AIChE

Distributed Model Predictive Control of Switched Nonlinear
Systems with Scheduled Mode Transitions

Mohsen Heidarinejad
Dept. of Electrical Engineering, University of California, Los Angeles, CA 90095

Jinfeng Liu
Dept. of Chemical & Materials Engineering, University of Alberta, Edmonton AB T6G 2V4, Canada

Panagiotis D. Christofides
Dept. of Chemical and Biomolecular Engineering, University of California, Los Angeles, CA 90095

Dept. of Electrical Engineering, University of California, Los Angeles, CA 90095

DOI 10.1002/aic.14003
Published online January 25, 2013 in Wiley Online Library (wileyonlinelibrary.com)

A method for the design of distributed model predictive control (DMPC) systems for a class of switched nonlinear sys-
tems for which the mode transitions take place according to a prescribed switching schedule is presented. Under appro-
priate stabilizability assumptions on the existence of a set of feedback controllers that can stabilize the closed-loop
switched, nonlinear system, a cooperative DMPC architecture using Lyapunov-based model predictive control (MPC) in
which the distributed controllers carry out their calculations in parallel and communicate in an iterative fashion to
compute their control actions is designed. The proposed DMPC design is applied to a nonlinear chemical process net-
work with scheduled mode transitions and its performance and computational efficiency properties in comparison to a
centralized MPC architecture are evaluated through simulations. © 2013 American Institute of Chemical Engineers
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Introduction

Due to changes in raw materials (feedstock), energy sour-
ces, product specifications, and market demands, control of
switched nonlinear systems with scheduled mode transitions
has received considerable attention in the context of chemi-
cal process control applications. From a stability analysis
point of view, switched systems are well studied using multi-
ple Lyapunov function' (MLF) and dwell-time* concepts
(see also Refs. 3, 4 for results and references in this area).
From a controller design standpoint, to achieve closed-loop
stability, mode transition situations should be carefully
accounted for in the control problem formulation and solu-
tion. In this direction, control of switched systems has been
addressed using approaches based on Lyapunov functions,
for example, Refs. 5-9 as well as optimal control theory, for
example, Refs. 1, 10, 11. Furthermore, to achieve scheduled
mode transitions in an optimal setting and accommodate
input and state constraints, model predictive control (MPC)
framework can be used to design control systems that can
achieve these objectives. MPC is an online optimization-
based approach, which takes advantage of a system model to
compute a future manipulated input trajectory by minimizing
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a typically quadratic cost function involving penalties on the
system state and control action (see, e.g., Ref. 12 for a com-
prehensive review of results on MPC).

Typically, MPC, including MPC of switched/hybrid sys-
tems, is studied within a centralized control framework in
which all the manipulated inputs are calculated in a single
MPC problem (see, e.g., Refs. 13—16 for results on MPC of
hybrid systems). Because in the evaluation of the control
actions by MPC online optimization problems need to be
solved, the evaluation time of the MPC is a very important
concern. Specifically, the MPC evaluation time strongly
depends on the number of manipulated inputs as well as the
dimensionality of the process model. As the number of
manipulated inputs increases, as it is the case in the context
of large-scale chemical plants, the evaluation time of central-
ized MPC may increase significantly. This may impede the
ability of centralized MPC to carry out real-time calculations
within the limits imposed by process dynamics and operating
conditions. These control action evaluation problems may
become more acute when additional constraints are imposed
on the MPC as it is the case in the context of switched sys-
tems to properly force the closed-loop system state to follow
a trajectory that meets the desired switching (operating)
process schedule.

Distributed MPC (DMPC) is a feasible alternative to over-
come the increasing computational complexity of centralized
MPC; the reader may refer to Refs. 17-20 for results on
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DMPC of linear and nonlinear systems. DMPC takes advant-
age of cooperation and communication of the distributed pre-
dictive controllers, which communicate over a shared
network, to reduce the computational burden of the corre-
sponding centralized MPC solution at the cost of slight deg-
radation of the closed-loop performance. Pertaining to the
DMPC approach adopted in this work are the cooperative
DMPC schemes, where each distributed controller optimizes
the control actions for its actuators by minimizing a “global”
cost accounting for the entire plant state and set of
inputs.lg’zo However, at this point, there is no work on the
DMPC of switched or hybrid systems.

Motivated by the lack of methodologies on the DMPC of
nonlinear systems with prescribed switching schedule mode
transitions, in this work, we present a framework for the
design of DMPC systems for a broad class of switched non-
linear systems for which the mode transitions take place
according to a prescribed switching schedule. Under appro-
priate stabilizability assumptions on the existence of a set of
feedback controllers that can stabilize the closed-loop
switched, nonlinear system, we design a Lyapunov-based
iterative DMPC scheme with appropriate stability constraints
that achieves stability of the switched closed-loop system
and tracking of the prescribed switching policy. In terms of
DMPC feasibility, the stability constraints make sure that at
the moment of mode switching, the closed-loop system state
is at the stability region of the new mode while the value of
the Lyapunov function of the new mode (at the moment
of entering the new mode) is smaller compared to the value
of this Lyapunov function at the last time that the closed-
loop system had switched into that mode.

The rest of this article is organized as follows. Section
Preliminaries provides preliminaries and assumptions. Sec-
tion DMPC of Switched Nonlinear Systems describes the
DMPC scheme for switched nonlinear systems, whereas Sec-
tions Stability Analysis and Distributed Optimization Consid-
erations deal with closed-loop stability and convergence
analysis, respectively. The proposed DMPC scheme is
applied to a nonlinear chemical process network with sched-
uled mode transitions in Section Application to a Chemical
Process Network and its performance and computational effi-
ciency properties in comparison to centralized MPC are eval-
uated through simulations. Finally, Section Conclusions
concludes the article.

Preliminaries
Notation

The notation |- | is used to denote the Euclidean norm of
a vector, while we use |-|, to denote the square of a
weighted Euclidean norm, that is, \x|Q—xTQx for all x € R".
A continuous function « : [0,a) — [0,a) is said to belong to
class K if it is strictly increasing and satisfies o(0)=0. The
symbol Q, is used to denote the set Q,:={r € R™:
V(x) <r}, where V is a continuous differentiable, positive
definite scalar function, and the operator ‘/’ denotes set sub-
traction, that is, A/B: ={x € R™ :x € A,x € B}. The sym-
bol diag(v) denotes a matrix whose diagonal elements are
the elements of vector v and all the other elements are zeros.
T denotes matrix transpose operation. The symbols #n and
fyon denote the time when, for the rth time, the system
of consideration has switched in and out of the kth
mode, respectively, that is, a(tzn)=a(t,%ut)=k. Also, we
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define Ty {zkm i, - -} and Ty ou= {tkmu trgu, - .-} as the
set of sw1tch1ng times at which the kth mode is switched in
and out, respectively.

Class of switched nonlinear systems

We consider switched nonlinear systems which are com-
posed of p modes (i.e., finite-number of switching modes)
and in each mode, there are m interconnected subsystems.
Each of the subsystems in a mode can be described by the
following state-space model:

f(,‘(l) :ﬁa(f) (X) +g-Yl'a<r) ('x)uia(r) (t) (D

where i=1,...,m, x;(t) € R™ denotes the vector of state var-
iables of subsystem i, i, (t) € R™i (i=1,...,m) is the set of
control (manipulated) mputs affecting the ith subsystem in ¢
mode. ¢ : [0,00) — Z denotes the switching signal which is
assumed to be a piecewise continuous from the right func-
tion of time, that is, o(#)= lim - a(t) for all k, implying
that only a finite number of switches is allowed over any
finite interval of time. The variable x € R™ denotes the
state of the entire nonlinear system which is composed

of the states of the m subsystems, that is
x= [x{ - -x,-T e ] € R™. In the subsystem model of Eq. 1,

it is assumed that subsystems are coupled through system
state only. The dynamics of x can be described as follows:

)Y 8y (Ot (1) @
i=1

where the vector function fg (x) and the matrix function
8i,, (x) are appropriate compositions of f; ~and gy, which
have dimension (n,X1) and (n,Xm,,), respectively. The m
sets of inputs are restricted to be in m nonempty convex sets
U"am CR™i, i=1,...,m, which are defined as U,r o=
{ui,, € R™i  uiy, \ < m(a"} where w7, i=1, ..., m, are the
magnitudes of the input constraints. We will des1gn m con-
trollers to compute the m sets of control inputs u;,,,
i=1,...,m, respectively. We will refer to the controller com-
puting u;,, as controller i at mode o(f). We assume that the
switching signal takes its values in a finite index set
7={1,2,...,p}.

We assume that the vector function f;, and the matrix
functions g;,, i=1,...,m (k € Z) are locally Lipschitz vector
and matrix functions, respectively, and that the origin is an
equilibrium point of the unforced system (i.e., system of Eq.
2 with u;, (1)=0, i .,m, for all ¢, k € ) which implies
that f;(0)=0, Vk € Z. We further assume that during the sys-
tem operation at mode k for rth time, that is, fin <1 < fzou,
the system state measurements are available and sampled at
synchronous time instants f,= tk;_"+qu,_, q=0,1,2,...,N;,
where A; is the sampling time. Without loss of generality,
we assume that N is a positive integer.

Stabilizability assumptions on nonlinear switched system

Consider the system of Eq. 2, for a fixed o(f)=k for some
k€ Z. We assume that there exists a feedback controller

T
hy(x)=|h (x)---h, (x)| with w, =h; (x), i=1, ...,

renders the origin of the closed-loop system at mode k&
asymptotically stable while satisfying the input constraints
for all the states x inside a given stability region. Using con-
verse Lyapunov theorems,”'** this assumption implies that
there exist class K functions oy (-),/=1,2,3,4 and a

m, which
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continuously differentiable Lyapunov function Vi (x) for the
closed-loop system, that satisfy the following inequalities:

OC1A(|X|) < Vi(x) < o, (]x])

6Vk +Zgu lk X) a3, (|XD
(3)
Vi (x
g§ )] < o 1)

h;‘(x) S U;A,i=1,...,m

for all x € Dy C R™ where D, is an open neighborhood of the
origin. We denote the region Q; C Dy as the stability region
of the closed-loop system at mode k under the controller
hi(x). Using the smoothness assumed for the f; and g;,, and
taking into account that the manipulated inputs u;,, i=1,...,m,
are bounded, there exists a positive constant M, such that

Pk W+ g (W

i=1

< My “

for all x € Q;,, u;, € Uy, i=1,...,m, and k € Z. In addition,
by the continuous differentiable property of the Lyapunov
function Vi(x) and the smoothness of f; and g;,, there exist
positive constants Ly, L,,,.k , and Cy;, such that

aVk 8Vk

—_r vk <[y

’axfk() fI\( ) _L,u\x _X‘

avk 8Vk P o

9, ol TS < i - = e

‘3}( 8i (%) N 8, (V)| < Ly x—=¥],i=1,...m (5
oVy ]

’8X gik(x) chi“l:l,...,m

for all x,x' € Q; , u; € Uy, i=1,...,m, and k € Z.

Stability properties of hy(x)

In this subsection, we address the stability properties of
the controller /4 (x). Proposition 1 addresses the closed-loop
stability properties of the controller A;(x), whereas Proposi-
tion 2 provides sufficient conditions to force the closed-loop
system state under implementation of the Lyapunov-based
controller in a sample-and-hold fashion to enter the corre-
sponding stability region of the subsequent mode once the
system switches to that mode.

We define the following sampled trajectory when the con-
troller /i (x) is applied in a sample-and-hold fashion at mode
k for fyin < T < fow as follows

+Zgu X lk )2 tl))
[=0,1,...,Ny,—1,%(tg)=x (Ik;.")

(6)

where fo=lyin.

Proposition 1 below ensures that if the closed-loop system
at mode k controlled by /7 (x) implemented in a sample-and-
hold fashion and with open-loop state estimation (initial
state) starts in €; and stays in mode k for all times, then it
is ultimately bounded in Q, . It characterizes the closed-
loop stability region correspon(ilng to each mode.

Proposition 1. (c.f. Ref. 20). Consider the closed-loop
system of Eq. 6 and assume it operates at mode k for all
times. Let Ay, e, > 0 and p; > p,, > 0 satisty:

— 03, (0627(1 (psk))—i_L;kMkAk < _Esk/Ak~ (7)

Then, if %(1) € Q;, and py;,, < Pr. Where po =
max {V(£(1+A)) : ( (1) < pxk} VA, € (0,A;] the fol-
862 DOI 10.1002/aic Published on behalf of the AIChE

lowing inequality holds: Vi(£(r)) < Vi(%(t,)),Vt € [tg,14+1)
(q=0,1,...) and Vi(2(t;)) < max {Vi(£(t0)) =G5 Prmin, }-
Since Vi(-) is a continuous function, Vi (%) < p;,, implies
|%| < di, where d, is a positive constant and therefore,
limsup,_ ., [£(?)] < dy.

For each mode k € 7, we assume there exist a set of ini-
tial conditions Q;, , which is estimated as the level set of the
Lyapunov function at mode k (Vi(-)) and a positive real
number p; such that under implementation of the Lyapunov-
based controller /() in a sample-and-hold fashion, the state
of Eq. 6 satisfies

Vi(#(1) < =piVi(3 (1), 2(t) € Qppp s tin < T <t (8)

Proposition 2. Consider the closed-loop sampled trajec-
tory X(t) defined in Eq. 6. Given that #;» <t < fou=t7in, and
X(tn) € Qp,, if there exist p, >0, pf >0, N, >0 and
Ay, > 0 Vk € T such that

o, (o (Pre™ N bir)) < By, )

then X(tn) € Q.
Proof. It can be obtained from Eq. 8 that

Vk()z(l‘k;m/)) S Vk(.)z(tk}n))e pANA, Ay, (10)

Since f(fkjv) € Q;,, we have

Vk( ([kma)) S ﬁke_pZNkr-Akl (11)

From Eq. 3, we can obtain |%(fu)| < oy ! (pre™iNierder) 1
Eq. 9 is satisfied, using Eq. 3 for the Lyapunov -based con-
troller at mode f, it can be concluded that [Vy(%(tm)) < p;
which implies that £(#n) € Qp,.

Assumption 1. Consider the closed-loop system state tra-
jectory of Eq. 6 and assume that &(fn) € Q;, Suppose, after
switching out from mode & for rth time, the system switches
to mode f for wth time, i.e., Low =t We assume that there
exists € > 0 such that the closed-loop system state of Eq. 6
satisfies the following MLF constraint

Vf(f(’_f";[l ))—¢

Vf()?(tf‘j?)) < Prming
:b)‘ ’ w=1

s w> 1 Vf()e(tf;“fl)) > Priny
, w> 1 Vf()z(lff;{l)) < pminf

12)
where pp;, is defined in Proposition 1, Vf()z'(tf;'nil)) is the
value of the Lyapunov function of mode f when the system
switches into mode f for (w—1)" time and Vi(X(tn)) is the
value of the Lyapunov function of mode f when the system
switches into mode f for wth time.

Assumption 1 implies that there exists a Lyapunov-based
controller corresponding to each switching mode that meets
the prescribed switching policy and at each mode the value
of the Lyapunov function of the corresponding mode
decreases to a certain level to ensure that when the system
switches out of this mode to enter the subsequent mode, the
closed-loop system state enters the stability region of the
corresponding switching mode and the Lyapunov-based con-
trollers of all the modes satisfy the MLF constraint."

Remark 1. It should be emphasized that the stability
region Qj characterizes the set of initial conditions starting
from where, the closed-loop system state enters the
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corresponding stability region of the subsequent mode to pro-
ceed at the time of the switch. From a feasibility point of
view, the Lyapunov-based controller satisfying Assumption 1
yields a feasible solution to the prescribed switching policy. It
should be emphasized that the purpose of the MPC formula-
tion in this article (centralized or distributed) is to take
advantage of this feasible solution to improve closed-loop
performance.

Centralized MPC of switched systems

In this section, we briefly review the formulation of the cen-
tralized MPC for switched systems proposed in Ref. 14. For ini-
tialization purposes, we assume that X([liln) € Q;,. We assume
that the system upon exiting from the mode k for the rth time
enters mode f for the wth time (i.e., =t < 00). Specifi-
cally, the centralized MPC at mode k is formulated as follows:

T m
Mu__'_yummigs( ) JO |:|)?(T)|Q[A +; i, (7)lg,, (13a)
st x +Zgu ))u, (13b)
u, (1) € Uy, i=1,....m (13¢)
() x(1q) (13d)
oV,
Welta)) g (s O Wilxtta) )’gmrq»
hi (x(tg)), 1= (13e)

Vf(x(ffg‘"fl))_E* W= 1, Vf(x(lfﬂf:])) > Pmin;

Vf (i(rf‘")) < pminf , w>1, Vf(x(lf;f‘il)) < pminf
i)f ) w=1

(13f)

where X is the predicted state trajectory of the closed-loop
system, S(Ay,) is the family of piecewise continuous func-
tions over [0,7], Q., and R, i=1,...,m, are positive defi-
nite weight matrices and T is the time interval corresponding
to prediction horizon and
f:{ Tiow =1,
Tdesignu
where 0 < Tgesign < 00 is a design parameter. The transition
constraint of Eq. 13f ensures that if this mode is switched
out and then switched back in, then Vj(x (t,\m ) < Vi(x(tgn)).-
In general Vi(x(fgn)) < Vi(x(tyn )) <- "< p;. In other
words, this constraint enforces the MLF stablhty condition in
the switched system.

Remark 2. It should be emphasized that the centralized
MPC of Eq. 13 is not implemented in the context of conven-
tional receding horizon scheme. Based on the prescribed
switching schedule policy, at each time interval that the sys-
tem is supposed to operate in a specific mode, it uses a pre-
diction horizon from the current time until the time that the
system is supposed to switched out from that mode. Further-
more, if the system is supposed to operate in a single mode
for a specific time, it uses a fixed horizon Tyeign based on
Eq. 14.

The manipulated inputs of the centralized control design
of Eq. 13 at mode k are defined as follows:

w; (1) =u

if tk;:'ul < 0

if fjou =00 14

P (t=tglty),i=1, .. omVt € [t 1441)  (15)
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A potential drawback of the centralized MPC framework
is that its computational burden significantly increases as the
number of manipulated inputs and constraints grow, motivat-
ing the development of DMPC algorithms for switched
systems.

DMPC of Switched Nonlinear Systems

In this section, we propose an iterative Lyapunov-based
DMPC scheme for switched nonlinear systems given a pre-
scribed switching sequence. We assume that there exists a
Lyapunov-based controller for each of the switched system
modes which satisfies Eqs. 3 and 8. The controller design
problem seeks to enforce appropriate Lyapunov-based stabil-
ity constraint in the DMPC formulation to achieve practical
stability in the closed-loop switched system. From a control
design perspective, DMPC forces the system state to evolve
at each switching mode such that at the time of switching
into the next mode, the closed-loop system state is within
the stability region of the new mode. One of the difficulties
in the implementation of DMPC in switched systems is the
enforcement of the MLF constraint (Eq. 13f) from a feasibil-
ity point of view; however, in this work, we take advantage
of the specified properties of the Lyapunov-based controller
(Egs. 3 and 8) to provide a feasible solution to the optimiza-
tion problem of the DMPC for switched systems. Specifi-
cally, the implementation strategy of DMPC of switched
nonlinear systems can be described as follows:

1. At sampling time 7, all of the distributed controllers
receive the state measurements x(z,) through sensors.

2. At each iteration ¢ < Cpax-

2.1. All of the distributed controllers exchange their
latest optimal input trajectories.

2.2. Each MPC evaluates its own future input trajec-
tory based on x(#,) and the latest received input trajec-
tories of all the other MPCs.

2.3. Using the computed input trajectories of all
DMPCs the constraint of Eq. 13f is checked. If this
constraint is satisfied go to Step 2.5; otherwise, go to
Step 2.4.

2.4. Provide the DMPCs a new initial guess by
slightly perturbing the latest feasible optimal solution
(if =1, this solution is A(x(t,)); for ¢ > 1, it is the so-
lution obtained at iteration ¢—1) and recalculate the
input trajectories of the DMPCs. If the new input tra-
jectories satisfy the constraint of Eq. 13f, go to Step
2.5; otherwise, recalculate the input trajectories of the
DMPCs by slightly perturbing the latest initial guess
and check if the constraint of Eq. 13f is satisfied. If a
new DMPC solution that satisfies the constraint of Eq.
13f cannot be found after a set number of evaluations,
if c=1, use h(x(t;)) as a solution, else, keep the solu-
tion obtained at iteration ¢—1. Go to Step 2.5.

2.5. Set ¢ «+— c+1 and return to Step 2.1.

3. After a number of iterations/evaluations that depend on
the sampling time, pick the input trajectories which yield the
minimum cost function and satisfy the constraint of Eq. 13f
over the iterations.

4. Each MPC controller sends the first step input value of
its optimal input trajectory to its actuators.

At each sampling time and at first iteration, the Lyapu-
nov-based controller of the corresponding mode is a feasible
solution for the optimization problem of each DMPC of
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Eq. 16 and also for the centralized MPC problem of Eq. 13;
this is consequence of Assumption 1 which imposes the exis-
tence of a feasible control input trajectory for the centralized
control problem for the switched systems and also because
h(x(t7)) is a feasible solution for the DMPCs.

According to this implementation strategy, the DMPC for-
mulation of MPC j at iteration c is as follows:

Ig&gwj {IX’ IQk+Z i, (7)lg,, (16a)
st ¥ () =fi(@(z +Zg,k ))ui, (16b)
wi (O)=u; " (tlty), i#j (16¢)
u;,(7) € U, (16d)
(0)=x(t,) (16e)
Vi(x(ty)) Vi (x(ty))

= 7xqgjk (X([q))hjk (x(tl]))
(161)

V(@ (1)) <
Py » w=1
(16g)

where uZ’C_l(r\tq) are the optimal control input trajectories
from MPC i (i=1,...,m, i # j) and ¥ is the predicted system
state trajectory while MPC j uses the optimal control input
trajectories of the rest of the controllers from iteration c—1.
The constraint of Eq. 16f enforces that the amount of reduc-
tion in the value of the Lyapunov function by applying the
control inputs of the DMPCs is at least at the level achieved
by the Lyapunov-based controller when it is applied in a
sample-and-hold fashion. S(A,) is the family of piecewise
continuous functions over [O,f]. T is the time interval cor-
responding to the prediction horizon which is chosen accord-
ing to Eq. 14. The transition constraint of Eq. 16g ensures
that if the f mode is switched out and then switched back in
for the wth time, then Vj(x(tm)) < Vf(x(lfuiil))' In other
words, this constraint enforces the MLF stability constraint
in the switched system. If previously, the closed-loop system
state entered the final invariant set €, =, it will stay there.
If it is the first time that the system switched to mode f, the
closed-loop system state is restricted to the set ; -

It should be emphasized that at the first iteration (c=1),
h(x(ty)) is a feasible solution to the DMPC and each MPC
assumes that the rest of the MPCs apply the Lyapunov-based
controller at the current mode. The manipulated inputs of the
proposed control design of Eq. 16 at mode k are defined as
follows:

i ()=u; (1=tltg), i=1,....m Nt € [tg,15+1).  (17)

Remark 3. Referring to the implementation of the DMPC
of Eq. 16 with the objective of ensuring that the computed
optimal solution satisfies the transition constraint of the cen-
tralized MPC of Eq. 18 at each sampling time, we can take
advantage of a sequential implementation strategy at the cost
of increasing the computational time of the DMPC calcula-
tion because in this case the computational time at each sam-
pling time will be the sum of the computational times of all

864 DOI 10.1002/aic
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DMPCs involved in the sequential implementation. In the se-
quential architecture, if we evaluate MPCs in an increasing
order and pass optimal solutions to the adjacent controller,
(h1(x(1g)), ..., hw(x(t,))) is a feasible control input used for
MPC 1, (uj(t;), h2(x(25)), ..., hm(x(t;))) is a feasible control
input used for MPC 2, where uj(t,) is the optimal manipu-
lated input obtained by MPC 1 at sampling time ¢, and so
on.

Remark 4. In this work, we consider that the subsystems
are fully coupled through the entire system state. In this
case, it is necessary that each controller has access to the
entire system state measurements. However, it is possible to
only use some of the states in certain distributed controllers
by explicitly taking into account the system topology and
interactions between subsystems.

Stability Analysis

The following theorem characterizes the stability proper-
ties of the DMPC design of Eq. 16.

Theorem 1. Consider the system of Eq. 2 in closed-loop
under the DMPC of Eqgs. 16 and 17 and assume that there
exists Lyapunov-based controllers /;(-), Vk € T satisfying
Eq. 3 and Assumption 1. Let 0 < Tgesign < 00 be a design
parameter, T satisfy Eq. 14 and #iin <1 < fyon=1t;in for some
fs» k€ Z. Then, given a positive real number d"@, if there
exist Ag, e, >0, pp>p, >0 and ¢, >0 (Vk€Z) such
that Eqs. 7 and 9 are satisfied and Ay, € (0,A"] where A*=
minerAg, then x(¢#) is bounded and limsup,
[x(2)] < d™me~.

Proof. First we prove that the optimization problem of
Eq. 16 is feasible at all times and then we proceed with the
closed-loop stability analysis. Since the Lyapunov-based
controller through implementation in a sample-and-hold
fashion satisfies the MLF constraint of Eq. 13f and at the
end of each switching mode it constraints the system state to
enter the stability region of the subsequent mode, it follows
that at each iteration £, (-) is a feasible solution for the opti-
mization problem of Eq. 16.

Given the radius of the ball around the origin, d™, the
values of p,;, and Ay Vk € K are computed based on Prop-
ositions 1 and 2. Then, for the purpose of DMPC implemen-
tation, a value of Ay € (0,A"] is chosen where
A" =min ez Ay and fron—tin =1, Ay, for some integer [, >0
(note that given any two positive real numbers fxw —f;in and
A*, one can always find a positive real number A; < A"
such that tgow —tun =1, A, for some integer Iy, > 0).

Part 1: First, consider the case when the switching is infi-
nite. Let ¢ be such that fyin <1 < lyom and Lfin =ltgow < 00.
Consider the active mode k. If Vi(x) > pp;,,, the continued
feasibility of the constraint of Eq. 16f implies that
Vie(x(tgow)) < Vi(x(tgn)). The transition constraint of Eq. 16g
ensures that if this mode is switched out and then switched
back in, then V; (x(lk‘-'ll)) < Vi(x(tgm)).  In  general
Vi(x(tin)) < Vk(x(tkm )) < - < py. Under the feasibility of
the constraints of Eqs 16f and 16g for all future times, the
value of Vi(x) continues to decrease. If the mode of this
Lyapunov function is not active, there exists at least some
z € T such that mode z is active and Lyapunov function V,
continues to decrease until the time that V. < p_.  (this hap-
pens because there is a finite number of modes, even if the
number of switches may be infinite). From this point
onwards, Proposition 1 ensures that V. continues to be less
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than or equal to p,,;, . Due to continuity of Lyapunov func-
tions, there exists d™** such that limsup,_ . |x()] < d™*.

Part 2: For the case of a finite switching sequence, consider
a t such that #n <t < fro«=00. Following a similar argument,
Vi(x(tn)) < Vk( (tkm )) < -+ < pg. At the time of the switch
to mode &, therefore, x(tkm) € Q;,. From this point onwards,
the DMPC is applied without any switching constraint, i.e., the
constraint of Eq. 16g is removed. Since the DMPC at mode k
is stabilizing, it follows that limsup,_ . |x(7)] < d™*. This
completes the proof of Theorem.

Remark 5. The purpose of Theorem 1, is to clarify under
appropriate assumptions which include (I) existence of Lya-
punov-based controllers corresponding to each mode that can
asymptotically stabilize the closed-loop system at that
switching mode, (II) satisfaction of the prescribed switching
schedule by the Lyapunov-based controllers, and (III) pick-
ing appropriate finite prediction horizon according to Eq. 14,
that the closed-loop system state under the DMPC of Eq. 16
is bounded in a final invariant set.

Distributed Optimization Considerations

In this section, we address the question of convergence of
the solution of the DMPC to the one of the centralized
MPC. It should be emphasized that for general nonlinear
systems it is not possible to prove convergence of the itera-
tions of the DMPC to the optimal centralized MPC cost at
each sampling time due to the way the Lyapunov-based con-
straint of the centralized MPC is broken down into con-
straints imposed on the individual MPCs. However, under
appropriate assumptions which include linear model, quad-
ratic Lyapunov functions corresponding to each mode and an
appropriate update rule in the DMPC iterations, it can be
shown that the MPC optimization problem is convex and
under a sufficiently large number of iterations, the optimal
value of the objective function under the DMPC converges
to the optimal value of the corresponding centralized MPC
at each sampling time.

Specifically, we consider a class of switched, linear time-
invariant systems with a state-space description of the form
at mode k € I:

x(1)=Ax(2) +i3,—kuik (1) (18)

i=1

where A; and B;, (i=1,...,m) are constant matrices with
appropriate dimensions. We assume, in accordance with
Assumption 1, that there exist a set of quadratic Lyapunov
functions Vy=xTPx, Vk € I, where P,, are positive definite
matrices, and a set of explicit feedback controllers u; =K, x,
where K; is a constant coefficient matrix, meet the pre-
scribed switching schedule defined in section Preliminaries.
We also assume that the input used as the initial guess in the
optimization problem of MPC at iteration c¢+1 is computed
according to the following expression

us (tlee) = (1= u ('E|tk)+wjku;"‘('c|lk) (19)

where Z wi, =1 with 0 <wj, <1, u;*
lution oF ¢ontroller j(G=1,...,m) at 1terat10n ¢ and u;k s
the input trajectory assumed by the rest of controllers for
controller j at iteration ¢ and mode k.

Corollary 1. Consider the switched, linear system of Eq.
18, assume that the conditions of Assumption 1 hold with

is the optimal so-
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Vi=xTP.x and u;, =K; x and let the input to the optimization
problem of MPC i of Eq. 16 at mode k (using V,=x'Pyx,
hij,=K; x where i=1,...,m and the linear model of Eq. 18)
at iteration ¢ be defined according to Eq. 16. Let also
x(t;) € ©,. Then, if the iteration number ¢ — oo, the opti-
mal cost of the distributed optimization problem of Eqs. 16—
19, at sampling time #, converges to the optimal cost of the
corresponding centralized MPC. Furthermore, if the corre-
sponding centralized MPC asymptotically stabilizes the ori-
gin of the closed-loop system, the DMPC of Eq. 16 also
asymptotically stabilizes the origin of the closed-loop system
and the closed-loop cost of the DMPC converges to the one
given by the centralized control system.

Proof. We first prove that the optimization problems for
both the centralized and the DMPC are convex. Specifically,
the optimization problem for the centralized MPC of Eq. 13
with Vy=x"Pix and h; (x)=K;x at sampling time 7, takes
the following form:

T m
min X(tT + u (7)|g. |dt (20a)
mk....,umkes(m,)L P ( )‘Q”‘ ;| ( )lR“"
st x +ZBuu,k (20b)
u (1) € Uy, i=1,....m (20c)
¥(0)=x(ty) (20d)
8Vk(x(z )) 8Vk(x(t )) X
Tfokufk (0) < o ——— = BiK; x(ty),i=1,....,m
(20e)
) Vi(x(tpn ))=€ o w> 1, V(x(trn ) > prin,
Vf (x(tf‘")) < pmin, , w>1, Vf(x(lf;f‘il)) < pminf
Ps , w=1
(201)

Specifically, the constraint of Eq. 20e takes the following
form:

(0)"Bf Prx(ty) +x(ty)" PiBjui, (0))

(i
< (Kiox(t)) BLPox(ty) +x(t,) PiByKary) )

which is linear in terms of u;, (i=1,...,m). If we take into
account that the input trajectories are piecewise constant
and that X(1)=e""%(t,)+ [; XTI (Bjui (5))ds,  for
€ [0,T], and quadratic Lyapunov functions are used, it can
be verified that all the constraints are convex in terms of the
control inputs. Since U;, is also convex for i=1,...,m, it can
be concluded that the switched centralized MPC optimiza-
tion problem of Eq. 20 is convex. Since the centralized MPC
optimization problem for switched linear systems is convex
and it has been initialized by a feasible solution 7;, (x(z, )):
K; x(t;) under Assumption 1 and the fact that x(z,) € Q; , it
has a unique optimal solution u;= (”lw' ., Uy, ) which yields
J(u;) at sampling time ,, where J(-) is the quadratic cost
function of the optimization problem (see Eq. 20a). Follow-
ing a similar argument, it can be proved that the DMPC
optimization problem of MPC j (j=1,...,m) at mode k is
also convex. Next, we prove that the optimal inputs and the
cost of the DMPC converge to the ones of the centralized
MPC at a fixed sampling time as ¢ — oo. The proof follows
similar arguments to the proofs presented in Refs. 23, 24.
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Defining ug=(uf ,...,u; ) and the cost function by J(uf) at
iteration ¢ and mode k, where the update rule is defined in
Eq. 19 while considering the fact that

) ctl - o+l
uZJr —W|k(MTk( 7“25 EERS) MrrnA)+ e +Wm‘(Mi, ~--v”fm—1)‘7“fnf+ )
(22)
we can obtain
. - 1 . - . w0
T =0 (1, 0 et ) =+, (oot 1)
- o+l . . - .
< (TS U ) T () "'7”Em—1)p”;{:+1)
< whl(u‘“,u‘zk, ...,uﬁm)%— e +w,,,‘1(u‘w ...,u‘(mflh,u;lk)=‘l(u§()
(23)

where the first inequality is the result of strict convexity
of the cost function J(-) and the second one arises from
optimality of the control inputs u;‘ at iteration ¢ where
i=1,...,m. So, through iterations over a fixed sampling
time, the value of the cost function decreases. Since the
cost function is positive definite and strictly convex and it
is bounded from above by the value achieved by the Lya-
punov-based controller, we can conclude that the value of
the cost function converges to some value J as ¢ — oo.
Since the cost function J(-) is strictly convex and the
level sets of the cost function are compact, there is a limit
point ;= (iy,,...,ldy,) where J=J(iy). We choose an
index set Z C {0,1,2,...} such that the sequence {u}} _,
converges to . Furthermore, all iterations u; are in the
intersection of U, XUy, X...U,,, where X denotes carte-
sian product, and the Ilevel set J SJ(ug). Thus,
lim.cz: e/ (ui)=f . Note that the optimal solution u; of
the centralized problem of Eq. 20 is also a feasible solu-
tion to the DMPC problem. Subsequently, we prove that if
¢ — oo, then uy — u;. Using contradiction, assume
iy # u;. Since J(-) is a strict convex function we can
write

VI (i) (=) <JW)—J (i) = M) <0 (24)

From Eq. 24 and using contradiction, if we define

A =(0,...,0, (u —i;)" . 0) (25)

1

where ( are vector columns of zeros with appropriate dimen-
sions, it can be easily shown that the following equation is
satisfied for at least one i where i=1,...,m

VI (i) At <

M <0 (26)
m

Suppose it holds for i=1. Using Taylor’s expansion around
i for ¢ € (0,1), o € (0,¢), ¢ — oo and taking advantage
of Eq. 26, we can write

T (i ey, —iin,), fiag, o, ) =J (i) + € VI (i) Ail}
+ %eimz’{rvzj(ah e (U, —i1,), iy, . i ) AT}
< J(itg) + %N(uk)ﬁd < J (i)
27)

if € is small enough such that %Aukﬁ-gkez is negative (this
is always possible since AJ(u;) < 0) and ¢ is independent
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of ¢ and . Since the iterative algorithms converges to J(ii;)
we can write
J(ig)= lim J(uyC us .., ) (28)

s Uy,
c—0o0 K

Also, from optimality of u’f;c, if ¢ — oo, we can obtain

Hm oo J (0 oy, ) < T (i e (0, =)ty ooyl (29)
It should be emphasized that for ¢ — oo, “2 — u;, where
i=1,...,m. Considering Egs. 27-29, we can obtain

J ()= 1m oo J () 0S5 ooy, )
. Lo . . (30)

ST, Fer(uy, =ity ), g, ey ) < J (g
Therefore, J(i1;) < J(itx) which is a contradiction. Therefore,
the assumption i, # u; was not true. It can be concluded that
ur=u; when ¢ — oo and J(ity)=J(uy). If x(z,) € Q;, and the
centralized MPC can asymptotically stabilize the origin of the
closed-loop system, using the above arguments recursively for
each sampling time, if ¢ — oo for each sampling time, it fol-
lows that the DMPC also asymptotically stabilizes the origin
of the closed-loop system and the closed-loop cost converges
to the one given by the centralized control system.

Remark 6. Note that a suitable partition of the control loops
to the various distributed controllers may improve the possibility
of convergence of the DMPC solution to the centralized MPC
solution for the nonlinear case,” and further, it may be possible
to derive convex approximations of the DMPC formulation for
nonlinear systems for which it is possible to prove convergence
of the DMPC solution to the centralized solution.

Application to a Chemical Process Network

The process considered in this study is a three vessel, re-
actor—separator system consisting of two continuously stirred
tank reactors (CSTRs) and a flash tank separator shown in
Figure 1.°° The operation schedule requires switching
between two available inlet streams consisting of pure reac-
tant at different flow rates, concentrations, and temperatures.
At mode 0={1,2} a feed stream to the first CSTR Fo, con-
tains the reactant A which is converted into the desired prod-
uct B. The effluent of the first CSTR along with additional
fresh feed Fp, makes up the inlet to the second CSTR. The
reactions A —B and A — C (referred to as 1 and 2, respec-
tively) take place in the two CSTRs in series before the
effluent from CSTR 2 is fed to a flash tank. The overhead
vapor from the flash tank is condensed and recycled to the
first CSTR, and the bottom product stream is removed. A

Fr Fp

[

Figure 1. Two CSTRs and a flash tank with recycle
stream.
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small portion of the overhead is purged before being
recycled to the first CSTR. All the three vessels are assumed
to have static holdup. The dynamic equations describing the
behavior of the system at mode ¢, obtained through material
and energy balances under standard modeling assumptions,
are given below:

dCps F> F,
= 22 (Cyp—Cps)— L (Cpr— 31k
a Vs (Cp—Cps) Vs (Cpr—Ch3) (31k)
ACes  Fy F,
=2 (Cer—Ces) = L (Cor 1
a Vs (Cer—Ce3) Vs (Cer—Cc3) (31D

Each of the tanks has an external heat input/removal actu-

dT, Fl()“ F, —AH, ;_fl . .
—= (Two,—T1)+ o (T3—T1)+ k1€t Cyay ator. The model of the flash tank separator is derived under
dt Vi Vi ,DCp . . .
AH ; the assumption that the relative volatility for each of the spe-
4 o2 kzeR_leC '+ 0, (31a) cies remains constant within the operating temperature range
rCp pCpVi of the flash tank. This assumption allows calculating the
dCsx  Fro F, mass fractions in the overhead based upon the mass fractions
dr = Vv, (Cato,—Car1)+ V_I(CA»‘_CAl) in the liquid portion of the vessel. It has also been assumed
5, 5 that there is a negligible amount of reaction taking place in
—k1€" Cq1—kpe™1 Cy (31b)  the separator. The following algebraic equations model the
— & composition of the overhead stream relative to the composi-
dCp Fo, F, i} . L )
PR Cpi1+ V(CB,-—C31)+k1€R’l Cai (31c)  tion of the liquid holdup in the flash tank:
1 1
dCri  —F F s _ oaCa3 _ opChs _ ucCes
€= 210 0+ (Cop—Ct )+ ke Cay (31d) Cow=—F%— Co=—F% Co=—%¢
dt Vi Vi MW, Wp (32)
K=04Ca3 +opCps +ocCes +apxpp
@=&(T _T)_;_M(T ~T5) P
v, b v, © 2 . . .
—AH, & —AH, & 0, where xp is the mass fraction of the solvent in the flash tank
+ k1€F2C o+ kpe®2 C o+ C ;/ (31le) liquid holdup and is found from a mass balance. The defini-
PEp PEp PEpY2 tions for the variables used in Eqs. 31 and 32 can be found
dCry F, (Fa0,) in Table 1, with the parameter values given in Table 2.
=—(Ca1=Ca2)+ —=(Ca20,—Ca2)
dt Vs Vs, ?
—E —E,
—ky L C w2 — ko™ Cap (31f) Table 2. Parameter Values
dCp, F (Fo,) —Ey T1o, =300, T20, =300 K
Y v (Cp1—Cp2)— V) Cpor+k1eF2Cyy (3lg) To, =301, Tao, =327 K
3
dCcy _F, (F2,) -5 Fio,=5, Fa0,=5, F,=1.9 -
A (Car=Ce2)— v, CathemCr (31h) oS T 7
3
m
dls F H,,,F . Fi0,=5, F20,=5 —
a5 _Fo gy Ml O, 31i) ' : h
dt V3 pCPV3 pCPV3 kmol
Car0,=4, Cpz0,=3
dac F F ] A10, =4, Cazo, 3
—2 =2 (Ca—C3)— - (Car—Ca3) (31j) m
dt V3 V3 kmol
Cia10,=4.69, Can0,=3.25
m3
. V,=1.0, V,=0.5, V3=1.0 e
Table 1. Process Variables
Cats Cazy Ca3 Concentrations of A in vessels 1, 2, 3 E\=5E4, E,=5.5F4 kI
Cg1, Cpo, Cp3 Concentrations of B in vessels 1, 2, 3 kmol
Ce1, Cea, Ces Concentrations of C in vessels 1, 2, 3 1
Car Cpry Cer Concentrations of A, B, C in the recycle k1 =3E6, ky=3E6 -
T, T, Ts Temperatures in vessels 1, 2, 3 h
Tho,, Tao, Feed strearil temperatures to vessels 1, 2 at AH, = —SE4, AHy=—5.3E4 kJ
mode o={1, 2} kmol
Fi, F», F3 Effluent flow rates from vessels 1, 2, 3
Fio,, Fo, Feed stream flow rates to vessels 1, 2 at H. =5 kJ
mode o={1, 2} vap kmol
Caio,» Cano, Concentrations of A in the feed stream to &
vessels 1, 2 at mode a={1, 2} C.=0.231
F, Recycle flow rate P kgK
Vi, Vo, V3 Volumes of vessels 1, 2, 3 k]
Uy, U, Us Manipulated inputs R=8.314
E, E, Activation energy for reactions 1, 2 kmolK
ki, ko Preexponential values for reactions 1, 2 kg
AH,, AH, Heats of reaction for reactions 1, 2 p=1000 -3
Hyop Heat of vaporization m
04, 0, Ocy Op Relative volatilities of A, B, C, D _ _ _ _ o
MW,, MWy, MWe  Molecular weights of A, B, C =2, ap=1, ac=15, p=3 Unitless
01, 0s, O3 Heat inputs into vessels 1, 2, 3 o
Cp R, p Heat capacity, gas constant, and solution MW, =50, MW =50, MW+=50
density kmol
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This process is divided into three subsystems correspond-
ing to the first CSTR, the second CSTR, and the separator,
respectively. For the three subsystems, we will refer to them
as subsystem 1, subsystem 2, and subsystem 3, respectively.
The state of subsystem 1 is defined as the deviations of the
temperature and species concentrations in the first CSTR
from the desired, operating steady state; that is,
X =[T\—Ti5,Ca1—Cars,Co1—Cp1s,Cc1—Cey,)” for the sys-
tem at mode ¢. Similarly, we define the state of subsystems
2 and 3. Accordingly, the state of the whole process is
defined as a combination of the states of the three subsys-
tems; that is, x" = [x] x] X} ].

The process has one unstable and two stable steady states.
The control objective is to regulate the process at the unsta-
ble steady-state x,, corresponding to the operating point
defined by Qi;=0,,=03,=0 ’j’—l (which are the same for
both process operating modes), respectively. The values of
the operating steady states corresponding to each mode are
shown in Tables 3 and 4. Each of the tanks has an external
heat input which is the control input associated with each
subsystem, that is, u;,=Q1—Qi5 Uy, =0r—0>, and
u3, =Q3—Q0s, for 6=1,2. For mode 1, the inputs are subject
to  constraints as  follows:  |u;,| < 1.5X10° kJ/h,
lup,| < 1.5X10° kJ/h, and |uz,| < 2X10° kJ/h, whereas in
mode 2 |uy,| <10° kJ/h,  |up,| < 10° kJ/h,  and
|us,| < 1.33X10° kJ/h. Three DMPC controllers (controller
1, controller 2, and controller 3) will be designed to manipu-
late each one of the three inputs in the three subsystems,
respectively. Furthermore, we assume that the system state,
Xx, is available at  synchronous time instants
ty=qgA, q=0,1,..., with A=0.001 h/=3.6 s to all the con-
trollers. The process model belongs to the following class of
nonlinear systems:

3
X(0)=fo(x(1)) +Z 8i, (1)), (1)

where the explicit expressions of f;, g (i=1,2,3 and
a={1,2}), are omitted for brevity.

In the simulations, we consider a quadratic Lyapunov
function V,(x)=x"P,x with P;=diag([1010°10°10°2010°
10°10°1010°10°10°]) and P,=diag([1010°10°10°1010°10°
10%1010°10*10°]). We design the Lyapunov-based controller

hs(x) following the continuous bounded control law
design®'?" as follows:
o =[ur,u3,1,)" =he(¥)==po(x)(Lg, Vo) (33)

Table 3. Steady-State Values for x;,

[kmol | [kmol | [kmol |
Cats, 331 = Choy 275 | | Cuzs, 288 ]
Cpis, 017 k’"‘;l Cpas, 045 km;’] Cpas, 050 k’"gl

n n nr

[kmol | [kmol | [kmol |
Ceis,  0.04 |5 | Ceas, 011 1= | Cczs, 012 |
Ty, 369.53 [K]  To, 43525[K]  Ts, 43525 [K]
868 DOI 10.1002/aic Published on behalf of the AIChE

Table 4. Steady-State Values for x;,

[kmol' [kmol ] [kmol
Caty, 332 || Crog 269 | g Cazy 291 |7
[kmol | [kmol | [kmol
Cois, 034 [T Cra 070|505 Cpsyy 085 |75
[kmol kmol [kmol
CClsz 0.08 P Cczj-z 0.17 e Cc3s2 0.20 P
Ty, 37098[K] Ty, 42965[K]  Ts, 429.64 [K]
where
L Vot (L, Vo) + (wmes L, V)
()= , Lg Vo#0
Po\=N L, VT {H— 1+(u’”‘“‘|LG”VZ|)2}
0, L, Vs=0
with Ly V,= % fo(x) and Lg V= % Gs(x), where

G,=[g1,92,83,] being the Lie derivatives of the scalar func-
tion V, with respect to f; and G,, respectively. Note that
G1=G: in this example. To estimate the stability region €; _,
extensive simulations were carried out to get an estimate of
the region of the closed-loop system under Lyapunov-based
control h,(x) where the time-derivative of the Lyapunov
function is negative, and then Q; is defined as a level set of
the Lyapunov function V,(x) embedded within this region.

To carry out the closed-loop performance evaluation, we
have computed the total cost of each simulation based on an
index of the following form:

M 3
T=Y 0 1x(6) Qe x(t) +> i, (6) Rej, s, (1) (34)
i=0 j=1

where fy=0 is the initial time of the simulations, 7;;=0.1 h
is the end time of the simulations, and f+;=t+A for
i=0,1,.... In the design of the controllers, the weighting

@ @t e [T [T B Biw T [ [ [}
Tima {h]

Figure 2. Lyapunov function trajectory of the closed-
loop system under the implementation of the
Lyapunov-based controller (dashed-dotted
line) in a sample-and-hold fashion and of the
centralized MPC (solid line) at mode one.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 3. Lyapunov function trajectory of the closed-
loop system under the implementation of the
Lyapunov-based controller (dashed-dotted
line) in a sample-and-hold fashion and of the
centralized MPC (solid line) at mode two.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

matrices are chosen to be 0.,=0.,=diag
([1010°10°10°2010°10°10°1010°10*10%]) and Ry, =R, =Rs,
=R|,=R,,=R3,=10"%. We set the number of iterations
between controllers c¢p,x=2. The simulations were carried
out using Java programming language in a Pentium 3.20
GHz computer. The optimization problems in MPC were
solved using the open-source interior point optimizer Ipopt.
We first carried out simulations to illustrate that the
Lyapunov-based controller and the centralized MPC
scheme achieve practical closed-loop stability in each
mode of operation, respectively. Figures 2 and 3 show the
Lyapunov function trajectory in the closed-loop system
under the Lyapunov-based controller implemented in a
sample-and-hold fashion and the centralized MPC scheme
at mode one and two, respectively. As it can be seen
from these two figures, both control schemes at each
mode achieve practical closed-loop stability, while the
centralized MPC requests more aggressive moves to steer
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Figure 4. Lyapunov function trajectory of the closed-

loop system under the implementation of the
Lyapunov-based controller (solid line) in a
sample-and-hold fashion, centralized MPC of
Eqg. 13 (*) and DMPC of Eq. 16 (dashed-dot-
ted line) for the given switching policy; the
line composed of the (*) and the dashed-dot-
ted line overlap.
From ¢=0 to 0.004 h, the lines show V;(x) and from
t=0.004 to 0.1 h, the lines show V;(x). [Color figure can
be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

the closed-loop system state to the origin. From a closed-
loop performance point of view, the centralized MPC out-
performs the Lyapunov-based controller by 30% at mode
one and 28% at mode two, respectively, in terms of the
performance metric of Eq. 34.

As a scheduling policy, we assume that at time
t=0.004 h, the process switches from mode 1 to mode 2. It
should be emphasized that after the system enters mode 2, it
stays there until the end of the simulation time (#x=0.1 h),
and the MPC/DMPC of mode 2 is used. Figure 4 compares
the Lyapunov function trajectory of the closed-loop system
under the Lyapunov-based controller implemented in a sam-
ple-and-hold fashion, the centralized MPC of Eq. 13 and the
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Figure 5. State trajectories of the closed-loop system under the implementation of the DMPC system of Eq. 16.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 6. Manipulated input trajectories computed by the DMPC of Eq. 16.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 7. Temperature trajectories of the closed-loop system under the implementation of the DMPC system of

Eq. 16.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

DMPC of Eq. 16 for a given switching policy, respectively.
It illustrates that the Lyapunov-based controller can meet the
given schedule by steering the closed-loop system state to
the stability region of mode 2 at the time of the switch. So,
for the given switching policy, the Lyapunov-based control-
ler provides a feasible solution. Figure 4 shows the Lyapu-
nov function trajectory of the closed-loop system under the
implementation of the centralized MPC scheme subject to
the switching constraint. As it can be seen from Figure 4,
the MPC (both centralized and distributed) design enforces
the appropriate constraint to steer the closed-loop system
state at mode 1 to the stability region of mode 2 at the time
of the switch. In Figure 4, the Lyapunov function is com-
puted for each mode, independently. It should be emphasized

that the MPC designs require more aggressive control actions
to enter the stability region of mode 2 and subsequently sta-
bilizing the plant compared to the Lyapunov-based control-
ler, which yields improvement in terms of closed-loop
performance.

Figures 5 and 6 depict the state and manipulated inputs in
the closed-loop system under the DMPC design of Eq. 16
subject to the same switching schedule, respectively. Figure
5 shows the deviation of the state trajectories from their cor-
responding steady-state values at each mode. As it can be
seen in these figures, the proposed DMPC design enforces
the appropriate constraints to steer the closed-loop system
state to the stability region of mode two at the time of the
switch and subsequently, achieves practical closed-loop
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Figure 8. Concentration trajectories of the closed-loop system under the implementation of the DMPC system of

Eq. 16.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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stability. Note that the DMPC is able to drive the states to
their steady-state values as shown in Figures 7 and 8. From
a closed-loop performance point of view based on Eq. 34,
the centralized MPC formulation of Eq. 13 yields 236447.02
in cost function value J, whereas the DMPC design of Eq.
16 yields 236446.87. Therefore, the DMPC achieves nearly
the centralized MPC closed-loop performance.

Finally, we compare centralized MPC and DMPC from a
control action evaluation time point of view. We set the ho-
rizon of MPC to N=30. We compute the average evaluation
time of the MPC formulation at mode 1 (40 times) which
includes the switching constraint and the MPC after we
switch to mode 2 (960 times) in both centralized and DMPC
formulations. For the DMPC design, we add the simulation
time of two iterations and since the three controllers opti-
mize in parallel, we consider the maximum time of the com-
putational time of the distributed controllers as the
computational time of the DMPC. The result indicates that
for mode 1 there is an almost 36% improvement
(max {10418,38.27,16429} s vs. 259.50 s) and for mode 2
there is an almost 39% improvement
(max {3170,32.99,3768} s vs. 63.41 s) in computational
time when we use the DMPC framework compared to the
centralized MPC while the closed-loop performance remains
nearly the same.

Conclusions

This work focused on the design of DMPC systems for a
class of switched nonlinear systems subject to a prescribed
switching policy. Under appropriate stabilizability assump-
tions, the proposed DMPC systems ensure closed-loop stabil-
ity and satisfaction of the switching policy. Convergence of
the DMPC optimal solution to the corresponding centralized
MPC optimum was established for the linear case. A chemi-
cal process network example was used to demonstrate the
proposed DMPC design method.
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