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Compensation of Measurable Disturbances for
Two-time-scale Nonlinear Systems*

PANAGIOTIS D. CHRISTOFIDESt: and PRODROMOS DAOUTIDISt

A feedforward/feedback control methodology is developed for nonlinear
two-time-scale systems with disturbances, and is successfully applied to a
catalytic continuous stirred tank reactor
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Abstract—This paper deals with a class of two-time-scale
nonlinear systems with time-varying disturbances, modeled
within the framework of singular perturbations. Systems in
both standard and nonstandard form are considered. For
these systems, we synthesize well-conditioned control laws
that utilize feedback of the full state vector and feedforward
compensation of disturbances to exponentially stabilize the
fast dynamics and enforce a pre-specified input/output
behavior independently of the disturbances in the closed-
loop slow subsystem. Singular perturbation methods are
employed to establish that the discrepancy between the
output of the closed-loop full-order system and the output of
the closed-loop slow subsystem is proportional to the value
of the singular perturbation parameter. The stability of the
closed-loop system is analyzed using Lyapunov’s direct
method and precise conditions that guarantee boundedness
of the trajectories, for sufficiently small values of the singular
perturbation parameter, are derived. The application of the
developed methodology is illustrated through a catalytic
continuous stirred tank reactor example, modeled as a
singularly perturbed system in nonstandard form. Copyright
© 1996 Elsevier Science Ltd.

NOTATION
Roman letters

A surface of the catalyst

A, surface of the reactor

Cao inlet concentration of the
species A

Cac concentration of the species A
in the catalytic phase

Cph heat capacity of the homoge-
neous phase

Cpe heat capacity of the catalytic

phase
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activation energies

disturbance input vector

vector fields

inlet flow rate

outlet flow rate

vector fields associated with the
manipulated input

output scalar function

mass transfer coefficient
covector field

pre-exponential constants
Lyapunov function

matrices associated with the fast
state vector z

relative orders with respect to
the input in the reduced system
matrix

inlet temperature of the species
A

temperature of the homoge-
neous phase

temperature of the catalytic
phase

temperature of the wall

time

heat transfer coefficients

input

auxiliary inputs

Lyapunov function

volume of the homogeneous
phase

volume of the catalytic phase
matrices associated with the
disturbance inputs

vector of the slow state variables

output
output associated with slow
subsystem

vector of fast state variables
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Greek letters

Bs adjustable parameters

AH,, AH, enthalpy of the reactions

€ singular perturbation parameter

] state vector in normal-form
coordinates

¢ fast state vector

¢ equilibrium steady-states for the
fast dynamics in the closed-loop
system

p, P, P relative orders with respect to

the disturbance input vector in
the reduced system

P density of the homogeneous
phase
Pe density of the catalytic phase

&, O, auxiliary functions

¢, ¢, matrices of smooth functions
Y, W, W auxiliary functions

Q Lyapunov function

Q compact set

Mathematical symbols

L¢h Lie derivative of a scalar func-
tion & with respect to the vector
field f

Lth kth-order Lie derivative

L,.Li™'h mixed Lie derivative

real line

i-dimensional Euclidean space

belongs to

transpose

standard Euclidean norm

zero covector of dimension g

S H g, B3

1. INTRODUCTION

The majority of physicochemical processes are
inherently nonlinear and are often characterized
by the copresence of dynamical phenomena
occurring in multiple time-scales. Typical ex-
amples of nonlinear multiple-time-scale systems
include reaction networks (Breusegem and
Bastin, 1991), catalytic reactors (Chang and
Aluko, 1984; Denn, 1986), fluidized catalytic
crackers (Monge and Georgakis, 1987), bioche-
mical reactors (Bastin and Dochain, 1990;
Christofides and Daoutidis, 1996), distillation
columns (Levine and Rouchon, 1991), DC motor
models (Kokotovic et al., 1986), and electrical
circuits (Khalil, 1992). Singular perturbation
theory has proven to be the natural framework
for the analysis and control of multiple-time-
scale systems (Kokotovic et al., 1986). Within
this framework, stability issues (Saberi and

Khalil, 1984; Christofides and Teel, 1995, 1996)
and geometric properties (Fenichel, 1979) of
nonlinear two-time-scale systems have been
studied, and feedback control algorithms have
been developed using optimal control (Kokoto-
vic et al., 1986), the integral manifold approach
(Sharkey and O’Reilly, 1987), sliding mode
techniques (Heck, 1991) and geometric control
methods (Christofides and Daoutidis, 1996).

An additional problem encountered in the
synthesis of control systems for actual processes
is the presence of exogenous disturbances that
may vary arbitrarily with time. It is well known
that the presence of disturbances may cause
significant degradation of the nominal perfor-
mance and in some instances closed-loop
instability. Motivated by this, the problem of
disturbance decoupling for standard nonlinear
systems has been studied extensively. Geometric
conditions for the solvability of this problem via
static state feedback (Isidori er al., 1981) and
static feedforward/static state feedback (Moog
and Glumineau, 1983) have been derived, while
the solution of this problem through dynamic
feedforward/static state feedback (Daoutidis and
Kravaris, 1993) has also been obtained. Other
available resuits on the treatment of disturbance
inputs deal with the use of high-gain feedback to
achieve almost disturbance decoupling (see e.g.
Marino et al.,, 1988), and the use of feedforward
compensation in the context of exact state-space
linearization (Calvet and Arkun, 1988). How-
ever, a direct application of the aforementioned
control methods to multiple-time-scale systems
may lead to controller ill-conditioning and/or
instability of the closed-loop system due to
possible slightly non-minimum-phase behavior
(Kokotovic et al, 1986; Christofides and
Daoutidis, 1996).

The problem of rejection of disturbances for
linear two-time-scale systems has been addressed
using H™ control methods (Khalil and Chen,
1992; Pan and Basar, 1993), stochastic control
methods (see Kokotovic et al, 1986, and
references therein), and controller design via
Lyapunov functions (Corless et al., 1993). For
nonlinear two-time-scale systems with stable fast
dynamics, combination of singular perturbation
theory and adaptive control schemes (Taylor et
al., 1989) has been proposed for this purpose.
For nonlinear two-time-scale systems with
unstable fast dynamics, an alternative approach
that utilizes combination of singular perturba-
tions and Lyapunov’s direct method has been
proposed in Khorasani (1989).

In this paper, a broad class of two-time-scale
nonlinear systems modeled within the singular
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perturbation framework, with measurable time-
varying disturbances, is considered; these include
both systems in standard and nonstandard form.
For these systems, we synthesize well-
conditioned control laws that utilize feedback of
the full state vector and feedforward compensa-
tion of disturbances to exponentially stabilize the
fast dynamics and enforce a prespecified
input/output behavior independently of the
disturbances in the closed-loop slow subsystem.
Singular perturbation methods are employed to
establish that the discrepancy between the
output of the closed-loop full-order system and
the output of the closed-loop slow subsystem is
proportional to the value of the singular
perturbation parameter. Key differences in the
nature of the control problem between systems
in standard and nonstandard form are identified
and discussed. The stability of the closed-loop
system is analyzed using Lyapunov functions,
and precise conditions that guarantee bounded-
ness of the trajectories of the closed-loop system,
for sufficiently small values of the singular
perturbation parameter, are derived. Finally, the
developed methodology is applied to a catalytic
continuous stirred tank reactor modeled as a
singularly perturbed system in nonstandard form.

2. PRELIMINARIES

We will consider two-time-scale nonlinear
systems with the following state-space
representation:

X =fi(x)+ Q1(x)z + g1(x)u + Wi(x)d(2),
€z = f(x) + Qy(x)z + g2(x)u + Wa(x)d(1), (1)
y = h(x),

where x € X cR" and z € Z < R? denote vectors
of state variables, with X and Z open and
connected sets that contain the equilibrium point
of interest, # € R denotes the manipulated input,
d=[d\(t) ... d,(t)] e R? denotes the vector of
disturbance inputs, which are assumed to be
measurable and sufficiently smooth functions of
time, and y € R denotes the controlled output. €
is a small positive parameter, which can be
interpreted as the speed ratio of the slow versus
the fast dynamical phenomena of the system.
Furthermore, fi(x), f(x), g,(x) and g,(x) are
analytic vector fields, Q(x), Q.(x) and W,(x),
W,(x) are analytic matrices of dimensions n X p,
p Xp and n Xq, p X g respectively, and h(x) is
an analytic scalar function. In what foilows, for
simplicity, we shall suppress the time depen-
dence in the notation of the disturbance input
vector d(t).

Modeling a two-time-scale process in a
singularly perturbed form involves defining the
singular perturbation parameter e, taking into
account the physicochemical characteristics of
the process, so that the separation of the fast and
slow variables becomes explicit, with €
multiplying the time derivatives of the fast
variables z. € usually represents small process
parameters or the reciprocal of large process
parameters (e.g. small/large masses, capaci-
tances). The reader may also refer to Kokotovic
et al. (1986) for further discussion of this issue.
Referring to the specific singularly perturbed
system (1), we note that the parameter e appears
only in the left-hand side (multiplying the time
derivative 7), while the fast variable z enters in a
linear fashion. The first assumption is made for
notational simplicity, and can readily be relaxed
(see Remark 8), while the second assumption is
consistent with the fact that in many chemical
processes the main nonlinearities are associated
with the slow variables, and also allows
explicitness and analytical insight in the theoreti-
cal development.

The intrinsic two-time-scale property of the
system (1) can be analyzed by decomposing it
into separate reduced-order systems evolving on
different time scales (Kokotovic et al., 1986). In
particular, assuming that the system (1) is in
standard form, ie. the matrix Q,(x) is
nonsingular uniformly in x € X, and, setting
€ =0, the system (1) takes the form

X =fix) + Qi(0)z + gi(x)u + Wix)d,  (2)
f(x) + Qa(x)z + ga(x)u + Walx)d =0,  (3)

where z, denotes a quasi-steady state for z. The
invertibility of the matrix Q,(x) guarantees that
the system of algebraic equations (3) admits a
unique solution for z,, of the form

2= = [Qa(0)] '[Alx) + g2lx)u + Wy(x)d].  (4)

Substituting (4) into (2), the following reduced
system or slow subsystem is obtained:

X=Fx)+Gxu+W(x)d,

Y =h(x),

where y* denotes the output associated with the
slow subsystem and

F(x) = filx) = Q1(x)[Q2(x)] ' fo(x),
G(x) =gi(x) — Q1(0)[Q2(x)] 'g2(x),  (6)
W(x) = Wi(x) — Q1(x)[Q2(x)] ' Wy(x).

Note that the input « and the disturbance input
vector d appear in an affine and separable
fashion in the system (5) because of the linearity
in z in the original system. To obtain a

®)
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representation of the system that describes the
fast dynamics of the system (1), we define a fast
time scale

)

ﬂ
i
m |~

In this new time scale, the original system takes
the form

j—xr= e[fi(x) + O1(x)z + g1 (x)u + Wi (x)d], (8)

dz

g~ L)+ Qa(0)z + galx)u + Walx)d. (9)
Setting € equal to zero, the following fast
subsystem is obtained:

92 _ )+ 0ax)z + o) + Wax)d, (10)

dr

where x can be considered approximately equal
to its initial value x(0) and d is constant. The
affine appearance of the fast state z in the system
(10) implies that its bounded-input . bounded-
state stability depends exclusively on the
eigenstructure of the matrix Q,(x). The follow-
ing assumption states our stabilizability require-
ment on the open-loop fast subsystem (10).

Assumption 1. The pair [Q,(x) g.(x)] is stabiliz-
able, in the sense that there exists an analytic
covector kT(x) such that the matrix Q,(x)+
g2(x)k"(x) is Hurwitz uniformly in x € X.

In what follows, we review various concepts of
relative order that will allow us to formulate and
solve specific controller synthesis problems.

Definition 1. Referring to the nonlinear system
(5) the relative order of the output y* with respect
to the input u is defined as the smallest integer r
for which

LoLy h(x) #0 (11)

or r = o« if such an integer does not exist.

Throughout this paper, it will be assumed that
(11) holds for all x € X.

Definition 2. Referring to the nonlinear system
(5), the relative order of the output y* with respect
to the disturbance input vector d is defined as the
smallest integer p for which

[LwiLs 'h(x) ... L.t 'h(x)]=[0 ... 0],
(12)

where W« denotes the «th column vector of the

matrix W, or p = o if such an integer does not
exist.

In closing this section, we recall the order of
magnitude notation, which will be used in the
subsequent sections.

Definition 3. (Khalil (1992).) 8(e)=O(e) if
there exist positive constants k and c such that

18(e)=kle|] V]el<ec. (13)

3. FORMULATION OF THE CONTROL PROBLEM

We shall address and solve the problem of
synthesizing well-conditioned control laws that
preserve the two-time-scale nature of the
open-loop system, with the following objectives
for the closed-loop system:

(i) boundedness of the trajectories;

(ii) the output of the closed-loop system satisfies
a relation of the form

y(@)=y*(t) + O(e), =0, (14)

with y°(¢) being the output of the closed-
loop reduced system, where a prespecified
input/output response is enforced indepen-
dently of the disturbances.

The above requirements will be enforced in
the closed-loop system for sufficiently small
values of the singular perturbation parameter €.
The control laws will utilize feedback of the state
z to stabilize the fast dynamics and feedback of
the state x combined with feedforward compen-
sation of disturbances to enforce the desired
behavior on the output.

The above-specified control problem will be
initially addressed for systems in standard form
and then for systems in nonstandard form. For
systems in standard form, it will be established
that the requisite control law can be synthesized
utilizing exclusively information concerning the
original system (1), while for systems in
nonstandard form it has to be preceded by the
feedback regularization of the fast dynamics.

4. DISTURBANCE COMPENSATION FOR SYSTEMS
IN STANDARD FORM

In this section, we shall consider systems of
the form (1) in standard form, with possibly
unstable fast dynamics, i.e. systems for which
some of the eigenvalues of the matrix Q,(x) may
lie in the open right half of the complex plane
for some x e X. The instability of the fast
dynamics dictates the need to employ feedback
of the state z (Kokotovic et al, 1986;
Christofides and Daoutidis, 1996). In particular,
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motivated by the affine appearance of the fast
state z in the model (1), let us initially consider
control laws of the form

u=i+k"(x)z, (15)

where k(x) is in R?, and & is an auxiliary input,
to achieve stabilization of the fast dynamics of
the system. Under a control law of the form (15),
the two-time-scale system (1) takes the form

X =fi(x) +[Qi(x) + g1 (x)kT(x)]z
+gi(x)a + W(x)d,

€2 = fo(x) + [Qa(x) + g2(x)k T (x)]z
+ go(x)id + Wa(x)d.

(16)

One can immediately observe that a control law
of the form (15) preserves the two-time-scale
nature of the process, and the linearity with
respect to the state z, the auxiliary input & and
the disturbance vector d. Furthermore, perform-
ing a standard two-time-scale decomposition,
one can easily show that the fast subsystem is
given by

£ 0+ 10 + 2K (W2

+ go(x)a + Wy(x)d, 17
while the reduced system takes the form

i =F@x)+G(x)a+ W(x)d,

18
y* = h(x), 1%
where
F(x) = fi(x) = [Q1(x) + g:1(x)]"k(x)[Q2(x)
+ g2(x)kT ()] falx),
G(x)=gi(x) = [Q1(x) + g1 (x)k"(x)][Q2(x) (19)

+ gz(X)kT(X)]’ 'g2(x),
W (x) = Wi(x) — [Q1(x) + g1(x)kT(0)][Q2(x)
+ g0k (x)]™ Wa(x).

Clearly, the z-dependent control law (15) allows
stabilization of the fast dynamics of the system
by a choice of k'(x) such that the matrix
0>(x) + g2(x)k"(x) is Hurwitz uniformly in
x € X (Assumption 1). Proposition 1 that follows
establishes conditions for the invariance of
relative orders r and p, under the control law
(15). The proof of the proposition can be found
in the Appendix.

Proposition 1. Consider the two-time-scale
system of (16), assumed to be in standard form.
Then, referring to the reduced system (18),

(a) the relative order of y*® with respect to the
auxiliary input @ is equal to r, and

(b) the relative order of y* with respect to the
disturbance input vector d is equal to p, if
pP=r.

In order to enforce the desired behavior
on the output, let us now consider feedforward/
state feedback laws of the form

a=px)+qxyv+Q(xd d?V, ...), (20)

where p(x) and ¢g(x) are analytic scalar
functions, with ¢(x)# 0 uniformly in x € X, v is
the reference input, and Q is a smooth algebraic
function that is nonsingular under nominal
conditions (x,, 0, . . .) and well defined and finite
for all possible smooth functions of time d.
Given the asymptotic stability of the fast
dynamics of the system (16), the control law (20)
uses feedback of the slow state vector x only, to
avoid destabilization of the fast dynamics, while
dynamic feedforward terms are allowed in order
to achieve complete elimination of the effect of d
on y in the closed-loop reduced system.

Substitution of the control law (20) into the
system (16) yields the following closed-loop
system:

2= [fi(x) + 81(x)p(0)] +[Qi(x) + g1 (x)k " (x)]z
+81(x)g()v +8,(x)Q(x, d,d", . .)
+ Wi(x)d,
€2 = [folx) + g2(x)p(x)] (21)
+ [Qa(x) + g2(0)kT(x)]z + g2(x)g (x)v
+g,(0)Q(x, d, dV, .. )+ Wy(x)d,
y = h(x).

On the basis of (21), it is clear that the control
law (20) does not modify the two-time-scale
nature of the system, and the linearity with
respect to the state vector z and the reference
input v. Employing a two-time-scale decomposi-
tion for the system (21), it can be easily shown
that the closed-loop fast subsystem is given by

d
1= [0 + gl0p(x)]

+[Q2(x) + g2(x)kT(x)]z + g2(x)[g(x)v
+Q(x. d, dV,.. ]+ Wyx)d, 22)

and the closed-loop reduced system takes the
form

i =[F(x) + Gx)px)] + G(x)[g(x)v
+Q0(x,d, dV),...]+ W(x)d, (23)
y* = h(x),
where F(x), G(x) and W (x) are defined in (19).
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Referring to (22), one can immediately see that
the feedforward/state feedback law (20) pre-
serves the stability characteristics of the fast
dynamics of the original system. Proposition 2
that follows will allow the formulation of the
controller synthesis problem in the closed-loop
reduced system.

Proposition 2. Consider the two-time-scale
system of (16), assumed to be in standard form.
Then a feedforward/static state feedback control
law of the form (20) preserves the relative order
r, in the sense that the relative order of the
output y* with respect to the reference input v in
the closed-loop reduced system (23) is equal to r.

Proof. The proof of the Proposition involves the
application of the two-time-scale decomposition
procedure to the resuiting closed-loop system,
and the standard argument for nonlinear systems
of the form (23) under feedforward/state
feedback of the form of (20) (see. e.g. Daoutidis
and Kravaris, 1993). O

The result of proposition 2 suggests requesting
an input/output response of relative order r in
the closed-loop reduced system. For simplicity,
the following linear input/output response will
be postulated

dI‘S B X
ar !

B. + Boy' = (24)
where B,..., B8, are adjustable parameters,
which can be chosen to guarantee input/output
stability in the closed-loop reduced system and
enforce desired performance characteristics.

Theorem 1 that follows summarizes the main
result of this section. The proof of the theorem
can be found in the Appendix.

Theorem 1. Consider the two-time-scale non-
linear system (1), assumed to be in standard
form. Consider also the reduced system (5), and
assume that p <r. Then the conditions

Lo®(x,d)=0, [=0,1,...,r—p—1, (25)

where
J d
®s,d)= 3 L] 3 oL+

q a1
[ 2 d (t)LWK+&] L5 'h(x)
(26)
are necessary and sufficient in order for a control
law of the form (20) to induce an input/output
behavior of the form (24) in the closed-loop

reduced system. If these conditions are satisfied
and Assumption 1 also holds, the control law

u={l+ kT(x)[Qz(x)]_lgz(x)}[BrLGLrF—lh(x)]ml
x [" - 5: BiLih(x)

- i Bi®i_,(x, d, dav ..., d(k—p))]
+ KT(0)[Q200)] 7 [f(x) + Wa(x)d] + kT(x)z,

(27)

where the feedback gain k"(x) is such that the
matrix Q,(x) + g,(x)k"(x) is Hurwitz uniformly
inxelX,

(a) guarantees exponential stability of the fast
dynamics of the closed-loop system:;

(b) ensures that the output of the closed-loop
system satisfies a relation of the form

y(&) =y¥t) + O(e), 1=0, (28)

for e sufficiently small, with y*(¢) being the
solution of (24).

Remark 1. The form of the functions defined in
(26) and the pattern of the conditions of (25) can
be found in Daoutidis and Kravaris (1993). From
the result of the theorem, we note that the
verification of the solvability conditions (25) and
the evaluation of the functions &, [=0,
1,...,r—p—1, are independent of the selec-
tion of the feedback gain k"(x) used for the
stabilization of the fast dynamics, and thus can
be performed on the basis of the open-loop
reduced system (5). This fact is an immediate
implication of the results of Propositions 1 and 2.

Remark 2. The feedforward/state feedback law
(27) can be decomposed into two separate
components: the components k'(x)(z — &),
where ¢ denotes a control-dependent quasi-
steady state for the fast dynamics of the
closed-loop system, defined as

= ~10:001™ {:0) + a0 B LoLi h (o))

x [v — S B Lkh(x)

k=0

=2 By, (x, d,dV, ..,

k=p

=
+ Wy(x)d }, 29)

which acts in the fast time scale and stabilizes
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the fast dynamics of the system, and the
component

(B.LoLi W] [v - 3 L)

k=0
—;B&bﬁjjﬂuwwwﬂ,am
=p

which acts in the slow time scale and addresses
the posed synthesis problem, i.e. induces the
desired input/output behaviour in the closed-
loop reduced system independently of the
disturbances.

Remark 3. The fact that the component
kT(x)(z — &) acts on the fast time scale, where
the state vector x can be considered approxim-
ately equal to its initial value x(0), allows design
of the feedback gain k"(x) using standard
control methods, such as pole placement,
optimal control etc. (Kokotovic et al., 1986).

Remark 4. In the case of two-time-scale systems
of the form (1) with stable fast dynamics, i.e.
when the matrix Q,(x) is Hurwitz uniformly in x,
there is no need to employ feedback of the fast
variable to stabilize the fast dynamics and the
feedforward/feedback law (27) reduces to

w=1B,Loli h)] '|v= 3 BuLbh(x)

=S B (x,d,dV, ..., d“""’)] (31)
k=p

In the remainder of this section, motivated by
the available results on disturbance decoupling
for standard nonlinear systems of the form (5)
via static state feedback (Isidori et al., 1981) of
the form

u=px)+qxpy, (32)

we shall provide necessary and sufficient
conditions for the solvability of the control
problem formulated in Section 3, via well-
conditioned static state feedback laws of the
form

u=px)+qxv+k"(x)z (33)
The main result is given in Proposition 3 that

follows (the proof is included in the Appendix).

Proposition 3. Consider the two-time-scale
system (1) in standard form, for which

Assumption 1 holds. Consider also the reduced
system (5). Then, the conditions

(i) r<p;
(i) &T(x)[Q2(x)]'Wy(x) =0,

where 0 is the zero covector of dimension ¢, are
necessary and sufficient in order for a well-
conditioned static state feedback law of the form
(33) to achieve approximate decoupling of the
effect of d on y (in the sense made precise in
requirement (ii) in Section 3) with stabilization
of the fast dynamics in the closed-loop system.

Remark 5. Condition (i) of the proposition is
expected to hold for the solvability of this
problem, since it is necessary and sufficient for
the solvability of the disturbance decoupling
problem via static state feedback of the form
(32) (see e.g. Isidori, 1989) and the approximate
disturbance decoupling problem for two-time-
scale systems (1) with exponentially stable fast
dynamics, via the same class of control laws (see
Levine and Rouchon, 1991). Condition (ii) of the
proposition guarantees that the relative order of
the output y° with respect to the disturbance
input vector d in the reduced system (18), say 3,
isp=p>r

5. DISTURBANCE COMPENSATION FOR SYSTEMS
IN NONSTANDARD FORM

In this section, we shall consider two-time-
scale nonlinear systems (1) in nonstandard form,
i.e. systems for which the matrix Q,(x) is
singular for some x € X. The direct consequence
of the singularity of the matrix Q,(x) is the
absence of a well-defined quasi-steady-state for
the fast variables z (Khalil, 1989; Christofides
and Daoutidis, 1996), and thus the lack of a
well-defined open-loop reduced system. There-
fore the results of Propositions 1 and 2 that
allowed the verification of the solvability
conditions (25) and the synthesis of the
controller (27) on the basis of the open-loop
reduced system (5) cannot be recovered.
Motivated by this, we shall follow a two-step
procedure for the synthesis of a feedforward/
state feedback law that solves the posed
problem. In the first step, appropriate feedback
of the state vector z will be employed to
regularize the fast dynamics, in the sense of
inducing an exponentially stable quasi-steady-
state for the fast dynamics. In the second step,
we shall formulate and solve the synthesis
problem on the basis of the resulting two-time-
scale system in standard form.
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More specifically, we shall initially consider a
control law of the form

u=a+k"(x)z, (34)

where kT(x) is a covector field in R” and 4 is an
auxiliary input, to achieve regularization of the
fast dynamics. Under the control law (34), the
system (1) takes the form

%= fi(x) + [Q1(x) + g1(x)kT(x)]z
+g1(x)a + Wi(x)d,

€z = fo(x) + [Qa(x) + g2(x)k " (x)]z
+ g2(x)id + Wh(x)d.

(35)

Performing a two-time-scale decomposition, the
corresponding fast subsystem takes the form

= f(x) + [Qa(x) + g2x)kT(x)]2
+ g(x)id + Wy(x)d, (36)

while the corresponding slow subsystem is given
by

x=F@x)+Gx)a+W(x)d,
§*=h(x),

where the vector fields F(x), G(x) and W (x) are
given in (19). It is clear that the z-dependent
control law (34) allows us to regularize the fast
dynamics of the system by choosing k"(x) in
such a manner that the matrix QO,(x)+
2,(x)k™(x) is Hurwitz uniformly in x € X. It is
now possible to formulate and solve a controller
synthesis problem on the basis of the system
(35). More specifically, we shall seek a
feedforward/state feedback law of the form

d=px)+gxw+0(x,d d",..)), (38)

where F(x) and §(x) are scalar fields, with
§(x)#0 for all x € X, O is a smooth algebraic
nonsingular function and v is the reference
input. Referring to the system (37), let 7 and p
denote the relative orders of the output y with
respect to the auxiliary input & and the
disturbance input vector d, and let the
input/output behavior

df»\s
dr’

(37

B¢ -t Bl + Boy*=v (39)
be postulated in the closed-loop reduced system.

Theorem 2 that follows summarizes the main
result of this section. The proof of the theorem
can be found in the Appendix.

Theorem 2. Consider the two-time-scale non-
linear. system (1), assumed to be in nonstandard

form. Consider also the nonlinear system (37),
and assume that p <#. Then the conditions

Le®(x,d)=0, 1=0,1,...,7—p—1, (40)

where

&,(x, d) = uﬁﬂ L [2 ()L + j]

k=1

e 2

(DL + ] L h(x),
(41)

are necessary and sufficient in order for a control
law of the form (38) to induce the input/output
behavior of the form (39) in the closed-loop
reduced system. If these conditions are satisfied
and Assumption 1 also holds, the control law

u=[BLoLs 'h(x)]" [v— 2 BLsh(x)

o 2 Bk&)k—ﬁ(x, d d"v, ..., d(k“ﬁ))]
=5

+kT(x)z, (42)

where the feedback gain k"(x) is such that the
matrix Q,(x) + g,(x)k"(x) is Hurwitz uniformly
inx elX,

(a) guarantees exponential stability of the fast
dynamics of the closed-loop system;

(b) ensures that the output of the closed-loop
system satisfies a relation of the form

y(&) =y%(1) + O(e), 1=0, (43)

for e sufficiently small, with y%(¢) being the
solution of (39).

Remark 6. The result of Theorem 2 reveals a
fundamental difference in the nature of the
control problem between two-time-scale systems
in standard and nonstandard form. In particular,
in the case of systems in standard form, the
solvability conditions of the problem can be
checked in the open-loop reduced system (5),
since they are independent of the feedback gain
kT(x) used to stabilize the fast dynamics. On the
other hand, in the case of systems in
nonstandard form, the solvability conditions
should be checked in the reduced system (37),
and thus depend explicitly on k'(x) used to
regularize the fast dynamics. These considera-
tions imply that for systems in nonstandard form,
it is possible, depending on the structure of the
system under consideration, to select the
feedback gain k"(x) to guarantee stabilization of
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the fast dynamics as well as to ensure that the
solvability conditions are satisfied.

Remark 1. In the case of two-time-scale systems
of the form (1) in nonstandard form, one can
show that the condition 7 <p is necessary and
sufficient for achieving approximate decoupling
of the effect of the disturbances on the output of
the closed-loop full-order system via well-
conditioned static state feedback of the form
(33). Notice that this condition depends ex-
plicitly on the feedback gain k"(x) utilized to
regularize the fast dynamics, because of the lack
of an analogue of Proposition 1 in the case of
two-time-scale systems in nonstandard form.

Remark 8. The control algorithms of Theorems
1 and 2 can be directly applied to two-time-scale
systems with e-dependent right-hand side, with
the following state-space description:

X = filx, €z, €) + Qu(x, €z, €)2
+81(x, €z, e)u + Wi(x, ez, €)d,
€z =R(x, 2)[fi(x, €z, €)
+ Q,(x, €z, €)z + g,(x, €z, €)u
+ Wy(x, €z, €)d],
y=h(x),

where R(x, z) is a diagonal matrix of dimension
p X p, which is positive-definite for all x € X,
z € Z. This is possible because (i) the stabilizabi-
lity requirement of Assumption 1 suffices to
ensure that the fast subsystem of the system (44)
can be made exponentially stable, and (ii) in the
case of nonsingular Q,(x, €z, €), the open-loop
slow subsystem of the system (44) is the same as
that of (5) (which ensures the applicability of
Theorem 1), while in the case of singular
Q,(x, €z, €), the slow subsystem obtained after
the regularization of the fast dynamics is the
same as that of (37) (which ensures the
applicability of Theorem 2).

(44)

6. STABILITY ANALYSIS OF THE CLOSED-LOOP
SYSTEM

In this section, the stability of the closed-loop
full-order system under the derived control laws
will be analyzed. Our objective is to specify
conditions and provide an explicit formula for
the calculation of the upper bound on ¢, such
that the states of the closed-loop system are
bounded. The presence of time-varying distur-
bances in the model of the system does not allow
utilizing standard stability results for two-time-
scale systems (Saberi and Khalil, 1984; Khalil,
1992) (which are concerned with asymptotic
stability), and requires further analysis of the

closed-loop system to show boundedness of the
states. Theorem 3 that follows states the main
stability result for two-time-scale systems in
standard form, under the control law (27) (the
proof is given in the Appendix).

Theorem 3. Consider the two-time-scale non-
linear system with the state-space representation
(1), assumed to be in standard form. Then, if
d(r) and its derivatives up to order r —p + 1 are
sufficiently small and

(i) the roots of the polynomial
B‘)+B]S+...+B,sr=0 (45)

lie in the open left half of the complex plane,
and

(ii) the unforced zero dynamics of the open-loop
reduced system (5) is exponentially stabie,

there exists an €* such that the trajectories of the
closed-loop system under the controller of
Theorem 1 remain bounded for all € e (0, €*].

Theorem 3 also holds for two-time-scale systems
in nonstandard form, with the second condition
imposed on the reduced system (37). The proof
of this result is completely analogous to that of
Theorem 3, and therefore is omitted for brevity.
Finally, we note that the stability result of
Theorem 3 holds even in the presence of
sufficiently small constant parametric uncertainty
and unmeasured disturbances (see the proof of
the theorem for the detailed justification).

7. SIMULATION STUDY: A CATALYTIC
CONTINUOUS STIRRED TANK REACTOR
In this section, the proposed control methodo-
logy will be applied to a representative chemical
process with time-scale multiplicity. Consider the
catalytic continuous stireed tank reactor shown
in Fig. 1, where a homogeneous reaction A— B
and a catalytic reaction A— C take place. The
first reaction leads to the generation of the
side-product B, while the second reaction leads
to the production of the desired product C. The
inlet stream F; consists of pure species A of
concentration C,g, and temperature T,,. Under
the assumptions

» perfect mixing in the reactor,

» uniform temperature in the homogeneous and
catalytic phases,

e constant density and heat capacity of the
reacting liquid and the catalyst,

* constant outlet flow rate of the reactor,

the process dynamic model consists of the
following set of material and energy balances:
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Fi.Cao.Tao

F2,Can-Cg,C.. Ty

A—»C

— >

Fig. 1. A catalytic continuous stirred tank reactor.

* reactor mass balance:
av;
dt

* mole balance for species A (homogeneous
phase):

=F - F; (46)

dC 1
e L
-—kex(E)V K.AL(C C)]
r €Xp RT, Alan— Lac
47
* reactor energy balance (homogeneous phase):
d7;, 1
PhCpn dth = V’ [PhcphFl(TAo -T)
+ (—AHp)ky, ex ( E)V
h)Kn €XP RT,
- UwAw(T;\ - Tw)
- VAT - T )
* mole balance for species A (catalytic phase):
dC,. KA.
% =y CammCad
~E,
-k exp ( RT. )CAC, 49)
* reactor energy balance (catalytic phase):
dT; U A,
PcCpc df ‘/C ( k T(':)
o 50
+ (~AH, )k, exp(RT>CA (50)

Here F, and F, denote the inlet and outlet flow
rates, V, and V. denote the volumes of the
homogeneous and catalytic phases, Can, 7, and
Cac, T. denote the concentration and tempera-
ture of species A in the homogeneous and
catalytic phases, ky, k., En, E., AH, and AH,
denote the pre-exponential factors, the activa-
tion energies and the enthalpies of the two

reactions, K. and U_, U, denote mass and heat
transfer coefficients, and A,, and A, denote the
surfaces of the wall and the catalyst.

The control objective is the regulation of the
temperature of the catalyst by manipulating the
inlet flow rate F, in order to maintain the
generation of the product species C at the
desired level. The inlet concentration and
temperature of the species A, Cno and Ty
respectively, as well as the wall temperature T,
are assumed to be the measurable disturbances.
The values of the system parameters and the
corresponding steady-state values of the system
variables are given in Table 1. It was verified
that these conditions correspond to a critically
stable equilibrium point (the holdup of the
homogeneous phase acts as an integrator). The
process exhibits two-time-scale behavior owing
to the large heat capacity of the catalytic phase
(ie. the term p.c,. that multiplies the time
derivative of the catalyst temperature is large).
This implies that V,, Cay, T, and C,, are the fast
process variables, while 7. is the slow process

Table 1. Process parameters

% = 500.0 L min~!
c,,h 0.231 kcalkg™! K!
C,e=231kecalkg™' K™!
pr=09kgL"
pe=90.0kgL™!

K.A.=1618.0L min"'
U.A.=6667.0 kcal min!' K™!
U,A,=3340.0kcal min~' K™!
R = 1.987 kcal kmol ' K™'
ky, = 164.68 L mol~' min~'
E,=80x 10" keal kg™
k. = 2000.0 min "'
E.=9.0x10%kcalkg™!
AH,, = 69.2006 kcal kmol ™!
AH, = ~99.0781 kcal kmol ™
V.=1451L
V, = 1000.0L
Can=5.0mol L™!
T, = 690K
Cac=375mol L™
=720K
F,. =500 L min~"*
Cage = 10.0mol L™
oo = 305.0K
T,.=3100K
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variable (this fact was also validated through
open-loop simulations). It was also verified that
the process exhibits slightly non-minimum-phase
behavior, i.e. its zero dynamics exhibits a
two-time-scale behavior with critically stable fast
dynamics (the fast process modes are part of the
zero dynamics modes). In order to obtain a
singularly perturbed representation of the
process, where the partition to slow and fast
variables is consistent with the dynamic behavior
of the process, the parameter € is defined as

1 K-L
=0.048 —. (51)
PcCpe kcal

€ =

Setting

=T, 2=V, 22=Can 723=T,
24=Cae, u=F—F, d;=Ca— Caos
dy = Tao — Taos,
_ t
dy=T,— Ty, y=xy, = ,

ccpc

the original set of equations can be put in the
following singularly perturbed form (where the
time derivatives are taken with respect to )

% = U;’?° (za—x,) + (~AH )k exp (%%)24,
€Z; = u,
€2, = l [ESCAOs + —k, exp <_Eh)zl

2 Rz,

+ (_Es - KCAC)Z2 + KcAczl’a

+ (Cao— 22Ju + Flsdl] ,

(52)
.1 U,A,
€3= " [FIS(TAO —23) = (23— Tas)
4l hCph
U.A, —AH, -F
- (z3—x|)+( h)kh exp( h)z,
PnCpn PnCpn Rz
U.A,
+(Tao— z3)u + Fd, + d3] ’
pthh
. KCAC KcAc —Ec
€24 = V. Lt — V. —kceXP<Rx‘)]Z4-

From the structure of the differential equation
for z; in the above system, it is clear that the fast
dynamics of the process are singular, i.e. there
exists no well-defined quasi-steady-state for the
fast state vector z (this is an implication of the
assumption that the outlet flow rate is constant).
Since the process is in nonstandard form, the
two-step procedure of Section 5 will be followed

for the synthesis of the controller. In the first
step, the regularizing feedback law of the form

u=ﬁ—11 (53)

was used to transform the original two-time-scale
system into a new one in standard form with
exponentially stable fast dynamics. Under this
preliminary feedback, the original system takes
the form (where the time derivatives are taken
with respect to 7)

. UcAc —Ec
fr=y (z3 —x1) + (~AH.)k. exp (7?71) Zas
GZl =—-1+ 12,

1 —-E
€Z‘2=_{F15CA05+ [CAO_Z?_—kh exp( h)]z,
ra R

43
+ (_Fls - KCAC)ZZ
KAy + (Cao = )i + Fod
1 U,A,,
€l3=— {F]s( Tao—23) — (23— Tas) (54)
< PuCph
U.A.
- (z3—x1)
PhCph
—AH\)k -E
N [TA0—23+( h) hexp( h)]zl
PrCpn Rz,
U,A,
(T 200 + Fuad + =3
PnCpn
. KCAC +[ KcAc k.ex (_Ec>]
€3,= —— k. — .
Za V. 2 ‘ V. P Rx, 24

Setting € =0 in the above system and using the
fact that for a physically meaningful problem
2, =V, >0, the following set of differential and
algebraic equations can be obtained:

. UcAc _Ec
X = v (z3s— X)) + (—AH k. exp (R—xl>z4,

-E
0=FCaos t [CAO — Zs — kn €Xp (R h>]ﬁ

d3g
+ (—Fls - KCAC)ZZS + KcAcZ3s
+ (Cao— 229)i + Frd,

(35)

U,Aw
0= FIS(TAO - 235) - c (235 - Tws)

htph

U.A. —(AH)k ~-E
- (z3s—x,)+[ (AH:) hexp( “)]12
Pnulpn PhCon Rz,
U,A,
+ R, + ——ds,
phcph
O_KcAc +[_KcAc_k o (—Ec)]
‘/C as ‘/C < XP Rx, 24s.
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Owing to the nonlinear appearance of the
algebraic variable z;; in the above model, the
equilibrium manifold of the fast dynamics is of
the form z,=g(x,, 4,d,, d,, d;), where § is a
smooth vector function. The slow subsystem
takes then the form

. _UA. . -
X = v [83()‘1, d,d,, d,, d,) '—Xl]
—Ec ~ N
+ (‘AI‘IC)kC exp (_‘_)g4(x1, u, dl) dZ) d3)
Rx,
=:@(Xl,ﬁ, dl,dz, d3) (56)
where 3= 23 and 84 = sy and

D(x,, i, d,, d,, ds) is a nonlinear function. On
the basis of this system, it is clear that the
relative orders are 7 =1 and p = 1. Owing to the
nonlinear dependence of the auxiliary input #
and the disturbances d,, d, and d; in the system

723 T T

(56), the synthesis formula of Theorem 2 could
not be readily used. Instead, the auxiliary input &
was computed numerically by solving the
nonlinear equation %(x,, 4, d,, d,, d3) = (v —
Box1)/ B, for i, so that the response

B1y* + Boy =v (57)

is enforced in the closed-loop reduced system,
where the parameters B, and 8, were chosen to
be

Bo=1.0, B,=1.87min.

Several simulations were performed to evaluate
the performance of the controller.

In the first set of simulation runs, we
addressed the capability of the controller to
maintain the output of the system at the
operating steady state in the presence of the
following step disturbances: d; = —0.8mol L™,

722+

Tc (K)

721

720 —t—

Time (min)

@}

10 12

500 T T
400
300}
200r
100[—

or

FI-FIS (lt/mm)

.100 -
-200}
~300F

-400}

T T —T

—_ A

-500 —=
0

Time (min)

10 12

Fig. 2. Output and input profiles for regulation in the presence of constant disturbances.
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d,=-50K and d;=50K, imposed at ¢=
Omin. The corresponding output and input
profiles are shown in Fig. 2; clearly, the
controller guarantees stability of the fast
dynamics and regulates the output at the steady
state, attenuating the effect of the disturbances.
In the next set of simulation runs, we evaluated
the reference input tracking capabilities of the
controller in the presence of the above constant
disturbances. A 10K increase in the value of the
reference input was imposed at time ¢ =0 min.
Figure 3 displays the output and input profiles.
The performance of the controller is excellent,
guaranteeing the stability of the fast dynamics,
regulating the output at the new reference input
value and compensating for the effect of the
disturbances. For the sake of comparison, we
implemented the controller without measure-

732 . -

ments of the disturbance. Figure 4 depicts the
output and input profiles. One can immediately
see that the controller cannot attenuate the
effect of the disturbances leading to offset. A
feedforward/state feedback controller (Daouti-
dis and Kravaris, 1993) synthesized on the basis
of the original two-time-scale system was also
employed in the simulations. Figure 5 shows the
output profile and the profile of the volume of
the reactor. Clearly, this controller leads to
instability of the closed-loop system, because the
process exhibits a slightly non-minimum-phase
behavior.

In the next set of simulation runs, we
evaluated the capability of the controller to keep
the output of the system at the operating steady
state in the presence of time-varying distur-
bances. In particular, the following disturbances

730

728,

726}

Tc (K)

724)

7221

200}

1001

F;-F,, (It/min)

8

1

6
Time (min)

10 12

Fig. 3. Output and input profiles for reference input tracking in the presence of constant disturbances.
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729
728
7271
726

725;

Tc (K)

7241

723F

7221

721

720 L —

1 | i

Time (min)

500 T —

400

200

FI-FIS (1t/min)
<

-ZOOL
0}

-400

T -

i i i

-500 0 S

0 2 4

Time (min)

10 12

Fig. 4. Output and input profiles for reference input tracking in the presence of constant disturbances (pure feedback controller).

were imposed at t = 0 min:

2
d, = —0.8+0.5sin (7”:) mol L',
2
d,= —5.0 + sin (—;—’t) K,

2
d,=5.0+sin (-%ft) K,

where 7 =0.2min. Figure 6 shows the output
and input profiles. Clearly, the controller
performance is very satisfactory, guaranteeing
the stability of the fast dynamics, regulating the
output at the steady state and attenuating the
effect of the disturbances. Finally, the servo
behavior of the controller was evaluated in the
presence of the above time-varying disturbances.

Figure 7 illustrtaes the resulting output and input
profiles. As expected, the controller stabilizes
the fast dynamics, while regulating the output at
the new reference input value and attenuating
the effect of the disturbances on the output.

Remark 9. Note that the implementation of the
controller requires measurements of the volume
of the reactor and the temperature of the
catalytic phase for the feedback component, and
measurements of the three disturbances for the
feedforward component. It is important to
compare these requirements with those of
control methods that do not take explicitly into
account the multiple-time-scale behavior exhib-
ited by the process under consideration. For
example, let us consider a feedforward/state
feedback controller synthesized on the basis of
the full-order system (Daoutidis and Kravaris,
1993). The explicit form of the controller takes
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T (K)

V(i)

—_

o n

L i

[ 0.2

04

1 1.2 14

®4rime (min)

Fig. 5. Output and volume profiles for reference input tracking in the presence of constant disturbances (feedforward/feedback
input/output linearizing controller).

the form
w=[BoL L]y - Boh(x)
- Bl[Lﬁh(x) + Ly h(x)z
+ Ki:] Lw]Lflh(x)dK(t)]

~ Ba| Lih() + Lo, Lih(x)e

+[LsLgh(x)+ L% h(x) + L, Ly h(x)]z
+ Lo pt)(f(x) + Qx(x)z + Wz(x)d)]} ’

€

(58)

which becomes singular as e —0. It can be also
easily verified that the implementation of this
control law requires measurements of the full
state vector of the process (feedback com-
ponent) as well as measurements of the three
disturbance inputs (feedforward component).
This includes measurements of concentrations of
the species A in both the homogeneous and
catalytic phases, which are difficult to obtain in
practice.

From the results of the simulation study and
the observations of Remark 9, it is obvious that
the consideration of the two-time-scale nature of
the process in question at the modeling and
control level allows simplifying the synthesis and
implementation of the control system as well as
controlling effectively the process.
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Fig. 6. Output and input profiles for regulation in the presence of time-varying disturbances.

8. CONCLUSIONS

In this article, a class of nonlinear two-time-
scale control systems with external time-varying
disturbances was considered. Systems in both
standard and nonstandard form were studied.
For such systems, we synthesized well-
conditioned feedforward/state feedback laws
that guarantee exponential stability of the fast
dynamics and induce a prespecified input/output
response in the closed-loop system indepen-
dently of the disturbances in the limit as e — 0.
Utilizing singular perturbation methods, we
established that the discrepancy between the
output of the closed-loop full-order system and
the output of the closed-loop reduced system is
O(e), for sufficiently small values of the singular

perturbation parameter. We also identified and
discussed fundamental differences in the nature
of the control problem between systems in
standard and nonstandard form. Lyapunov’s
direct method was used to study the stability
properties of the closed-loop system and derive
precise conditions that guarantee boundedness
of the trajectories. Finally, the derived control
methodology was successfully implemented on a
typical nonlinear chemical process system with
time-scale separation, modeled by a singularly
perturbed system in nonstandard form. Com-
parison with an inversion-based control method,
which does not take into account the time-scale
multiplicity exhibited by the process, established
that the developed control methodology yields
significantly superior performance.



Two-time-scale systems with disturbances 1569

732 T v T — T
730k 4
7281 1
-
) 7261' 1
3
[2
724} {
7221 .
1 L . . A
2% 2 4 8 8 10 12
Time (min)
500 -+ . r .
400f 1
300t )
200F 1
£
=
e
2 )
4 9
o
05 ]
5005 2 4 8 10 12

Time (min)

Fig. 7. Output and input profiles for reference input tracking in the presence of time-varying disturbances.
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APPENDIX

Proof of Proposition 1
It is straightforward to show that the control law (15) on
the quasi-steady-state takes the forms

u=[1+kT(x)Q5"(x)g2x)] "

x{ii = kT(x)Q7 ' () flx) + Wa(x)d]}, (A1)
where the scalar function 1+ kT(x)Q5'(x)g,(x) is nonzero
uniformly in x € X.

Under the state feedback law (A.1), the reduced system
takes the form

X =F(x) + G)[1 + kT (x)Q35 ' (x)g2(x)]™"
X{a - kT(x)Q7 ' (D[ folx) + Walx)d]} + W(x)d, (A2)

y*=h(x),
where the vector fields F(x) and G(x) are given by (6). For
the system (A.2), p denotes the relative order of the output
y® with respect to the disturbance vector d. For this system,
one can directly show that the relative order of the output y*
with respect to the auxiliary input & is exactly equal to r. On
the other hand, if p =r, direct differentiation of the output of
the system of (A.2) yields the following expressions:

y=h),
YO = Leh(x),

ys(ﬁ‘l) : LF;‘lh(x),
ys(ﬁ) = L‘}h(x) + q)()(x, d),
Yo = L h(x) + @ (x, d, dV), (A3)

Y = L h(x) + @y, d, dD, ., 7 0),
¥ = Lih(x) + LoLF 'h(x)[1 + kT(x)Q7 ' (x)g2(x)] ™"
xXA4d - kT (x0)Q3 (1) fa(x) + Walx)d]}
£, _jx, d,dD,. ., d0P).

On the basis of (A.3), it is clear that 5 = p whenever p=<r. It
remains to be proved that the closed-loop reduced systems of
(18) and (A.2) are identical. Lemma A.l1 that follows
establishes this result.

Lemma A.1. Consider the two-time-scale system of the form
(1) in standard form, subject to the control law (15), and
assume that the matrix Q,(x) + g,(x)kT(x) is invertible
uniformly in x € X. Then the closed-loop reduced systems
(18) and (A.2), derived by commuting the order of the
operations (i) closing the feedback loop and (ii) setting e =0,
are identical.

Lemma A.1 generalizes a standard result for two-time-scale
systems under linear static state feedback laws (see e.g.
Corless et al, 1993) to nonlinear two-time-scale systems
under feedback laws of the form (15). The proof of the
lemma can be readily obtained along the lines of the one
given for the linear case (Corless et al., 1993), and will be
omitted for brevity.

Proof of Theorem 1

Part 1. Using the result of Lemma A.1, the reduced system
(18) can be written equivalently in the form (A.2).
Substitution of the control law (20) into the reduced system
(A.2) then yields the following closed-loop reduced system:

*=F(x)+ GO)[1 + kT(x)Q3 '(x)ga(x)] ™"
X{p(x) +g(x)v + Q(x, d,d,...) (A4)
~ kT()Q3 ' (x)[f(x) + Walx)d]} + W(x)d,
y* = h(x).

On the basis of (A.4) and following Daoutidis and Kravaris
(1993), it can be shown that the input/output behavior of the
form (24) can be enforced in the above closed-loop reduced
system if and only if the conditions (25) are satisfied.

Part 2. Under the control law (27), the closed-loop system
takes the form

£= 00+ 0z + {1 + TG g0

X (8 Ll h X [v - 3 BiLA(x)

k=0

= Bu®i(x,d,dD, ... ,d““"’)]}

+ &1 (KT O)[Q2(0)] 7' [folx) + Walx)d]
+kT(x)z} + Wi(x)d,

€ =f2(x) + Qz(x)Z + gz(x) (A.5)
x {11+ 7@ 2B L ()T
x [ =S BiLEh()

=S By (v, d, d“’,...,d““”’)]}

k=p

+ &L kT ()[ Q)] 7 [£2(x)
+ Wax)d] + kT(x)z} + Wax)d.

Defining a set of auxiliary variables £ by
= ~10:00)” {/0) + 2B Lo Li h ()]
x[v- 3 uLsnco)
=S By d, d, .,d““"’)] + Wz(x)d} (A6)

k=p
the closed-loop system (A.S) takes the form

x=fi(x}+ Q(x)z + g(x)
x {[B,LGL’F"h(X)]"[v ~ >, BiLkh(x)

k=0

= > Bi®u,(x, d, dV, ... ,d"‘””)]
k=p

KT~ O] + W)
€t = (x) + 0x(x)z + g2(0)
x {18 Lot heo) v - T eLbhee)

k=0

(A7)

= 3 Bubi—p(x,d, d D, .. ,d‘*“ﬂ’)]

k=p

@ - D)+ W@
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The properties of the above two-time-scale system can be
analyzed by performing a standard two-time-scale decom-
position. More specifically, introducing a new set of variables
1, defined as m;=z—¢ one can easily show that the
closed-loop fast subsystem is given by

dne_

dr
Since the matrix Q,(x) + g2(x)k¥(x) is Hurwitz uniformly in
x € X by an appropriate choice of the feedback gain kT(x),

the fast dynamics of the closed-loop system possess an
exponentially stable equilibrium manifold of the form

=0 (A9)

Furthermore, the closed-loop reduced system takes the form

[Q:(x) + g2(x)k T (x)] s (A.8)

x=Fx)+G(x)
X {[BrLaL’f'h(x)r'[v - 2 BiLsh(x)

, k=0 (A.10)
-3 B®,(x.d,dD,. .. ,d“"”’)]}
k=p
+W(x)d=:F(x, v, d),
y* = h(x),

where d =[d dV ... d""]" denotes an extended distur-
bance vector. From part 1 of the proof, we have that the
output of the above closed-loop reduced system is completely
independent of d, and the input/output response of (24) is
also enforced. Furthermore, from Proposition 2, the relative
order of y* with respect to v is equal to r, and thus there
exists a coordinate transformation of the form

& h(x)
¢ o3 Lsh(x)
[-]: P =Tx) = : . (A11)
[ e L h(x)

] (x)

where 7 € R”7" and ¢(x) is a smooth vector function, such
that the closed-loop reduced system (A.10) takes the form

E=Al+ by,
7=W(, 7, d), (A12)
=4,

where A is a Hurwitz matrix of dimension r X r, with 8,
chosen to satisfy Condition (i) of Theorem 3, b=

[0...01]eR™>" is a column vector and ¥({, ,d) is a
vector of smooth functions. Now, consider the following form
of the closed-loop full-order system:

£=Fx)+ G(x){[B,LGLr‘h(x)r‘[v - 3 BuLbh(x)

k=0

- > B, (xd, d"’,._.,d‘k"”)]} (A.13)

F W) + [0)(x) + 21K )z - ©),
€t = [Qa(x) + (K@ - £).

or, in terms of the coordinates (¢, 7, z),

{=AL+bv+OLL e
n=W({, 0. d) +P,.({ n)nr,
€2 ={Q:(¢, M) + &L, MKT(, )] ne
y= {I ’
where @, and ®,, are matrices of smooth functions. From the
stability result of Theorem 3, we have that if the hypotheses
of the theorem are satisfied, there exists an €* >0 such that if
€ (0, €*] then the states (¢, m,z) of the closed-loop
full-order system of (A.14) are bounded. Let € e (0, €*] and
consider the singularly perturbed system, resulting from the
states (¢, z) of the system (A.14),
{=AL+bv + DL ),
€2 =[Qy(L, n) + 820, MET(L, M), (A.15)
y=1{,

(A.14)

where 7 can be thought of as a bounded input. Performing a
two-time-scale decomposition on the above system, it can be
easily seen that the fast subsystem is exponentially stable
uniformly in x € X, and the reduced system takes the form

E=AL+by,

y =4,
where the superscript s denotes state of the reduced system,
which is also exponentially stable. Utilizing these two
stability properties, it can be shown (see Theorem 8.4 in
Khalil, 1992), that, under consistent initialization of the states
& G, ohe. 3(0)=¢(0), i=1,...,r, there exists an
e** ¢ (0, €*] such that if e e (0, e**] then the following

estimate holds for the solutions of systems (A.15) and
(A.16):

(A.16)

) =@+ O(e), t=0. (A.17)

From the above estimate, (28) follows directly. The proof of
the theorem is complete. 0

Proof of Proposition 3

Necessity. Consider the two-time-scale system (1), assumed
to be in standard form. Consider also its corresponding
reduced system (5), and assume that p <r. Under the control
law (33), the two-time-scale system (1) yields

1= [f(x) + g1(x)p(x)] + [Q1(x) + 8:(x)kT(x)])z
+gux)glejy + Wilx)d,

€2 = [f(x) + g2(x)p(x)] + [Q2(x) + g2(x)k T (x)]2
+ g2(x)g(x)v + Walx)d.

(A.18)

One can now easily verify that the fast subsystem is
exponentially stable, subject to an appropriate choice of
kT(x). Moreover, the closed-loop reduced system takes the
form

£=[F(x) + G (x)px)] + G)q(x)v + Wix)d,
y* = h(x).

For the above system, one can conclude, utilizing the results
of Propositions 1 and 2, that the relative orders of the pairs
(y%,v) and (y°,d) are equal to r and p respectively, for
which, by assumption, p =<r. But for nonlinear systems of the
form (5), it is well established (see e.g. Isidori, 1989) that the
necessary and sufficient condition for achieving exact
disturbance decoupling via static state feedback laws of the
form u=p(x)+qx)v is r<p, which establishes the
necessity of this condition. Finally, if the condition r<p
holds, but the condition kT(x)[Q,(x)]"'Wa(x)=0 does not,
i.e., for some x € X, kT(x)[Q.(x)]"'W,(x) # 0, we have from
(A.3) that for the reduced system (18), 5 =r <p, and thus a
static state feedback law of the form (33) does not suffice to
completely eliminate the effect of d on y* in the closed-loop
reduced system of (A.19), which shows the necessity of this
condition as well.

Sufficiency. Referring to the reduced system (5), assume
that r < p and kT(x)[Q:(x)] 'Ws(x) =0. Then it is straight-
forward to show that the control law of Theorem 1 takes the
form

(A.19)

w = {1+ KT '8}
B LoLi Wl v - 3 BLth]| (a20)

k=0
+ET[Q2(0)]™(x) + A (x)z,

which clearly belongs in the class of control laws described by
(33), and does achieve stabilization of the fast dynamics with
approximate decoupling of the effect of d on y.

Proof of Theorem 2
Part 1. Consider the closed-loop reduced system

1=F@)+G)px)+ G(x)g(xw
+G)0(x, d,dV, .. )+ W(x)d, (A.21)
y* = h(x).
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Following Daoutidis and Kravaris (1993), it can be shown
that the input/output behavior of the form (39) is enforced in
the above closed-loop reduced system if and only if the
conditions (40) are satisfied.

Part 2. Under the control law (42), the closed-loop system
takes the form

£ =)+ iz + | BrLaLs RCT

X [v ~ 3 BLkh(x)

k=0

- 2 BBy s(x, d, d, .,_yd(k*ﬁ))]}
k=p
+ 810k (x)z + W (x)d,

(A22)
&= H) + Q202 + 8. [B-LF ()] !

x [v— 2 BuLkh(x)

k=0

- 2 Bkcf)/(_,s(x, d dv,...,

k=p

+8:(1)kT(x)z + Wa(x)d.

=

Employing a standard two-time-scale decomposition, it is
straightforward to show that the closed-loop fast subsystem
takes the form

£ — W) + [0400) + £LKTCONz + gat)
x{ ;L";‘h(x)]*'[u - 2 BiLih(x)
k=0
- 2 B _s(x. d, dV, ...,d““’”]}
k=p

+ Walx)d. (A.23)

Clearly, the fast dynamics of the closed-loop system possess
an exponentially stable equilibrium manifold of the form

= ~10:() + gLk ()

+szm{w;LaL;*'h(xn-'[u -3 Betshen

, d‘kw‘))]} + Wz(x)d) )
(A.24)

E 200, d, dO, ...

k=p

since the matrix Q,(x) + g(x)kT(x) is Hurwitz uniformly in
x € X, by an appropriate choice of the feedback gain k7(x).

Furthermore, the closed-loop reduced system takes the
form

£=Fe0 + Geof Bt mel v - 3 BiLbhn

=1

k
- 2 By s(x, d, d, ....d“"’”)]}+ W (x)d,

k=p

9* = h(x). (A.25)

Finally, using the same arguments as in Theorem 1, it can be
shown that the controller (42) enforces the input/output
response of (39) in the closed-loop system in the limit as
e—0.

O

Proof of Theorem 3

The proof of the theorem will be derived utilizing a
Lyapunov function that is obtained as the composition of two
Lyapunov functions for the fast and slow closed-loop
subsystems (see also Saberi and Khalil (1984), Khalil (1992)
and a Lyapunov argument used in Christofides and Teel
(1995)).

The closed-loop system (A.13), with v =0, in terms of the
coordinates x, 7, takes the form

R G(x){[B'LGLF‘h(x)l"[ E Bi Lih(x)
k=0
- Zp Bi®uplr,d,d D, d(kwp))]} (A.26)
+W(x)d +[Q,(x) + g, ()K" (x)] g,
75 = [Q2(x) + g,(0)k T(x)]m; + 6(65}( + % )

Under Conditions (i) and (ii), it can be shown (following e.g.
Isidori, 1989) that the above closed-loop reduced system with
d(t) =0, that is

£=F(x) + G(x){[BrLcLF‘h(X)T'

<[~ 3 pshw ]|} =g, a2

k=0

is exponentially stable. Using Theorem 4.5 in Khalil (1992),
we have that there exists a smooth Lyapunov function
V:R">R., and a set of positive real numbers
(ay, a3, a3, ay, as) such that the conditions

a P sVx)y=a, P,

. av

V(x) =5%(X)S ~ay x?, (A.28)
[91‘ <
ax =ay x|

hold for all x e X that satisfy |x|=<as. Consider the
closed-loop reduced system with d(t) #0:

- () + G 8, Lot h(o))

x| -3 @6, d, dD, .. d%e
[ kZka i p(x )]}
+ W)d=:F(x) + Ax, d). (A.29)

Observing that the term x, d) vanishes if d(t)=0, and
using the third part of (A.28) and |x| = a5, direct computation
of the time derivative of the function V(x) along the
trajectories of the above system yields

V0= 21500 + @, )

= V[gF

]+_[0(x )

) (A.30)
~a e+ 5 [t D)

=< —a3 xf? + a, x| a Id),

where a, is positive real number. Since d(f) and its
derivatives are assumed to be sufficiently smail, there exists a
positive real number p, that satisfies u, < a,a1/a,a,, Where
a, <as, such that || < 1. Whenever this condition holds, an
application of Theorem 4.10 in Khalil (1992) gives that the
state of the system (A.29) is bounded for all x € X that
satisfy |x| <as. Let |d| < u, and calculate the time derivative
of V(x) along the trajectories of the x subsystem of (A.26).

V(x)< —a: X + ay|x|aq 1d] + ax x| Ind,  (A31)

where ay is a positive real number.
Since the matrix Q,(x) + g2(x)kT(x) is Hurwitz uniformly
in x € X, the fast subsystem

enr = [Qafx) + gz(x)k (X)), (A.32)
is exponentially stable. Using Lemma 5.7 in Khalil (1992),
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there exists a smooth Lyapunov function Q: R" X R* - R.,
of the form

Q(x, ng) = nfS(x)n; (A.33)

and a set of positive real numbers (b, b, bs, by, bs, be) such
that the conditions

by ini? < Qx, o) < b, In?,

j—i[Qz(X) + (KT = — b Ind, (A34)

Q
—l<b 2
r%t‘N sind

[ 0Q2 ad
‘.~’ <b,In. }
an¢
hold for all #; that satisfy |nd <b,. Observe that the time
derivative of the state vector x can be bounded as follows:

1= wy + wy x| + ws x| Ind, (A.35)

where w;, w, and w, are positive constants, for all x € X that
satisfy |x|<as. Furthermore, note that since 4 and its
derivatives up to order r — p + 1 are sufficiently small, there
exists a positive real number (possibly small) u, such that
jd| < p,. Using this fact and the estimates |3¢/dx|</; and
|0&/ad | <1, |x|, where [; and [/, are positive real numbers,
we have

9.

g;x +—d‘ =< L(wy + wy x| + wa x| ) + poly x|

=lyw; + (lws + pals) x|+ Lws [x] Ipd. - (A36)
Computing the time derivative of the function Q(x, 7;) along
the trajectories of the 7; subsystem of (A.26) and using the
inequalities (A.34) and (A.35), we get
. aQ aQ
=— 4 — %
Q(x, 1) o T
b
= - f (06 + ba el [Fawy + (lawa + poly) x|
+ Lws [x] [nel] + bs [0l (wy + wy x| + ws x| |nd)
b
= - (“3 - bsW1) [nel® + (bswy + balaws) Ix| Ind?

+ bsws x| |nel® + bylswy 4
+ byllaws + poly) x| Ind. (A.37)

Consider now the smooth function (Saberi and Khalil, 1984)
L:R" X R —R..,,

L(x, mg) = V{x) + Q(x, 71), (A.38)

as Lyapunov-function candidate for the system (A.26). From
(A.28) and (A.34), we have that L(x, 7;) is positive-definite
and proper (tends to +% as |x|—> @, or {nd— %) with respect
to its arguments. To establish boundedness of the
trajectories, we shall follow an approach similar to that in
Christofides and Teel (1995). To this end, we shall specify a
region in state space where the analysis will be performed.
First, let /s be some positive real number and define
w,:=ay(a;)* + [s. Now, define

ws = max L(x, m¢), (A.39)

10c, 1) R X - [x| s, |myl=hg)
Let w, > max {w4, ws} and define the set Q as follows:
Q={x n,d d) e R" xR x R? x R¥:
ld=p,, 1d| Mo, 04 = L(x, 1) S e} (A40)

The set Q is compact. Computing the time derivative of L
along the trajectories of the closed-loop system, the following
expression can be easily obtained:

9Q 9Q

aVv
Lx nf):*‘x 8Zx a_mnf (A.41)

Using the inequalities of (A.31) and (A.37), the following
bound for L can be computed:

L{x, ne) < —a3 x| + aq x| a, |d|
b
+ay xf{nd — (f - b5W1> [nd?

+ (bswy + bylawy) x| Ing?

+bsws x| I

+bylawy Il + ba(lawy + pola) x| Ime. (A42)
Using the fact that | < by, we get

L(x, n0) < a5 x| + aa, |x| |d|

b'; 2 L x n + b,l;w Nels
_< E’ bSWI)Il’f‘ ("I H ’l 3 ]| |

where
lo=ag + bebswy + bebalaws + b2bsws + bylaws + bausls.

We shall now use a three-step argument to show that there
exists a posmve real number e* such that if € € (0, €*] then
L is negative for all (x, ny, d, d) e Q.

Step 1. n¢=0. From the definition of the set Q,
&, npd d) e QN {(x, 91, d, d) nf—O} implies that
L(x, ny) =V(x) =z w,, which in turn implies that |x|=
{lax(a))? +1s)/az}'? 2z a;. Using (A.43), we have, QN
{(x, ne. d. d)},

L=V =—a;x? +asa, x| |d <0 (A.44)

Step 2. We shall now show that_there exists /; >0 such that
for all (x, nf,d d) e QN{(x, 7, d, d) Ind =15}, L is negative.
In this case, L takes the form

. - b _
L=—ayxP +asa x(|d] - f Ind? + (x, ny)  (A45)

where W(x, n,) is a continuoys scalar function that satisfies
Y(x,0)=0. Since (x, 7,4, d) elAe N{(x, ngd, d):n=0}
implies that |x|={[a,(as)*+ /s]/a;} and, since L is con-
tinuous, there exists /x>0 such that (x,nnd, d)eQN
{x, ns,d, d):Im¢| =1} implies |x|=a;. So, from the
previous step, we already have that the sum of the first two
terms in (A.45) is negative. Moreover, the sum of the third
and the fourth terms is nonpositive. Then, using the
properties of W, there exists /; </, such that L is negative.

Step 3. |nd=1,;. Using (A.43) and the various bounds for
(x, d, m5), we have

, - b
L(x, np) = —a3 [x[* + asa, x| d] - (ﬁ - b5W1> [n4l?
+ s Ix| |ngl + balaw, 4
= —aq x]? ~%1% + 1y (A.46)

where [, =aja¢asp, + b;w,b(, +lgasbe + balsw b, From
(A.46), it is clear that L is negative for all (x, .. d, d) e,
provided that

e_b‘“ Je*, (A.47)

ly
Using a claim analogous to that in Christofides and Teel
(1995), it can be shown that L(x, n;) is bounded for all t =0.
Since it is also proper with respect to (x, ny), the
boundedness of the trajectories follows directly for all
€ € (0, e*]. This completes the proof of the theorem. O



