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Abstract

This work addresses the problem of global exponential stabilization of the Kuramoto—Sivashinsky equation (KSE) subject
to periodic boundary conditions via distributed static output feedback control. Under the assumption that the number of
measurements is equal to the total number of unstable and critically stable eigenvalues of the KSE and a necessary and
sufficient stability condition is satisfied, linear static output feedback controllers are designed that globally exponentially
stabilize the zero solution of the KSE. The controllers are designed on the basis of finite-dimensional approximations of
the KSE which are obtained through Galerkin’s method. The theoretical results are confirmed by computer simulations of
the closed-loop system. (©) 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

The KSE is a nonlinear dissipative fourth-order partial differential equation (PDE) of the form

0x M*x  %x 0x
— =V — = —X——, (1)
ot 0z4 022 0z
where v > 0 is the so-called instability parameter, which describes incipient instabilities in a variety of physical
and chemical systems. Examples include falling liquid films [8], unstable flame fronts [21,19,22], Belouzov—
Zabotinskii reaction patterns [16,17] and interfacial instabilities between two viscous fluids [14]. Analytical
and numerical studies of the dynamics of Eq. (1) with periodic boundary conditions (e.g., [23,8,13,15])
have revealed the existence of steady and periodic wave solutions, as well as chaotic behavior for very small
values of v.
In addition to the existence of complex solution patterns, the above studies have revealed that the dominant
dynamics of the KSE can be adequately characterized by a small number of degrees of freedom (e.g., [23]).
Motivated by this, we recently addressed [2,1] the design of linear/nonlinear finite-dimensional output feedback
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controllers for stabilization of the zero solution of the KSE on the basis of ordinary differential equation (ODE)
approximations, obtained through linear/nonlinear Galerkin’s method, that accurately describe the dominant
dynamics. However, even though these control algorithms achieve stabilization of the zero solution of the
KSE for any value of the instability parameter v, their application is limited to local (i.e., for sufficiently
small initial conditions) stabilization. This limitation motivates the study of the problem of global stabilization
of the KSE. In this direction, a nonlinear boundary feedback controller was proposed in [18] that enhances
the rate of convergence to the spatially uniform steady state of the KSE for values of v for which this steady
state is naturally stable.

In this paper, we consider the problem of global exponential stabilization of the zero solution, x(z,¢)=0, of
the KSE with periodic boundary conditions, for any value of the instability parameter v, via distributed static
output feedback control. Under the assumptions that the number of measurements is equal to the total number
of unstable and critically stable eigenvalues of the KSE and a necessary and sufficient stability condition
is satisfied, linear static output feedback controllers are designed that achieve global (i.e., for every initial
condition) stabilization of the x(z,¢#) = 0 solution of Eq. (1). The proposed output feedback controllers are
designed on the basis of ODE approximations of the KSE obtained through Galerkin’s method. Numerical
simulations of the closed-loop system, for different values of the instability parameter, confirm the theoretical
results.

2. Preliminaries
We consider the integrated form of the controlled Kuramoto—Sivashinsky equation

Ox ox 0% Ox -
E = —V@ — @ —xa + ;b,u,(t),

T
y?=/ sezxdz, k=1,...,p, @

—7

subject to the periodic boundary conditions

0/x 0/x )
@(—n,f):@('i‘ﬁ,t), Jj=0,....3, (3)
and the initial condition

X(Z,O) :)Co(Z), (4)

where x € Li,(—rc,rc) is the state of the system, sz(—n,n) denotes the space of square integrable func-
tiops thgt satisfy the boundary conditions of Eq. (3) (i.e., L;(—n,n) = {x € L*(—m,n): (¢/x/0z/)(—m,t) =
(0/x/0z7)(+m,t), j=0,...,3}), z is the spatial coordinate, v is the instability parameter which is assumed to be
known, ¢ is the time and 2x is the length of the spatial domain, x¢(z) € le,([ —m,m]) is the initial condition, m
is the number of manipulated inputs (i.e., variables that can be manipulated externally to modify the dynamics
of Eq. (2) in a desired fashion), u;(¢) is the ith manipulated input, b;(z) is the actuator distribution function
(i.e., bi(z) determines how the control action computed by the ith control actuator, u;(¢), is distributed (e.g.,
point or distributed actuation) in the spatial interval [—m, nt]), y% € R denotes a measured output, and s,(z) is
a known smooth function of z which is determined by the location and type of the measurement sensors (e.g.,
point/distributed sensing). We note that in the case of point actuation (sensing) which influences (measures)
the system at zy (i.e., b;(z) or s,(z) is equal to 6(z — zg) where O(-) is the standard Dirac function), we
approximate the function d(z — zy) by the finite value 1/2¢ in the interval [zg — &,z¢ + ¢] (where ¢ is a small
positive real number) and zero elsewhere in [ — 7w, «]. Finally, in sz([ — m,7]), we define the inner product

and norm: (wy,w,) = ffn w1(2)wa(z)dz, |01 || =(w1,w1)"? where @y, ®, are two elements of L;([ —m, ).
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The dynamics of Eq. (2) depend heavily on the value of v. To make this point clear, we compute the
linearization of the system of Eq. (1) around x(z,¢) = 0, which takes the form

ot 0z 0z2
and consider the corresponding eigenvalue problem
64 n 0 n
‘dq’)n:_v ’\¢ - ¢ ¢ :,un¢m 7’[:1,...,00, (6)
oz* 0z?
subject to
o _ ¢ .
ozJ (—Tf,t)— ozJ (+Tf,f), ]_Oa"'as, (7)

where u, denotes an eigenvalue and ¢, denotes an eigenfunction. A direct computation of the solution of the
above eigenvalue problem yields uy = 0 with Wo(z) = 1/v2n, and u, = —vn* + n* (u, is an eigenvalue of
multiplicity two) with eigenfunctions ¢,(z)=(1/y/%)sin(nz) and ,(z)=(1/y/7)cos(nz), n=1,...,00. Clearly,
a pair of eigenvalues of the system of Eq. (5) crosses the imaginary axis when

v=—, n=1,...,00. (8)

Apparently, the smallest value of v, for which the x(z,¢) = 0 solution of the system of Eq. (5) is about to
become unstable is v=1 and when 1/n*> > v > 1/(n+ 1), the system of Eq. (5) has 2n positive eigenvalues.

The above stability analysis implies that the spatially uniform steady state, x(z,#)=0, of the nonlinear system
of Egs. (1)—(3) is locally unstable when v < 1. Instead, there is a generation of stable spatially non-uniform
stationary solutions as well as spatially non-uniform periodic solutions, while for very small values of v no
stable solutions exist and the system of Eq. (2) exhibits chaotic behavior (the reader may refer to [8,15] for
detailed characterizations of the solution patterns for various ranges of values of v).

3. Static output feedback control

In this section, we synthesize output feedback controllers that globally stabilize the system of Eqs. (2)
and (3) at x(z,¢) = 0. We initially use Galerkin’s method to derive ODE approximations of the system
of Eq. (2) that capture the dynamics of the unstable modes. Expanding the solution of the system of
Eq. (2) in an infinite series in terms of the eigenfunctions of the operator of Eq. (6), we obtain

M) =3 wOba@) + 3 pulOn(2), )
n=1 n=0

where «,(t), B.(t) are time-varying coefficients and ¢,(z) = (1//%)sin(nz), Yo(z) = 1/v2rn and Y,(z) =
(1/+/m)cos(nz). Substituting the above expansion for the solution, x(z,?), into the system of Eq. (2) and taking
the inner product in Lf,([ —m,m]) with the adjoint eigenfunctions, ¢} (z)=(1/y/n)sin(nz), Yi(z)=1/ V2m and
Vi (z) = (1/y/m)cos(nz) of the operator of Eq. (6) (note that the operator of Eq. (6) subject to the boundary
condition of Eq. (7) is self-adjoint, i.e., ¢,(z) = ¢ (2), Yo(z) = Y5(z), Yu(z) = (2)), the following infinite
system of ODEs is obtained:

dn:(_vn4+n2)0(n_f.noc—i_zb;lxui(t)) nzla'”)OO:
i=1
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o= (=vi' + 1)y = fup + > Bgui(t), n=0,....00, (10)
i=1

y?:/ s1(2) (Z OCn(t)ﬁbn(z)""Zﬁn(l‘)‘//n(z)> dz, k=1,...,p,
n=0

- n=1

where

P ) ) S do, ) aw,
o= [ du2) (Zan<t>¢n(z)+mem) (Zanm Do)+ Y b (z)) dz,
-n n=0 n=1 n=0

n=1

. o) oo oo dé, oo dy,
T e (Zan(r)m(mZﬁna)wn(z)) (Zanm F O S A0 (z)) dz, (D)
—-n n=1 n=1 n=0

n=0
by, = i Pu(2)bi(2)dz, = ' Yn(2)bi(z)dz
and
ddqin (z)= % cos(nz), ddlﬁzn (z)= —% sin(nz).

Owing to its infinite-dimensional nature, the system of Eq. (10) cannot be directly used for the design of
controllers that can be implemented in practice (i.e., the practical implementation of controllers which are
designed on the basis of this system will require the computation of infinite sums which cannot be done by
a computer). Instead, we will base the controller design on linear finite-dimensional approximations of this
system. Moreover, the maximum number of eigenvalues of ./ which are identical, for any v, is four, and thus,
the use of five control actuators is sufficient for stabilizing any stabilizable finite-dimensional approximation
of the system of Eq. (10) with linear state feedback (four control actuators are needed due to the presence of
four identical unstable eigenvalues and one control actuator is needed to ensure that the conservation of mass
condition, ffn x(z,t)dz = 0, is satisfied at steady state). We note that even though the use of five control
actuators is sufficient to stabilize any stabilizable finite-dimensional approximation of the system of Eq. (10)
with linear state feedback, it is not necessary. For example, when v = 0.4, .o/ possesses only two identical
unstable eigenvalues, and thus, stabilization can be achieved with three control actuators; see simulation section
for a numerical demonstration of this point.

Assuming that the number of unstable eigenvalues of the system of Eq. (5) is 2/ (i.e., 1/12 > v > 1/(I+1)?)
and using m control actuators (where m<5), the infinite set of ODEs of Eq. (11) can be written in the
following form:

du :Auocu + Buu - ]71‘4’
OZS:ASO(S‘FBsu_f;’ (12)

ym = 8,0, + Sy,
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where o, = [Bo o f1 o2 B2 Ly Bil's o = [0t [ém A F =10 fiu fip Son Sop 0 S Sip)Ts Sy =
Ufiv1o frerp freoa frvap -1, 0" =D 3 - Y31, u € R™ and

_ - 7.0 0 0
0 0 0 0o - 0 0 Bly b - bl
0 —v+l 0 0 .- 0 0 bi, by - by,
0 0 —v+1 0 - 0 0 big by - by
Auf P Bu: 5
4 2
0 0 0 0 - v+l 0 B, b, - b,
00 o 0 - 0 v+ I | Lol by o by
(13)
[—(I+ DY+ +1) 0 0 0 --- 0 0
A, = 0 —(I+DY+(+1)> 0 0 - 0 0, (14)
r/+1 I+1 I+1
big bap o by 5(1)/3 Sl S%/ﬁ e sy S{/}
By= | b7 by - b2, Su=| TR : I (15)
. . . ! i
L S(1)7/3 Spr Spp 7 Sp Spp
S
Sg=1 A (16)
1+1 I+1
Spa Spp

The following assumption is needed in order to obtain estimates of the states o, of the system of Eq. (12)
from the measurements y), k =1,..., p.

Assumption 1. p=2/+1 (i.e., the number of measurements is equal to the number of eigenvalues which are
in the closed right-half of the complex plane), and the inverse of the operator S, exists so that &, =S !y™,
where ¢, is an estimate of .

Theorem 1 that follows provides a necessary and sufficient condition under which, for a given value of v,
there exists a linear static output feedback controller that uses five control actuators and 2/ + 1 measurements
to globally exponentially stabilize the zero solution of the Kuramoto—Sivashinsky equation.

Theorem 1. Let the number of unstable eigenvalues of the system of Eq. (5) be 2l (ie., 1/I2 >v>1/
(I +1)?), m=5 and Assumption 1 hold. Then, the existence of a matrix K so that the following infinite
range matrix:
A, + B,K B,KS 'S,
Aa = 1 (17)
B,K As + BKS, "S5

is Hurwitz (i.e., it possesses eigenvalues with strictly negative real part), is necessary and sufficient for the
following output feedback controller:

u=KS; 'y" (18)

to ensure that the x(z,t) =0 solution of the closed-loop system (Egs. (2)—(17)) is exponentially stable, for
any initial condition in Li([ —m,n]) and any 1/ >v > 1/(1 + 1)
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Remark 1. The requirement on matrix 4. depends on the structure of the matrices B,,S,, and therefore, on
the shape of the actuator distribution functions b; and the measurement sensor-shape functions s, which, for
most practical applications, cannot be chosen by the control designer. Whenever the requirement on matrix
Ag is not satisfied, one can use more than five control actuators to ensure that the system of Eq. (12) is
stabilizable via output feedback. Furthermore, the requirement of Assumption 1 that the inverse of the operator
S, exists is necessary for the solution of the output feedback control problem, and clearly depends on the
shape and location of the measurement sensors. However, this requirement does not appear to be restrictive
from a practical standpoint (see numerical results in the next section). Finally, we note that the requirement
m =15 in Theorem 1 is imposed to ensure stabilization of the closed-loop system even for values of v for
which .o/ possesses four identical unstable eigenvalues; clearly, it is possible to achieve stabilization of the
KSE with a smaller number of control actuators as long as the matrix A is stable (see Section 4 for such
an example).

Remark 2. Even though the matrix 4. of Eq. (17) has infinite range, the fact that the eigenvalues of
the matrix Ay grow in a fourth-order fashion in the left-half of the complex plane implies that there ex-
ists an N sufficiently large so that the verification of the stability of 4. can be done on the basis of a
finite-dimensional approximation obtained by keeping the first (2/ + 1 + 2N) rows and columns of A (this
fact is numerically verified in Section 4). This means that the design of the gain matrix K which stabilizes
the closed-loop system (Egs. (2)—(18)) can be done on the basis of a (2/ + 1 + 2N )-dimensional system
utilizing standard pole-placement methods for static output feedback of finite-dimensional systems (see, for
example, [4, Section 13.5] for details). This fact can be also rigorously established by using a singular per-
turbation formulation of the closed-loop system similar to the one employed in [9] to show stability of a
parabolic PDE system under robust output feedback control. The details of this analysis are given in the
appendix.

Remark 3. When the measurement sensor shape functions are chosen so that S, 'S; = 0 (which implies that

d, = a,; state feedback case), the matrix A, of Eq. (17) simplifies to

A, + B,K 0
B,K Ay

Ac1: (19)

and the infinite-dimensional stabilizability requirement of Theorem 1 reduces to the one of stability of the
finite-dimensional matrix 4, + B,K (i.e., the pair [4, B,] should be controllable).

Remark 4. On the other hand, when the distribution functions of the control actuators are chosen so that
By =0 (which implies that no spill-over [2] effect is present in the closed-loop system), the matrix A, of
Eq. (17) simplifies to

A,+B,K B,KS 'S,
0 Aq

Ag = (20)

and the stabilizability requirement of Theorem 1 again reduces to the one of stability of 4, + B,K.

Remark 5. Even though static output feedback control requires a larger number of measurements (27 + 1
versus m, with m<5) for small values of v and is more sensitive to measurement noise than dynamic output
feedback, we prefer to use static feedback of ™ in the controller of Eq. (18) because it allows us to globally
exponentially stabilize the zero solution; this is not possible when linear finite-dimensional dynamic output
feedback control is used [2].

Remark 6. The exponential stability of the closed-loop system ensures a certain degree of robustness with
respect to sufficiently small disturbances and uncertainty in process parameters (i.e., v, b;’a,b;’ﬁ,sk ), as well as

robustness of the closed-loop system with respect to fast and asymptotically stable unmodeled dynamics (for
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example, actuator and sensor dynamics). The problem of designing robust controllers that explicitly account
and compensate for the presence of uncertainty will not be addressed in this paper; the reader may refer to
[9] for results on robust control of parabolic PDE systems.

Remark 7. We note that the proposed approach can also be employed to compute necessary and sufficient
conditions for the global exponential stabilization of the zero solution of the KSE subject to nonperiodic
boundary conditions (such as the ones studied in [18]) via distributed static output feedback control.

Remark 8. Even though the proposed approach allows achieving global stabilization of the zero solution of
the KSE, improved local convergence rates of the state of the closed-loop system to the zero solution can be
achieved by utilizing nonlinear controllers constructed on the basis of ODE models obtained from combination
of Galerkin’s method with approximate inertial manifolds (see [1] for details and [5,6,20] for other applications
of inertial manifold theory to control of nonlinear distributed parameter systems). Furthermore, it is important
to note that the sz exponential convergence of x(z,¢) to the zero solution does not necessarily lead to pointwise
convergence.

Remark 9. We note that the approach that we followed for controller synthesis based on finite-dimensional
approximations of the Kuramoto—Sivashinsky equation obtained via Galerkin’s method is motivated from the
fact that the dominant dynamics of the equation are characterized by a finite (small) number of degrees
of freedom. This approach has been successfully used to control parabolic PDEs arising in the context of
transport-reaction processes (see, for example, [3,11,12,7]).

Proof of Theorem 1. Part I: We initially show that if the condition of Eq. (17) holds, then the controller
of Eq. (18) exponentially stabilizes the Kuramoto—Sivashinsky equation without the term —x(0x/dz). Under
the controller of Eq. (18), the closed-loop system without the term —x(0x/0z) takes the form

ox 0*x @

DU —1_m
= Vo T o RS 2D

where b = [b; by --- b,]. Applying Galerkin’s method to the above system, the following infinite set of
ordinary differential equations is obtained:

dy = Ay, + BKS (S,00, + Ssoty),

(22)
t = Ayt + ByKS, (S0, + Syot)
or
&y A+ B.K B.KS, 'S, %
— ) (23)
iy B,K A+ BKS'S, | | o

From the above system, it is clear that the existence of a matrix K so that the matrix of Eq. (17) is Hurwitz
is necessary and sufficient for the local exponential stability of the zero solution of the closed-loop system of
Eq. (21) for 1/ >v > 1/(I + 1)

Part 2: In this part of the proof, we use a Lyapunov argument to show that a linear static output feedback
controller of the form of Eq. (18) that exponentially stabilizes the closed-loop system of Eq. (21), ensures
also global exponential stability of the zero solution of the Kuramoto—Sivashinsky equation with the term
—x(0x/0z). To this end, we first use the fact that exponential stability of the system of Eq. (23) implies that
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there exists a positive constant ¢ such that the linear self-adjoint closed-loop operator

[ /ﬂ s1(z)x(z,t)dz ]

—T

/ﬂ s2(z)x(z,t)dz

—T

_ 4 2 s3(z)x(z,t)dz
. 0*x 0°x L bK [ﬂ 3 ’ (24)

/1I s21(z)x(z,t)dz

/ S22z 1) dz

—T J

satisfies (x, /x)< — ¢ ||x||3. Now, multiplying the nonlinear closed-loop system

Ox *x % 0x 1
-y _ K - m 2
= Vo o ta THRSSY (25)

by x and integrating from [ — m, ] and using the notation of Eq. (24), we obtain

s 6 s _ T a
/ xTx dz:/ x&/xdz—/ 2% 4z (26)
_x Ot - _x Oz
Using the boundary conditions of Eq. (3), one can show that (see [23] for details)
"o, 0x
/ x*—dz=0, (27)
_x Oz
which implies that Eq. (26) can be written as
1d -
5 XIE=0o /)< = e x5 (28)

From the above inequality, the exponential stability of the solution, x(z,¢) = 0, of the closed-loop system
(Eq. (21)), for any initial condition in sz([ —m, 7)), follows. [

4. Numerical results

In this section, we evaluate, through computer simulations, the ability of the output feedback controller
of Eq. (18) to stabilize the system of Egs. (2) and (3) at the steady state x(z,¢) = 0. Two simulation runs
were performed for v=0.4 and 0.2. For the numerical simulation of the KSE, we used a 51-order nonlinear
ordinary differential equation model obtained from the application of Galerkin’s method to the system of
Eq. (2) (the use of higher-order Galerkin approximations in simulating the open-loop system of Eqgs. (2) and
(3) as well as the closed-loop system led to identical numerical results). In all the simulation runs, the system
is assumed to be at a spatially nonuniform initial condition

10 25, .
X0= 0 + N nz:; (sin(nz) + cos(nz)) € Ly([ — m, 7).

In the first simulation run, we set v=0.4 which implies that the linearized system of Eq. (5) possesses two
identical eigenvalues in the right-half of the complex plane. Therefore, the use of three control actuators and
three measurement sensors is necessary and sufficient for achieving stabilization of the closed-loop system.
One distributed control actuator with by(z) = 1/v/2m, two point control actuators placed at z = —m/2 and
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Fig. 1. Closed-loop spatio-temporal profile of x(z,¢) (top figure) and manipulated input profiles (bottom figure), for v = 0.4.

z=mn/6 (ie., by(z) = d(z + (n/2)) and b3(z) = (z — (n/6))), one distributed sensor with s;(z) = 1/v/2n and
two-point measurement sensors placed at z=0.0 and z= —mn/4 (i.e., sensor shape functions s;(z) = d(z — 0.0),
53(z) = 0(z + (m/4))) are used to stabilize the system of Egs. (2) and (3) at x(z,#) = 0. The control actions,
uy(t), us(t),us(t), were computed from the formula of Eq. (18) with

—4.000 —2.404 4.163
K= 0.000 6.026 —3.478 (29)
0.000 0.000 —6.958

to ensure that the matrix A4 is stable. Fig. 1 shows the closed-loop spatio-temporal profile of x(z,¢) and
the profiles of the three manipulated inputs. It is clear that the controller stabilizes the state of the system at
x(z,t) =0, indicating that the use of three control actuators suffices to stabilize the system for v = 0.4.

In the second simulation run, we used v=0.2 which implies that the linearized system of Eq. (5) possesses
four identical unstable eigenvalues (i.e., y; = u, = 0.8; both p;, u, are eigenvalues of multiplicity 2), thus
requiring five control actuators and five measurement sensors of x(z,¢) to stabilize the system at x(z,7)=0. One
distributed control actuator with b;(z)=1/v/2m, four-point control actuators placed at z=m/2, z=n/6, z=—n/4
and z=—m/2, (i.e., by(z) = 0(z — (m/2)), b3(z) =0(z — (7/6)), ba(z) =(z + (n/4)) and bs(z) = (z +(m/2))),
one distributed measurement sensor with s;(z)=1/v/2n and four-point measurement sensors placed at z=1/6,
z=m/4, z=—n/4 and z=—7/2, (i.e., $2(z)=0(z —(7/6)), 53(2)=0(z—(1/4)), s4(z)=0(z+(w/4)) and s5(z)=
d(z +(m/2))) are used to stabilize the system at x(z,¢) = 0. The control actions, u;(t), ux(2),us3(t), us(t), us(t),



292 P.D. Christofides, A. Armaoul Systems & Control Letters 39 (2000) 283-294
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Fig. 2. Closed-loop spatio-temporal profile of x(z,#) (top figure) and manipulated input profiles (bottom figure), for v =0.2.

were computed from the formula of Eq. (18) with

[ —4.000 0.000 3.621 0298 —2.263]

0.000 —-2.836 —1.175 1.175 2.836
K= 0.000 0.000 —-3.836 —2.713 0.000
0.000 0.000 —3.322 3.323 0.000
0.000 2836 —0.744 —2.531 2.836

; (30)

to ensure that the matrix A, is stable. The closed-loop profile of x(z, ¢) and the profiles of the five manipulated
inputs are displayed in Fig. 2. The stabilization of the state of the system at x(z,7) =0, for v=0.2, has been
accomplished.

From the results of the simulation study, it is evident that the proposed control algorithm achieves stabi-

lization of the Kuramoto—Sivashinsky equation at x(z,¢#) =0 for values of v for which the zero solution is
unstable.
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Appendix A

We show that given the value of the instability parameter v, if there exists a gain matrix K so that the
condition of Eq. (17) is satisfied for a (2/ 4+ 1 + 2N )-dimensional approximation of the closed-loop system of
Eq. (21) without the term —x(0x/0z), then the infinite dimensional closed-loop system of Egs. (2) and (18)
without the term —x(0x/0z) is also globally exponentially stable. Note that the nonlinear term —x(0x/0z) is
neglected because in the proof of theorem 1 we have shown that a linear static output feedback controller that
exponentially stabilizes the Kuramoto—Sivashinsky equation without the term —x(dx/0z), enforces also global
exponential stability of the zero solution of the Kuramoto—Sivashinsky equation when this term is present.

Given v, we fix /, and apply Galerkin’s method to the closed-loop system of Eq. (21) without the term
—x(0x/0z) to obtain the following infinite set of ODEs:

dg = Agog + BaKS, 'y,
dr = Ao + BrKS,; ' y", (A1)
ym = Sslasl + Ss“f,

where og = [o o1 fi o Pr -+ apsn Bran]ts o = [oins1 Branst --- 15, and the explicit structure of the
matrices Ay, By, Ar, Br, S, 1s similar to the structure of the corresponding matrices in the system of Eq.
(12) and will be omitted for brevity.

Now, defining the parameter ¢ = | |/|py-n+1] < 1 and multiplying the o¢-subsystem of Eq. (A.1) by &, we
obtain

o1 = As10 + leKSu_lym,
ey = Ag,0 + eBrKS, ' Y™, (A2)
ym = Sqos + Ssar,

where Af, = eds. In the above system, the operators Ay and Ag, generate semi-groups with growth rates
which are of the same order of magnitude, i.e., the solutions oy and «f of the systems dg = Agoy and
dr = Ar,0r, respectively, satisfy: |og(£)] <K |og(0)|eX?, |oe(2)] <K |ap(0)|e®!, where K, ki, k; are real numbers,
and O(k;) = O(ky) (O(+) denotes the standard order of magnitude notation). This means that the system of
Eq. (A.2) is in the standard singularly perturbed form with og being the slow states and oy being the fast
states. The stability properties of this system can be analyzed within the singular perturbation framework
by decomposing it into reduced-order subsystems describing its behavior in the fast and slow time scales.
Specifically, the slow subsystem can be obtained by setting ¢ =0 in the system of Eq. (A.2) that yields o« =0
and

dsl = Asl“sl + leKSu_lsslocsl' (A3)

Under the assumption that there exists a gain matrix K so that the condition of Eq. (17) is satisfied for a

(27414 2N)-dimensional approximation of the closed-loop system, we have that the above finite-dimensional

system is exponentially stable. Furthermore, rewriting the system of Eq. (A.2) in the fast time-scale t=1¢/¢ and

setting ¢ =0, the following system which describes the fast dynamics of the system of Eq. (A.2) is obtained:
dOCf

= — dppo, A4
dr faot (A4)

which is also exponentially stable. Finally, utilizing results from singular perturbation theory for systems of
the form of Eq. (A.2) in which the fast subsystem is an infinite-dimensional system [10], we have that the
exponential stability of the slow and fast subsystems implies that there exists an &* such that if ¢ € (0,¢&*],
the system of Eq. (A.2) is exponentially stable. From the definition of &, it follows directly that ¢ decreases
as N increases, thereby implying that given v > 0, there exists an N* sufficiently large (i.e., ¢* sufficiently
small) so that the design of the gain matrix K which stabilizes the infinite dimensional closed-loop system
(Egs. (2)—(18)) can be done on the basis of a (2/ + 1 + 2N )-dimensional approximation of this system,
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provided N >N*. Note that ¢* (and thus, N*) depends on all the matrices of the system of Eq. (A.2), and
thus, in turn, it depends on v, and the distribution functions of the measurement sensors and control actuators.

References

[1] A. Armaou, P.D. Christofides, Wave suppression by nonlinear finite-dimensional control, Chem. Eng. Sci. (2000) to appear.

[2] A. Armaou, P.D. Christofides, Feedback control of the Kuramoto—Sivashinsky equation, Physica D 137 (2000) 49-61.

[3] M.J. Balas, Feedback control of linear diffusion processes, Int. J. Control 29 (1979) 523-533.

[4] W.L. Brogan, Modern Control Theory, Prentice-Hall, Englewood Cliffs, NJ, 1991.

[5] C.A. Byrmes, D.S. Gilliam, V.I. Shubov, Global Lyapunov stabilization of a nonlinear distributed parameter system, Proceedings of
33rd IEEE Conference on Decision and Control, Orlando, FL, 1994, pp. 1769-1774.

[6] C.A. Bymes, D.S. Gilliam, V.I. Shubov, On the dynamics of boundary controlled nonlinear distributed parameter systems, Proceedings
of Symposium on Nonlinear Control Systems Design’95, Tahoe City, CA, 1995, pp. 913-918.

[7] C.I. Byrnes, Adaptive stabilization of infinite dimensional linear systems, Proceedings of 26th IEEE Conference on Decision and
Control, Los Angeles, CA, 1987, pp. 1435-1440.

[8] L.H. Chen, H.C. Chang, Nonlinear waves on liquid film surfaces — II. Bifurcation analyses of the long-wave equation, Chem. Eng.
Sci. 41 (1986) 2477-2486.

[9] P.D. Christofides, J. Baker, Robust output feedback control of quasi-linear parabolic PDE systems, Systems Control Lett. 36 (1999)
307-316.

[10] P.D. Christofides, P. Daoutidis, Finite-dimensional control of parabolic PDE systems using approximate inertial manifolds, J. Math.
Anal. Appl. 216 (1997) 398-420.

[11] R.E. Curtain, Finite-dimensional compensator design for parabolic distributed systems with point sensors and boundary input, IEEE
Trans. Automat. Control 27 (1982) 98-104.

[12] R.E. Curtain, Disturbance decoupling for distributed systems by boundary control, Proceedings of the Second International Conference
on Control Theory for Distributed Parameter Systems and Applications, Vorau, Austria, 1984, pp. 109—-123.

[13] JM. Greene, J.S. Kim, The steady-states of the Kuramoto—Sivashinsky equation, Physica D 33 (1988) 99-120.

[14] A.P. Hooper, R. Grimshaw, Nonlinear instability at the interface between two viscous fluids, Phys. Fluids 28 (1985) 37-45.

[15] I.G. Kevrekidis, B. Nicolaenko, J.C. Scovel, Back in the saddle again: a computer assisted study of the Kuramoto—Sivashinsky
equation, SIAM J. Appl. Math. 50 (1990) 760-790.

[16] Y. Kuramoto, T. Tsuzuki, On the formation of dissipative structures in reaction-diffusion systems. Prog. Theoret. Phys. 54 (1975)
687-699.

[17] Y. Kuramoto, T. Tsuzuki, Persistent propagation of concentration waves in dissipative media far from thermal equilibrium, Prog.
Theoret. Phys. 55 (1976) 356-369.

[18] W.-J. Liu, M. Krsti¢, Stability enhancement by boundary control in the Kuramoto—Sivashinsky equation, Nonlinear Anal., to appear.

[19] D.M. Michelson, G.I. Sivashinsky, Nonlinear analysis of hydrodynamic instability in laminar flames — II Numerical experiments,
Acta Astron. 4 (1977) 1207-1221.

[20] H. Sano, N. Kunimatsu, An application of inertial manifold theory to boundary stabilization of semilinear diffusion systems, J. Math.
Anal. Appl. 196 (1995) 18-42.

[21] G.I. Sivashinsky, Nonlinear analysis of hydrodynamic instability in laminar flames — I Derivation of basic equations, Acta Astron.
4 (1977) 1177-1206.

[22] G.I. Sivashinsky, On flame propagation under conditions of stoichiometry, SIAM J. Appl. Math. 39 (1980) 67-82.

[23] R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, Springer, New York, 1988.



