraints:

gKx.u) <0 2)

where gs : X x U— R™ and as dynamic constraints (e.g., average
constraints):

tq
fo ga(x(t), u(t))dt <0 3)

where g; : X x U — R™ and ty is the time horizon that the con-
straint is imposed. The dynamic constraints are often motivated by
economic considerations. The economically optimal steady-state
and steady-state input pair is:

f(Xs,u5,0) =0
le(xs,us): gs(xs,us) <0, ¢ (4)
84(Xs,us) <0
With the notation above, the optimal steady-state pair (xi,u})
is assumed to be unique. If the minimizing pair is not unique,
let (xf,u?) denote one of the minimizing steady-state pairs. The

optimal steady-state is taken to be the origin of the unforced
system (f(0,0,0) = 0).

(x;,uy) = argmin
(Xs,Us)

Remark 1. Time-varying economic considerations such as cus-
tomer demand changes, dynamic energy pricing, and variable
feedstock quality may lead to explicitly time-varying economic
stage costs as well as time-dependent economic-oriented con-
straints. While economic stage costs that are not explicitly time-
dependent are considered here, some EMPC methodologies ex-
ist for handling some issues related to time-varying economic
stage costs such as a Lyapunov-based EMPC formulation that al-
lows for changing regions of operation as the economic stage
cost changes with time while guaranteeing closed-loop stability

(Ellis & Christofides, 2014a). Another potentially useful concept
that may help enable EMPC to handle time-varying economic stage
costs is the use of a generalized terminal constraint or self-tuning
terminal region and terminal cost (e.g., Fagiano & Teel, 2013; Fer-
ramosca et al., 2010; Miiller et al., 2014a).

2. EMPC schemes: feasibility, closed-loop stability, and
performance

Economic model predictive control is an MPC method that uses
the economic stage cost in its formulation. The EMPC problem,
with a finite-time prediction horizon, can be broadly characterized
by the following optimal control problem (OCP):

t]

min. / RO, w(©)dt + VRt ) (5a)
st X(t) = fR(), u(t),0) (5b)
£(t) = x(t) (5¢)
g(R(0), u(®)) = 0¥t € [ty ] (5d)
/ ga(X(O), u(e)de <0 (se)

where the decision variable of the optimization problem is the
piecewise constant input trajectory over the prediction horizon
(i.e., the time interval [, t;,y)) and X denotes the predicted state
trajectory over the prediction horizon. Higher order control pa-
rameterizations may also be considered. Nevertheless, sample-and-
hold (i.e., zeroth-order hold) implementation of controls is one of
the most commonly employed control parameterizations (i.e., u(-)
e S(A) as in (5a)).

The cost functional (5a) consists of the economic stage cost
with a terminal cost/penalty V;:X — R. The nominal dynamic
model (5b) is used to predict the future evolution of the system
and is initialized with a state measurement (5c). When available,
disturbance estimates or predictions may be incorporated in the
model (5b). The constraints (5d) and (5e) represent the system
constraints which may include input, state, mixed state and in-
put, economic, and stability constraints. The constraint (5e) may be
time-varying (i.e., formulated for the sampling time t;, so that the
constraint (3) is satisfied over the desired operating interval). With
slight abuse of notation, (5e) is not necessarily the same as (3). For
the remainder of this section, the dynamic constraints are dropped
and only EMPC schemes of the form (5a)-(5d) are considered, ex-
cept for a brief discussion of the impact of dynamic constraints
on the trajectories of EMPC with input rate of change constraints.
Thus, the constraint set is Z := {(x,u) : x e X,u e U, gs(x,u) <0} €
X x U and Z is assumed to be compact.

Like tracking MPC, EMPC is typically implemented with a re-
ceding horizon implementation to better approximate the infinite
horizon solution and to ensure robustness of the control solution
to disturbances and open-loop instabilities. At a sampling time ¢,
the EMPC receives a state measurement, which is used to initialize
the model (5b). The OCP (5) is solved on-line for a (local) optimal
piecewise input trajectory, denoted by u*(t|t;) for t € [ty, t; . n). The
control action computed for the first sampling period of the pre-
diction horizon, denoted as u*(t|t;), is sent to the control actuators
to be implemented over the sampling period from t; to t;,¢ (ie,
sample-and-hold implementation). At the next sampling time, the
OCP (5) is re-solved after receiving a new state measurement and
by shifting the prediction horizon into the future by one sampling
period.

EMPC, which consists of the on-line solution of the OCP
(5) along with a receding horizon implementation, results in an
implicit state feedback law u(t) =« (x(ty)) for t € [ty t;,q). From
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a theoretical perspective, three fundamental issues are considered
and addressed with respect to EMPC. The first consideration is the
feasibility of the optimization problem (both initial and recursive
feasibility may be considered). Second, if (5) is recursively feasible,
it is important to consider the stability properties of the closed-
loop system under EMPC. In general, one may not expect that
EMPC will force the state to a desired steady-state. The last the-
oretical consideration is closed-loop economic performance under
EMPC. Within the context of EMPC, closed-loop performance typi-
cally means the average closed-loop economic performance. Over a
finite-time operating interval of length tf, the average performance
is defined by the following index:

-1 ty
fi=g /0 L (x(t). u(t))dt (6)

where x and u are the closed-loop state and input trajectories, re-
spectively, and over an infinite-time operating interval, the infinite-
time (asymptotic) average economic performance is given by:

oo ::nmsuptl Y L), u(o)). 7)
7 Jo

ty—>o0

Without additional assumptions and conditions, one can eas-
ily construct examples of systems and stage costs of the form
described above where the closed-loop under EMPC (without
additional stability constraints) is unstable. Clearly, additional
conditions and/or constraints enforced in the EMPC problem may
be needed to guarantee closed-loop stability. Some theoretical
investigations on EMPC that do not incorporate additional stabil-
ity constraints exist including the work of Griine (2013), Griine
and Stieler (2014) which require that the resulting EMPC has a
sufficiently long horizon as well as that certain controllability
assumptions and turnpike conditions be satisfied to guarantee
closed-loop stability and performance properties. Moreover, even
though EMPC optimizes the process/system economics, it does
so over a finite-time prediction horizon. Over long periods of
operation, no conclusion, in general, can be made on closed-loop
performance under EMPC (without additional constraints). For
provable results on feasibility, closed-loop stability, and closed-
loop performance under EMPC, typically, additional stability and/or
performance constraints are added to the formulation of EMPC.
These formulations are discussed in the subsequent sections.

Remark 2. It is important to clarify why the average economic
performance is of interest for EMPC. EMPC may dictate a time-
varying operating strategy to optimize the process/system eco-
nomics. Thus, it may not enforce convergence to the economically
optimal steady-state. While the instantaneous stage cost under
EMPC at any time may be better or worse than the stage cost at
the economically optimal steady-state and steady-state input pair,
the average economic performance under the time-varying operat-
ing policy dictated by EMPC over the length of operation may be
better than that achieved by operation at the economically opti-
mal steady-state. More explanation on this point is provided below
where an example in which time-varying operation achieves better
performance compared to steady-state operation is considered.

Remark 3. To address closed-loop stability, one may consider em-
ploying an infinite horizon in the EMPC. This may be a more ap-
propriate prediction horizon because many chemical processes are
continuously operated over long periods of time (practically infi-
nite time). At least intuitively, the resulting control law will pro-
vide some form of closed-loop stability assuming the existence
of a solution to the infinite horizon EMPC as well as the abil-
ity to solve for a solution on-line. However, it is difficult to solve
an OCP with an infinite horizon. To overcome this problem, two
approaches include: (1) approximating the infinite horizon with

a sufficiently long finite-time horizon and (2) dividing the infi-
nite horizon into a finite-time horizon and estimating the infinite
horizon tail through an auxiliary control law or with modeling-
based techniques (e.g., Diehl, Amrit, & Rawlings, 2011; Huang et al.,
2012; Omell & Chmielewski, 2013). Although some of these EMPC
schemes may be computationally tractable, the use of constraints
typically enables shorter prediction horizons reducing the on-line
computation relative to those that require sufficiently long hori-
zons. Thus, infinite horizon EMPC and EMPC without stability con-
straints are not discussed, but rather, EMPC systems formulated
with constraints to provide guaranteed closed-loop properties are
considered.

2.1. EMPC with an equality terminal constraint

Much of the recent theoretical work on EMPC investigates the
extension of stabilizing elements used in tracking MPC to EMPC
such as adding a terminal constraint and/or terminal cost (see,
for instance, Mayne, Rawlings, Rao, and Scokaert (2000) for more
details on the use of terminal constraints and/or a terminal cost
within the context of tracking MPC). Numerous EMPC formulations
and theoretical developments which include a terminal constraint
and/or terminal cost have been proposed and studied (e.g., Amrit
et al, 2011; Angeli et al, 2012; Diehl et al.,, 2011; Huang et al.,
2011; Miiller & Allgower, 2012). There are two main types of EMPC
with terminal constraints: (1) EMPC with an equality terminal con-
straint, and (2) EMPC with a terminal region constraint. In this
section, the former type of EMPC is considered which is an EMPC
(5a)-(5d) with the following constraint:

X(tein) = X;. (8)

The constraint (8) forces the predicted state trajectory to converge
to the optimal steady-state at the end of the finite-time horizon.
For EMPC with an equality terminal constraint, the terminal cost
is often omitted as it is not required for stability and performance
guarantees.

2.1.1. Feasibility

EMPC with a terminal equality constraint is (initially) feasible
for any initial state in Xy € R" which denotes the feasible region
of EMPC (5a)-(5d), (8). The feasible region depends on the pre-
diction horizon, and an explicit characterization of Xy is difficult
in general. Recursive feasibility (i.e., feasibility at each subsequent
sampling time) of EMPC with an equality terminal constraint is
guaranteed for the nominally operated system for any initial state
x(0) € Xy. This follows from the fact that a feasible solution to
the EMPC can be constructed from the solution from the pre-
vious sampling time. Namely, u(t) = u*(t|t,_;) for t e [ty, ty n_1)
and u(t) =u} for t €[t N_1.tkyn) is a feasible solution for the
EMPC at t;, because it satisfies the constraints and the terminal
constraint (8). However, recursive feasibility is harder to show, in
general, when w(-) # 0.

2.1.2. Closed-loop stability

With respect to closed-loop stability, a weak notion of stability
follows from the EMPC with terminal constraint formulation. If the
initial state is in the feasible set, the closed-loop state trajectory
remains contained in the feasible set for nominal operation. For
stronger stability properties (e.g., asymptotic stability of x}), addi-
tional assumptions on the closed-loop system must be satisfied. To
discuss this issue, nonlinear discrete-time systems are considered
that have the form:

x(k+1) = fa(x(k), u(k)) (9)

where f; : X x U — X is the discrete-time state transition map and
k eI, is the time index. As before, the system (9) is subject to



M. Ellis et al./Annual Reviews in Control 41 (2016) 208-217 211

mixed state and input constraints (x,u) € Z € X x U where Z is a
compact set and the origin is assumed to be the optimal steady-
state (f3(0,0) = 0). Discrete-time systems are considered here to
maintain consistency with the literature on the topic. Nonethe-
less, some of these conditions and results have been extended to
continuous-time systems (e.g., Alessandretti et al., 2014). The no-
tion of dissipativity has been extended to EMPC which leads to
stronger stability properties under EMPC with an equality termi-
nal constraint.

Definition 1 (Angeli et al. (2012)). The system of (9) is strictly dis-
sipative with respect to a supply rate s: X x U — R if there exist
a function A : X — R and a positive definite function 8 : X - R.g
such that

Afax u)) —A(x) = =B (x) +s(x, u) (10)
for all (x,u) € Z.

If the system (9) is strictly dissipative with a supply rate:
s@xou) =le(x, u) — L(x}, uy) (11)

then, the optimal steady-state is asymptotically stable for the
closed-loop system under EMPC with an equality terminal con-
straint (Angeli et al., 2012). Moreover, a Lyapunov function for the
closed-loop system was derived using the cost functional of the
so-called rotated cost function (Angeli et al., 2012):

Lx,u) i=Lx u) +Ax) — A(fa(x,u)). (12)

The idea of using the rotated cost function to construct a Lya-
punov function for the closed-loop system was originally proposed
in Diehl et al. (2011). However, it relied on strong duality of the
steady-state optimization problem, which is a stronger assumption
than strict dissipativity.

2.1.3. Closed-loop performance

Utilizing the optimal input trajectory at ¢, (or time step k in
discrete-time) as a feasible solution to the EMPC at the next sam-
pling period, one can upper bound the difference between the cost
functional value at the next sampling time and at the current sam-
pling time under nominal operation. The optimal input trajectory
in discrete-time is denoted u*(jlk) for j=k k+1,....k+N—-1,
and the optimal cost functional value at time step k is denoted:

k+N—-1
Le(x(k),usClk) = ) Le(x*(jlk), u* (jlk)), (13)

j=k

where u*(- |k) is the optimal input sequence (trajectory) and x*(- |k)
is the corresponding state sequence starting at x(k). Using the
bound on the difference between the two consecutive cost func-
tional values, the closed-loop average economic performance can
be bounded:

L3 (0) — L(T)

T+1 (14)

1 T

T+1 Zle(x(k)~ ut(klk)) < le (x5, ug) +
k=0

where x(k) is the closed-loop state at time step k, L (j), with abuse

of notation, denotes the optimal cost functional value at time step

j,and T < oo is the length of operation. From (14), the effect of

the second term of the right-hand side dissipates with longer (but

finite) operation. For infinite-time, the average economic perfor-
mance is bounded by:

T—o0

. 1
lim sup =1 D Lo (x(k), ur (k[k)) < l(x3, u3), (15)
k=0

that is, the asymptotic average performance is no worse than that
at the pair (x§, u¥) (Angeli et al., 2012).

Remark 4. If the dynamic constraints (3) take the form of average
constraints, Angeli et al. (2012) and Miiller, Angeli, and Allgéwer
(2014b) provide methodologies for EMPC with an equality terminal
constraint to ensure that the average constraint is satisfied asymp-
totically and over finite-time operating horizons, respectively.

2.2. EMPC with a terminal region constraint

EMPC with the equality terminal constraint (8) requires that
the initial state be sufficiently close to the steady-state such that
it is possible to reach the steady-state in N sampling times. This
type of constraint can limit the feasible region (Amrit et al., 2011).
Numerically computing a solution that satisfies such a constraint
exactly may also be challenging. Therefore, terminal region con-
straints may be employed in EMPC.

One such method is a terminal region constraint designed via
an auxiliary local control law. The terminal region is designed to
be forward invariant for the nonlinear system under the local con-
trol law. The local control law can, for instance, be designed on the
basis of the linearization of the system around the optimal steady-
state. The terminal region is denoted as X and the terminal con-
straint imposed in the EMPC problem is

X(tsn) € Xy (16)

In general, for closed-loop stability and performance, the terminal
cost is such that V(-) # 0.

In Amrit et al. (2011), a procedure to design a local control law,
a terminal region constraint, and a terminal cost for EMPC satisfy-
ing the assumption below was proposed:

Assumption 1. There exist a compact terminal region X c R",
containing the point x{ in its interior, and control law h : Xy — U,
such that (for the discrete-time system of (9)):

Vi(fa(X hi (%)) < Vi(x) = le(x, hy (X)) + L (x5, uy) (17)
for all x € Xy.

2.2.1. Feasibility

For nominal operation, if the EMPC with a terminal region is
initially feasible, the EMPC will be recursively feasible. This can
be shown by using similar recursive arguments as those used in
showing the feasibility of the EMPC with the equality terminal
constraint. If u*(t|t,_4) for t e [t;_q,t,n_1) is the optimal input
trajectory at t,_;, then at t;, a feasible solution is u(t) = u*(t|t;_;)
for t e[ty tion_1) and u(t) = hy(R(ty,n_1)) for t e [tn_1.tisn)
where X(t, y_1) is the predicted state at t, y_;. For recursive fea-
sibility when w(-) # 0, one EMPC methodology designed with a
terminal region constraint was presented in Bayer et al. (2014).

2.2.2. Closed-loop stability

The closed-loop stability properties of EMPC with a terminal
constraint designed to satisfy Assumption 1 are similar to those
of EMPC with an equality terminal constraint. For nominal opera-
tion, the closed-loop state trajectory will stay in the feasible region.
If the system (9) is strictly dissipative with supply rate (11), the
steady-state is asymptotically stable under EMPC with a terminal
region constraint (Amrit et al. (2011); see, also, Alessandretti et al.
(2014) which extends these results to continuous-time systems).

2.2.3. Closed-loop performance

If the local control law, terminal cost, and terminal region are
designed such that Assumption 1 is satisfied, the bound on asymp-
totic average performance (15) holds (Amrit et al., 2011). For finite-
time, a similar bound as the bound (14) may be derived for the
closed-loop system under EMPC with a terminal cost and terminal
region.
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2.3. Lyapunov-based EMPC

The feasible region of EMPC with a terminal region constraint,
while larger than the feasible region of EMPC with an equality
terminal constraint, depends on the prediction horizon length. As
previously pointed out, the feasible region of both aforementioned
EMPC formulations is difficult to characterize. As an alternative
to overcome these challenges, one can consider designing an
explicit nonlinear control law for the system (1) (as opposed to a
local stabilizing controller) and constructing a Lyapunov function
for the resulting closed-loop system consisting of the system
(1) under the explicit nonlinear control law. With the control law
and Lyapunov function, a region constraint may be designed to
be imposed within EMPC. Because the control law and Lyapunov
function are derived for the closed-loop system, the resulting
region constraint also provides an estimate of the region of at-
traction of the nonlinear system (1) under the Lyapunov-based
controller. Here, continuous-time systems are considered, and the
effect of sampling on closed-loop stability is explicitly considered.
Also, bounded disturbances and other forms of uncertainty (e.g.,
discretization error) are taken into account.

The existence of a feedback controller h: R" — U is assumed
which renders the origin of the nominal closed-loop system x =
f(x,h(x),0) asymptotically stable (e.g., Khalil, 2002) in the sense
that there exists a continuously differentiable Lyapunov function
V : R" — R that satisfies the following inequalities:

ai (X)) =V(x) < ax(|x]) (18a)

WM fx h0.0) = ~as(lx)
for all x € D where «;, i=1, 2, 3 are class £ functions and D
is an open neighborhood of the origin. A level set 2, c D of
the Lyapunov function (i.e., ={xeR":V(x) < p}) within
which all state constraints are met (€2, € X) and within which
the time-derivative of V is negative along the trajectories of the
closed-loop system under the explicit controller h is an estimate
of the stability region of the closed-loop system. A number of
works have addressed the development of control laws for various
classes of nonlinear systems including those that ensure the satis-
faction of input constraints and for which the region of attraction
of the closed-loop system under the given control law can be
explicitly characterized (see, for example, (Christofides & El-Farra,
2005; Kokotovi¢ & Arcak, 2001; Lin & Sontag, 1991; Sontag, 1998)
and the references therein for results in this direction). Practical
stability of the origin of the closed-loop system results when the
feedback controller is applied in a sample-and-hold fashion with a
sufficiently small sampling period (see, for instance, (Mufioz de la
Pefla & Christofides, 2008) and the references therein for results
and analysis of sampled-data systems). Moreover, for the resulting
sampled-data system consisting of the continuous-time system
(1) and the feedback controller applied in a sample-and-hold
fashion, the region €2, is forward invariant and V is a (practical)
Lyapunov function (e.g., Mufioz de la Pefia & Christofides, 2008).

Utilizing the stability region 2,, the following EMPC for-
mulation, which is the so-called Lyapunov-based EMPC (LEMPC)
(Heidarinejad et al., 2012a), has been proposed. LEMPC is a two-
mode control strategy, and its problem formulation is given by the
following OCP:

(18b)

tk+N o
min_ /t’ O, u@)e (19a)
st X(t) = f(R(t), u(t),0) (19b)
X(ty) = x(ty,) (19¢)

u(t) eU,Vt e [tk’ tk+N) (19d)

V(R(t)) < pe, Vt € [ti, iy ]IV (X(E)) < pe and b, < & (19e)

8V(X(tk)) 3V( ( k)

=[x (), u(ty), 0) < ———=f(x(t,), h(x(t))., 0)
if V(x(t)) > pe or ty > t; (19f)

where s is the switching time of the controller, which is selected
based on practical considerations for a given process, as will be
discussed below. The LEMPC problem is similar to the general
EMPC problem (5) with two Lyapunov-based constraints (19e) and
(19f), which define the two modes of operation. Only one of these
two constraints is imposed at any given sampling time. The con-
straint (19e), which defines mode 1 operation, constrains the pre-
dicted state trajectory to be contained in a subset of the stabil-
ity region (22, = {x € R" : V(X) < pe} C ). The constraint (19f),
which defines mode 2 operation, is a contractive constraint im-
posed on the control action computed for the first sampling period
of the horizon. Both constraints are explained below.

2.3.1. Feasibility

The LEMPC optimization problem is feasible for any initial state
in €. This follows because the sample-and-hold input trajectory
obtained from the explicit controller is a feasible solution to the
optimization problem for either mode of operation. For x(t) € 2,
u(t) = u(t) for t € [ty ty,n) is a feasible input trajectory where 1 is
the resulting input trajectory of the system:

X(t) = f&R(). U(t), 0), R(t) = x(ty)

ﬁ(t) = h()‘(\(t])), fort e [tj, t]gr])

for j=k,k+1,...,k+ N — 1. For mode 1 operation, £2,, is forward
invariant for the nominal system under the sample-and-hold con-
troller (assuming that $2,, is an appropriately chosen subset of
€2,). Also, the input trajectory i (trivially) satisfies the contractive
constraint (19f) making it a feasible solution under mode 2 oper-
ation. Recursive feasibility of the LEMPC follows if the closed-loop
state trajectory is maintained in $2,, which is guaranteed by the
dual-mode implementation.

2.3.2. Closed-loop stability

The motivation for the design of LEMPC is that forcing the
state to converge to a small neighborhood of the steady-state and
maintaining the state within this neighborhood thereafter (i.e.,
steady-state operation) may not be the best operating strategy
from an economic perspective. For example, the best operating
strategy may be some periodic operating policy. Moreover, the
LEMPC design seeks to provide guarantees on recursive feasibil-
ity and closed-loop stability for operation affected by sufficiently
small bounded disturbances or uncertainty. Thus, mode 1 oper-
ation allows for the LEMPC to enforce a bounded time-varying
operating policy that optimizes the economics while maintain-
ing the closed-loop state trajectory inside €2, in the presence of
bounded disturbances or other sources of uncertainty. The set 2,
is designed such that if the current state x(t;) € €2y, and the pre-
dicted state at the next sampling time X(ty,) € £, then the ac-
tual state at the next sampling time, which may be forced away
from €, owing to a disturbance/uncertainty, will be in €2,. For
any state in £, \ €, or if it is desirable to force convergence
of the state to a neighborhood of the steady-state, the contractive
Lyapunov-based constraint (19f) is used. The constraint guarantees
that the Lyapunov function value will decrease at the next sam-
pling time. Under mode 1 operation, the closed-loop state trajec-
tory will remain bounded in ,, and under mode 2 operation, the
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Fig. 1. An illustration of the possible consequence of using the stability region €,
as a terminal region constraint. The dashed trajectory is the open-loop predicted
state trajectory of the EMPC, while the solid trajectory is the closed-loop state
trajectory.

state will converge to 2, in a finite number of sampling times for
any x(t) € 2, \ Q. After t;, the state will converge to a small
compact forward invariant set containing the origin (Heidarinejad
et al., 2012a).

The two tuning parameters of LEMPC are the switching time
ts and the set Qp,. If t; =0, the LEMPC will always operate in
mode 2. This may be desirable if steady-state operation is ex-
pected and/or is the best operating strategy. A strict dissipativ-
ity assumption with a supply rate that depends on the economic
stage cost does not need to hold for this case to ensure conver-
gence of the closed-loop state trajectory to a neighborhood of the
optimal steady-state. If t; — oo, the LEMPC may dictate a time-
varying operating policy over the entire length of operation. An
intermediate choice for the switching time (t; € (0, co)) may be
used to balance the trade-off between achieving better economic
performance through time-varying operation and excessive control
actuator wear required to enforce the time-varying operating pol-
icy. The other tuning parameter of LEMPC is p. which does not
need to be chosen so that 2, is the largest subset of €2, such
that the state at the next sampling time is guaranteed to be in 2,
under mode 1 operation of the LEMPC. A larger set 25, may allow
for better closed-loop economic performance. On the other hand, a
smaller set 2,, may allow for more robustness to uncertainty.

In contrast to EMPC with a terminal region constraint based on
a local control law, the region constraint (19e) is imposed over the
prediction horizon. For any state contained in €2, there is an a pri-
ori guarantee that there is a feasible control action that will lead
to closed-loop stability in the sense of boundedness of the state
inside €2, in the presence of bounded disturbances (i.e., there is
a degree of robustness to uncertainty). To increase the feasible set
under LEMPC, one may attempt to impose the region constraint
(19e) as a terminal region constraint. While this may potentially
increase the feasible region of the resulting EMPC, closed-loop sta-
bility (boundedness of the state in the feasible region) may only
be guaranteed, in general, for nominal operation. In the presence
of bounded disturbances, the closed-loop state trajectory may lead
to infeasibility of the resulting EMPC problem or even closed-loop
instability. The reason for this behavior is that the EMPC result-
ing from imposing the region constraint (19e) as a terminal region
constraint may allow for the closed-loop state to evolve out of 2.
Once the closed-loop state is outside £2,, robustness is not guaran-
teed meaning that a disturbance could force the state away from
the predicted state trajectory that converges back to £2,, and the
result is that there is no feasible input trajectory that forces the
state back to €2, (this is illustrated in Fig. 1).

2.3.3. Closed-loop performance

If one could design a terminal cost such that (17) is sat-
isfied with the explicit controller, then a similar performance
analysis as that of the EMPC with a terminal region constraint

Py
Qy

Fig. 2. An illustration of the state-space sets discussed with respect to LEMPC satis-
fying state constraints. This illustration specifically considers the case when X c ®,,.

could be used to derive bounds on the closed-loop perfor-
mance under LEMPC given that the closed-loop state trajectory is
bounded in the compact set £2,. Systematic methods of design-
ing such a terminal cost that satisfies (17) as well as addressing
key technical considerations remain open problems. However, in
Liu, Zhang, and Liu (2015), a terminal cost design methodology was
proposed that takes advantage of an explicit controller using a dif-
ferent approach.

One may also consider methods of constructing a terminal
equality constraint that accounts for the closed-loop performance
over a finite operating window to obtain closed-loop performance
guarantees under LEMPC (Ellis & Christofides, 2014b). For example,
the input profile and open-loop predicted state trajectory of a pro-
cess under an auxiliary stabilizing controller such as the explicit
controller or a tracking MPC could be computed over an operat-
ing window. The terminal state of the computed state trajectory
(i.e., the state at the end of the operating window with the auxil-
iary controller) could be incorporated in the LEMPC as an equality
terminal constraint. The closed-loop economic performance under
LEMPC can be proven to be at least as good as the closed-loop
economic performance under the auxiliary stabilizing controller on
both the finite-time and infinite-time intervals (Ellis & Christofides,
2014b; 2016). Another idea for constraining the LEMPC using an
auxiliary control law is to compute the total control energy used
by the auxiliary stabilizing controller and enforce that the LEMPC
computes an input trajectory that uses no more control energy
than the auxiliary controller input profile over the operating win-
dow (Heidarinejad, Liu, & Christofides, 2013). This may be partic-
ularly important when the economic stage cost does not penalize
the use of control energy.

2.3.4. Satisfying state constraints

To clarify imposing state constraints within LEMPC, one can
extend the concepts from LMPC (e.g., Mhaskar, El-Farra, &
Christofides, 2006) for imposing state constraints in LEMPC. Specif-
ically, define the set &, as the set in state-space that includes
all the states where V < 0 under the explicit controller. Then, if
®, C X, any initial state starting in the region X\ &, satisfies
the state constraint. However, because the region X\ @, includes
state-space points at which the time-derivative of the Lyapunov
function may be positive, there may be initial conditions in that
region for which the closed-loop system cannot be stabilized. Thus,
in this case, the stability region used in the formulation of the
LEMPC is Q, = Qxu = {x € R™ : V(x) < pxu} Where py, is chosen
such that Qx, € &y.

Alternatively, if X c ®,, which is the case depicted in Fig. 2,
then any initial state in &, \ X violates the state constraint
from the onset. Also, for any initial state in the set X, it is
not possible, in general, to guarantee that the set X is forward
invariant because there may exist a stabilizing state trajectory



214 M. Ellis et al./Annual Reviews in Control 41 (2016) 208-217

(ie., a trajectory where V <0) that goes outside of the set X
before it enters back into the set to converge to the origin. When
the state constraints are imposed as hard constraints, define the
set Qp as Qp = Qxu ={x e R™ : V(x) < pxu} Where pyy is such
that Q4 € X. Since &, cannot be computed in practice, the set
Qu:i={x e R": V(x) < py} where py is such that V < 0 for all x ¢
2, under the explicit controller may be used. The set €2, accounts
for the input constraints, but not necessarily the state constraints.
An illustration of the set definitions is provided in Fig. 2. The
following illustrative example provides a demonstration of the
above methodology to satisfy state constraints.

Example 1. Consider
x(t) = x(t) +u(t) (20)

which has an open-loop unstable steady-state at the origin. First,
consider that the system has the following constraints on the input
and state: u(t) e U=[-1,1] and x(t) € X = [-2, 2]. For any initial
state x(0) ¢ [—1, 1], the state will diverge to positive/negative in-
finity (i.e., some initial states that satisfy the state constraint may
result in a closed-loop trajectory that does not continue satisfying
the state constraints over the length of operation). Following the
approach detailed above, the nonlinear control law u = —sat(Kx)
where sat(-) is the saturation function and K > 1 is a tuning pa-
rameter renders the origin of (20) exponentially stable while satis-
fying the input constraints. The quadratic function:

V(x) =x? (21)

is a Lyapunov function for the closed-loop system. Moreover, the
region where V <0 while accounting for the input constraints
is Qu={xeR:V(x) <py} where p, is chosen such that p, <
1. Since Q, c X, ©, can be taken to be . If, instead, X =
[-0.9.0.9], then X C Q. and 2, can be taken to be {xeR:
V(x) <0.81} (ie, 2, =X). In either situation, one can verify that
for any initial state in €,, the closed-loop state trajectory will
remain bounded in 2, and converge exponentially to the origin
without violating the state constraints. If one were to apply LEMPC
to the system designing the Lyapunov-based constraints with the
control law, the LEMPC would inherit these properties as well.

2.3.5. Real-time implementation

As a by-product of designing the explicit nonlinear control law,
it may be used as an auxiliary or back-up controller. For instance,
a real-time implementation strategy for LEMPC, referred to as real-
time LEMPC, was proposed in Ellis and Christofides (2015b) to ac-
count for possibly unknown and time-varying computational de-
lay. The strategy uses triggered evaluations of the LEMPC to only
recompute a solution when stability conditions dictate a new in-
put trajectory must be computed. If the precomputed control ac-
tion satisfies the stability conditions, the control action is applied
to the closed-loop system. If not, the explicit control law, which
has negligible computation time, is used to compute the control
action for the system at the current sampling time.

2.3.6. Input rate of change constraints

Mode 1 operation of LEMPC may cause excessive actuator wear
if the control actions calculated by the LEMPC regularly change sig-
nificantly between two sampling periods. One method for prevent-
ing the excessive wear without exiting mode 1 operation or re-
stricting the manipulated input u(t) to a subset of U, which would
likely reduce the economic performance of the LEMPC strategy
compared to that which could be obtained, is by adding input rate
of change constraints to the LEMPC. To reduce actuator wear, it is
desirable to limit the difference between u (t;|t;) and u (t_1|t;_7)
fori=1,...,m to be within a desired range € jsiroq as follows:

[uf (6l te) — uf (1 |tx-1)] < €gesirea- i=1,....m (22)

However, if this constraint is incorporated directly in the LEMPC of
Eqg. (19), the input trajectory #i(t) that is feasible for all of the other
LEMPC constraints cannot be proven to meet the constraint in Eq.
(22). However, #i(t) does satisfy the following constraint which can
be added to the LEMPC instead:

[ui(ty) —hix(t))| <€, i=1,....m (23)

The constraint in Eq. (23) is proven in Durand, Ellis, and
Christofides (2016) to cause the desired input rate of change of
Eq. (22) to be met for an appropriately chosen € and a sufficiently
small A when the component functions of the explicit controller h
are Lipschitz continuous, which is not practically restrictive.

The input rate of change constraints in Egs. (22) and (23) are
enforced for the first sampling period of the prediction horizon,
meaning that they constrain only the control action that will be
implemented on the process due to the receding horizon imple-
mentation of LEMPC. However, the rate of change constraint in
Eq. 23 could be enforced at additional sampling periods in the pre-
diction horizon, including throughout the entire prediction hori-
zon, to satisfy the desired bound of Eq. (22) for each sampling
period in the prediction horizon. Specifically, if the following con-

straints are added to the LEMPC:
[ui(te) —hi(x(t)| <€, i=1,....m (24a)

lui(t)) — X)) <€, i=1,....m, j=k+1,...,k+N—-1
(24b)

then for an appropriate € and A, the following bounds are
satisfied:

|ur(tk|tk) - u;ﬁ(tk—l |tk—1)| = €desired> i= 17 .o.,m (253)
[uf (£]tg) — uf (tj_1|6)| < €desired-
i=1,....m j=k+1,....k+N-1 (25b)

The number of sampling periods over which the constraint in
Eq. (23) is enforced (i.e., the choice to use Eq. (23) or (24) in Eq.
(19)) is an important consideration for the performance and con-
straint satisfaction of the LEMPC, especially if dynamic constraints
like those in Eq. (5e) are also used in the LEMPC. In general, LEMPC
incorporating input rate of change constraints can be expected to
perform more optimally throughout an operating period if it is
aware of all constraints that will be enforced upon it throughout
the operating period (i.e., the constraints in Eq. (24) are likely to
provide the most economically optimal input trajectories). If, for
example, the input rate of change constraint is only enforced for
the first sampling period of the prediction horizon, the LEMPC may
predict a trajectory with wide variations in the input after the first
sampling period to maximize process economics, while choosing
an input for the first sampling period with less economic bene-
fit than might be obtained if it predicted that future trajectories
would be similarly constrained. This would be especially important
to consider if the LEMPC incorporated a dynamic constraint, be-
cause then the expected values of the inputs in the later sampling
periods of the prediction horizon would affect the value chosen
in the first sampling period. In addition, the ability of the process
to meet all constraints is also impacted by the number of sam-
pling periods over which the input rate of change constraints are
enforced, particularly if dynamic constraints are used that require
the states and inputs to meet certain metrics in a given timeframe,
which implies that good forecasting of the process and input tra-
jectories would be required in each sampling period to ensure that
the control actions in each sampling period are contributing to this
goal.
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Fig. 3. An illustration of possible open-loop predicted trajectories under EMPC for-
mulated with a terminal constraint (dotted), under EMPC formulated with a termi-
nal region constraint (dashed), and under LEMPC (solid).

The enforcement of the input rate of change constraints in the
LEMPC of Eq. (19) would be likely to reduce the profit below that
which could be attained without the input rate of change con-
straints because they restrict the allowable control actions. How-
ever, there are many cases in which the LEMPC with input rate
of change constraints will still significantly outperform steady-state
operation (Durand et al.,, 2016). In addition, economics-based cost
functions do not typically reflect profit loss that may occur due
to actuator wear and tear, so though an initial analysis of LEMPC
with input rate of change constraints may suggest that the input
rate of change constraints lead to a loss in profit compared to the
case that input rate of change constraints are not used, the use of
the input rate of change constraints to reduce actuator wear has
the potential to improve control loop performance overall by re-
ducing the likelihood that issues associated with the actuation el-
ement may occur. If the reduction in profit with the addition of
such constraints remains a concern, however, and the constraints
are only added to achieve more desirable trends in the inputs from
the LEMPC instead of because of hard constraints on the process-
ing equipment capabilities, one could consider formulating the in-
put rate of change constraints as soft constraints or as constraints
that are only enforced if the process economics are better than a
certain threshold.

Because the input rate of change constraints in Eqs. (23) and
(24) are designed so that I is a feasible solution, feasibility of the
LEMPC of Eq. (19) with the input rate of change constraints in
Egs. (23) and (24) is ensured. In addition, the input rate of change
constraints do not affect the closed-loop stability properties of the
LEMPC, so it remains stable in the sense of maintaining bounded-
ness of the closed-loop states in the presence of disturbances after
the input rate of change constraints are added.

Remark 5. The three EMPC formulations with explicit stability
constraints presented each have specific advantages and disad-
vantages. Assuming that feasibility is not an issue, EMPC with a
terminal equality constraint is perhaps the easiest to implement
because it does not require the derivation of a region constraint.
On the other hand, the LEMPC design provides guaranteed closed-
loop stability in the sense that the closed-loop state trajectory will
be bounded in a well-defined state-space region and also, does not
require a dissipativity assumption to be satisfied if steady-state
operation is desired. However, the design of LEMPC requires the
availability of an explicit stabilizing controller and a Lyapunov
function for the nonlinear system.

Remark 6. The EMPC formulations may result in different open-
loop predicted state trajectories which are illustrated in Fig. 3.
Nonetheless, if the prediction horizon is sufficiently long, the
closed-loop behavior of the system under the various EMPC for-
mulations would (intuitively) be expected to be similar because

Table 1
Process parameters of the CSTR.
ko 846 x 105  A; 1.69 x 106
X0  0.050 Ay 141 x 104
u
L1, T2

!

Fig. 4. Depiction of CSTR considered in the chemical process example.

for a long prediction horizon, the EMPC solution starts to closely
approximate the infinite horizon solution and the effect on the
closed-loop behavior of the terminal conditions of the open-loop
predicted trajectory is less significant than the corresponding ef-
fect for shorter prediction horizons.

3. Performance improvement through time-varying operation

A well-known chemical engineering example that demonstrates
performance improvement through time-varying operation is ex-
amined to consider the role of economic-oriented constraints on
the optimal operating strategy and to motivate future research on
time-varying operation under EMPC. In this illustration, stability is
not considered. The necessity for feedback control is discussed at
the end of the illustration.

Consider the system described by the following dynamic equa-
tions given in dimensionless form:

X =—x; —AreVex2 L u (26a)

Xz = —X) +A2€71/XZX% + X20 (26b)

where x; is the dimensionless reactant concentration, x, is the di-
mensionless temperature, and A, A, and x,o are constant param-
eters. The values of the parameters are given in Table 1. The input
is bounded: u € Uy, Umax]| = [0.5, 7.5]. The system (26) describes
a non-isothermal CSTR where a second-order reaction occurs and
the inlet concentration of the reactant material is the manipulated
input (Fig. 4). The economic stage cost is

le(x, u) = koe™/%2x2 (27)

which is the production rate of the desired product (kg is a param-
eter). The system has an input average constraint (dynamic con-
straint) given by:

1 (b
—/ u(t)dt = ugye = 4.0 (28)

where ¢ is the length of operation. The practical motivation of
the average constraint (28) is that the average amount of material
that may be distributed to the reactor over time is fixed (i.e., the
constraint is economically motivated). The CSTR has an optimal
steady-state xI =[1.182 0.073] which corresponds to the steady-
state input that satisfies the average input constraint (us = ugyg)
with a production rate of 14.03.

An analysis is completed to determine if the economic perfor-
mance (i.e., the average production rate of the product) can be
improved by using a time-varying operating strategy compared to
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operating at the optimal steady-state. An auxiliary state is defined
for the average constraint:

1 t
x3(t) 1= —/ (u(t) — ugyg)dt (29)
which has dynamics:
. 1
X3(t) = g(u(t) — Uapg)- (30)
The non-isothermal CSTR with the objective function (27) is a
member of a special class of nonlinear systems:

%= f(x)+Bu (31)

where BeR" x R™ is a constant matrix and f:R" — R" is a
differentiable vector function. Additionally, the stage cost only
depends on the states:

le(x,u) = L.(x) (32)

where l_e:R” — R is a differentiable function. The Hamiltonian
function of the system (31) and cost (32) is

H(x,u, 1) = lo(x) + AT f(x) + ATBu (33)
where A is the adjoint variable vector that satisfies
A(E) = —He(x(0), u(t), A(1)) (34)

where Hy denotes the partial derivative of H with respect to x.
From Pontryagin’s maximum principle (Pontryagin, Boltyanskii,
Gamkrelidze, & Mishchenko, 1961), a necessary condition can be
derived for the optimal control (i.e., the control that maximizes
the Hamiltonian):

0y = Jtiman B0 = 0
u? =
: if BTA(t) <0

where b; is the ith column of B. For this class of systems and
stage costs, if some time-varying operating policy is the optimal
operating strategy, then the operating policy is a bang-bang input
policy (35).

Although the analysis above significantly reduces the space of
input trajectories that one must consider to find the optimal con-
trol, it still yields an infinite space of input trajectories. Thus, con-
sider the following periodic bang-bang input trajectory over one
period:

(35)

Uj min

Umax ift <T/2

u(t) = { (36)

Unin  €lse

where t is the period and t € [0, t). The input trajectory of
(36) satisfies the average constraint of (28) over each period. For
the system (26) with the input trajectory (36), there exists a pe-
riodic state trajectory for some t > 0 (i.e., it has the property
x(t) =x(t + 1) for all ¢).

Indeed, the periodic solution of the system (26) with the in-
put (36) achieves better economic performance compared to the
economic performance at steady-state for some t. Moreover, the
economic performance depends on the period which is shown in
Fig. 5. Over the range of periods considered (0.5 to 2.4), the pe-
riod T = 1.20 yields the best performance (Fig. 5). The periodic so-
lution with the input period of T =1.20 has an average cost of
Je = 15.20 which is 8.30% better than the performance at the op-
timal steady-state. Periods greater than 1.96 achieve worse per-
formance compared to that at steady-state. The state, input, and
BT\ = b{)» = A1 + A3/T trajectories are given in Fig. 6 over one pe-
riod. From Fig. 6, the input trajectory satisfies the necessary condi-
tion (35). From these results, time-varying operation is better than
steady-state operation from an economical point of view for this
example. If the average constraint (28) was not imposed, the op-
timal operating strategy would be steady-state operation at the

15.20 F ]

15.15

15.10

15.05

14.95

14.90

14.85

0.80 0.90 1.00 1.10 1.20 1.30 1.40 1.50 1.60

T

Fig. 5. Average economic performance J, as a function of the period length 7.
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Fig. 6. State, input, and A + A3/7 trajectories of the CSTR under the bang-bang
input policy with period T = 1.20.

steady-state corresponding to the input umax. The average con-
straint plays a crucial role for this particular example.

As pointed out, the above analysis only considers economic
performance. If the periodic solution depicted in Fig. 6 is indeed
optimal or some other bang-bang policy is the best operating
strategy, feedback control is needed to force the system state
from an initial state to the optimal time-varying solution. More-
over, the control problem becomes more complex when one
considers disturbances, plant-model mismatch and other forms
of uncertainty, implementability of the computed input trajectory
(i.e., bang-bang control may not be implementable in practice),
and time-varying economic objectives and constraints. For this
example, the application of EMPC has been studied and results
in performance improvement over steady-state while addressing
stability and robustness (Ellis et al., 2014). The example further
motivates the inquiry and theoretical developments in the context
of EMPC systems that dictate time-varying operating policies.
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