UNIVERSITY OF CALIFORNIA

Los Angeles

Networked and Distributed Predictive Control:

Methods and Nonlinear Process Network Applications

A dissertation submitted in partial satisfaction of the
requirements for the degree Doctor of Philosophy

in Chemical Engineering

by

Jinfeng Liu

2011






The dissertation of Jinfeng Liu is approved.

James F. Détis

Gouhe

Gerassimos Orkoulas

P 1T e

Paulo Tabuada

University of California, Los Angeles

2011

il



Contents

1

2

Introduction

1.1 Motivation . . . . . . . ..o

1.2 Networked and Distributed Control Architectures . . . . .. . . . ..
1.2.1 Networked Control Architectures . . . . .. ... .. ... ..
1.2.2  Cooperative, Distributed Control Architectures . . . . . . ..
1.2.3 A Reactor-separator Process Example . . . . . . ... ... ..

1.3 Background . . . . ... .o

1.4 Objectives and Organization of the Dissertation . . . . . .. ... ..

Lyapunov-based Model Predictive Control

2.1 Introduction . . . . . . .. ...
2.2 Notation . . . . . . .. .
2.3 System Description . . . . . . ... oo
2.4 Lyapunov-based Control . . . . . ... .. ... ... ... ...
2.5 Model Predictive Control . . . . . . . . ... ... ... ... ..., .

2.6 Lyapunov-based Model Predictive Control . . . . . . . .. ... ...

il

14

18

21



2.7 LMPC with Asynchronous Feedback . . . . . ... ... ... .... 31

2.7.1 Modeling of Data Losses/Asynchronous Measurements . . . . 32
2.7.2 LMPC Formulation with Asynchronous Feedback . . . .. .. 33
2.7.3 Stability Properties . . . . . ... ... 36
2.7.4 Application to a Chemical Reactor . . . . ... .. ... ... 45
2.8 LMPC with Delayed Measurements . . . . . . . . ... ... ..... 54
2.8.1 Modeling of Delayed Measurements . . . . . .. ... .. ... 55
2.8.2 LMPC Formulation with Measurement Delays . . . . . . . .. 57
2.8.3 Stability Properties . . . . . . . ... oL 60
2.8.4 Application to a Chemical Reactor . . . . .. ... ... ... 65
2.9 Conclusions . . . . . . .. 71
Networked Predictive Process Control 74
3.1 Imtroduction . . . . . . . .. .. 74
3.2 System Description . . . . . ... Lo o 76
3.3 Modeling of Measurements . . . . . . .. ... ... ... 7
3.4 Lower-tier Controller . . . . . . .. .. ... ... ... ... ... .. 79
3.5 Two-tier Networked Control Architecture with Continuous/Asynchronous

Measurements . . . . . . ... 82
3.5.1 Upper-tier Networked LMPC Formulation . . ... ... ... 83
3.5.2  Stability Properties . . . . . . .. ..o 85
3.5.3 Application to a Chemical Reactor . . . . . ... ... .... 93
3.5.4 Application to a Reactor-separator Process . . . . . . . . . .. 103

v



3.6 Two-tier Networked Control Architecture with Continuous/Delayed

Measurements . . . . . . .. ..o 113
3.6.1 Upper-tier Networked LMPC Formulation . . . ... ... .. 113
3.6.2 Stability Properties . . . . . . .. ..o 116
3.6.3 Application to a Chemical Reactor . . . . . ... ... .... 121
3.6.4 Application to a Reactor-separator Process . . . . . . . .. .. 125
3.7 Application to a Wind-solar Energy Generation System . . . . . . . . 133
3.7.1 Wind-solar System Description . . . . . ... ... ... ... 133
3.7.2  Control Problem Formulation and Controller Design . . . . . . 139
3.7.3 Simulation Results . . . . .. ... ... 146
3.8 Conclusions . . . . . . . ... 157

Distributed Model Predictive Control: Two-controller Cooperation158

4.1 Introduction . . . . . . . ... 158
4.2 System Description . . . . . . ..o 161
4.3 Lyapunov-based Control . . . . . . ... .. ... ... ... ... 162
4.4 DMPC with Synchronous Measurements . . . . . . ... .. .. ... 164
4.4.1 DMPC Formulation . . . . . . .. ... ... ... ... 164
4.4.2 Stability Properties . . . . . .. ..o 170
4.4.3 Application to a Reactor-separator Process . . . . . . . . . .. 176
4.5 DMPC with Asynchronous Measurements . . . . ... ... .. ... 187
4.5.1 Modeling of Asynchronous Measurements . . . . . . . .. . .. 187
4.5.2 DMPC Formulation. . . . . . ... ... ... ... ... .. 187



4.6

4.7

4.5.3 Stability Properties . . . . . . .. ... 192

4.5.4 Application to a Reactor-separator Process . . . . . . . . . .. 195
DMPC with Delayed Measurements . . . . . . .. ... .. ... ... 198
4.6.1 Modeling of Delayed Measurements . . . . . . . . . ... ... 199
4.6.2 DMPC Formulation. . . . . ... ... ... ... ... ... 200
4.6.3 Stability Properties . . . . . . .. ... 204
4.6.4 Application to a Reactor-separator Process . . . . . . . . . .. 208
Conclusions . . . . . . . . .. 211

Distributed Model Predictive Control: Multiple-controller Cooper-

ation 213
5.1 Introduction . . . . . . .. ... 213
5.2 System Description . . . . . . .. ..o oo 215
5.3 Lyapunov-based Control . . . . . . .. .. .. ... ... ... .. 216
5.4 Sequential and Iterative DMPC Designs with Synchronous Measurements218

5.5

54.1 Sequential DMPC . . . . . ... ... ... 218
5.4.2 Tterative DMPC . . . . . .. .. ... ..o 226
5.4.3 Application to an Alkylation of Benzene Process . . . . . . . . 237

Sequential and Iterative DMPC Designs with Asynchronous Measure-

MENtS . . . . .. e e 254
5.5.1 Modeling of Asynchronous Measurements . . . . . . .. .. .. 254
5.5.2  Sequential DMPC with Asynchronous Measurements . . . . . 256
5.5.3 TIterative DMPC with Asynchronous Measurements . . . . . . 267

vi



5.5.4 Application to an Alkylation of Benzene Process . . . . . . . . 277

5.6 Iterative DMPC Design with Delayed Measurements . . . . . .. .. 281
5.6.1 Modeling of Delayed Measurements . . . . . .. .. ... ... 281

5.6.2 TIterative DMPC Formulation . . .. ... ... .. ...... 282

5.6.3 Stability Properties . . . . . . ... ..o 286

5.6.4 Application to an Alkylation of Benzene Process . . . . . . . . 289

5.7 Conclusions . . . . . . . .. 293

6 Conclusions 294
Bibliography 296

vii



List of Figures

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

A traditional control system with two control loops . . . . . . .. ..

A networked configuration for the system shown in Figure 1.1 (dashed
lines denote measurements and control actions transmitted via real-
time communication networks) . . . . . .. ... L

An alternative networked configuration for the system shown in Fig-
ure 1.1 (dashed lines denote measurements and control actions trans-
mitted via real-time communication networks) . . . .. ... ... .

A distributed control configuration for the system shown in Figure 1.1
(dashed lines denote information transmitted via real-time communi-
cation networks) . . ... oo oL

An alternative distributed control configuration for the system shown
in Figure 1.1 (dashed lines denote information transmitted via real-
time communication networks) . . . . .. ... Lo
Reactor-separator process with recycle . . . . ... .. ... .. ...
Local control configuration for the reactor-separator process . . . . .
A networked control configuration for the reactor-separator process. In
this configuration, a networked control system is designed to replace
the three local control loops in the local control configuration. . . . .
A networked control configuration for the reactor-separator process. In

this configuration, a networked control system in addition to the three
local controllers is designed to improve the closed-loop performance

viii

11



1.10 A distributed control configuration for the reactor-separator process.
In this configuration, the two networked controllers communicate via
the plant-wide network to coordinate their actions . . . . . . . . . ..

1.11 A distributed control configuration for the reactor-separator process.
In this configuration, four networked controllers are designed to ma-
nipulate the four control inputs and communicate via the plant-wide
network to coordinate their actions . . . . . . .. ... ... ...

2.1 LMPC design for systems subject to data losses. Solid lines denote
point-to-point, wired communication links; dashed lines denote net-
worked communication and/or asynchronous sampling/actuation . . .

2.2 (a)(c) State and input trajectories of the CSTR of Egs. 2.62-2.63 with
the LMPC of Egs. 2.23-2.28 with no data losses; (b)(d) State and
input trajectories of the CSTR of Eqs. 2.62-2.63 with the LMPC of
Egs. 2.16-2.20 with no data losses . . . . . . . ... ... ... ....

2.3 (a)(c) Worst case state and input trajectories of the CSTR of Egs. 2.62-
2.63 with the LMPC of Egs. 2.23-2.28 with T;,, = 5A; (b)(d) State and
input trajectories of the CSTR of Eqgs. 2.62-2.63 with the LMPC of
Eqgs. 2.16-2.20 with T,,, =5A . . . . . . . . ...

2.4 Worst case state and input trajectories of the CSTR of Eqs. 2.62-2.63
with T}, = 2A in closed-loop with (a) the LMPC of Egs. 2.23-2.28 and
(b) the Lyapunov-based controller of Eq. 2.66 . . . . . ... .. ...

2.5 LMPC design for systems subject to time-varying measurement delays

2.6 A possible sequence of delayed measurements . . . . . ... ... ..

2.7 A possible scenario of the measurements received by the LMPC of
Egs. 2.69-2.75 and the corresponding state trajectories defined in the
LMPC . . o

2.8 (a)(c) State and input trajectories of the CSTR of Egs. 2.62-2.63 with
the LMPC of Egs. 2.69-2.75 when no measurement delay is present;
(b)(d) State and input trajectories of the CSTR of Eqgs. 2.62-2.63 with
the LMPC of Egs. 2.16-2.20 when no measurement delay is present

2.9 Time sequence {t,>o} and corresponding delay sequence {d,>o} used
in the simulation shown in Figure 2.10 . . . . . . . .. .. ... ...

X

12

13

32

49

ol

95

67



2.10 (a)(c) State and input trajectories of the CSTR of Egs. 2.62-2.63 with

2.11

3.1

3.2

3.3

3.4

3.5

3.6

3.7

the LMPC of Egs. 2.69-2.75 when D is 6A and T,,, = A; (b)(d) State
and input trajectories of the CSTR of Egs. 2.62-2.63 with the LMPC
of Egs. 2.16-2.20 when D is6A and T, = A . . . . . ... ... ...

(a) Estimate of the set in which the state trajectories of the CSTR of
Eqgs. 2.62-2.63 with the LMPC of Eqgs. 2.69-2.75 are ultimately bounded
when the maximum allowable measurement delay D is 2A; (b) Esti-
mate of the set in which the state trajectories of the CSTR of Egs. 2.62-
2.63 with the LMPC of Egs. 2.69-2.75 are ultimately bounded when
the maximum allowable measurement delay D is 4A; (c) Estimate of
the set in which the state trajectories of the CSTR of Eqs. 2.62-2.63
with the LMPC of Eqgs. 2.69-2.75 are ultimately bounded when the
maximum allowable measurement delay D is 6A; (d) Comparison of
the threesets . . . . . . . . ... oL

Lower-tier controller with dedicated point-to-point, wired communica-
tion links and continuous sensing and actuation . . . . ... ... ..

Two-tier networked control architecture (solid lines denote dedicated
point-to-point, wired communication links and continuous sensing and
actuation; dashed lines denote networked (wired or wireless) commu-
nication or asynchronous sampling and actuation) . . . . . . . .. ..

Centralized networked control system . . . . . .. .. ... ... ...

State and input trajectories of the CSTR of Eqs. 2.62-2.63 under the
lower-tier PI control of Eq. 3.48 . . . . . . .. ... ... ... ...

Concentration sampling times, 4+: sampling times generated with W =
30, x: sampling times generated with W =20 . . . . ... ... ...

State and input trajectories of the CSTR of Eqs. 2.62-2.63 under the
two-tier control architecture when W = 30 (solid curves) and W = 20
(dashed curves) . . . . . . ...

State and input trajectories of the CSTR of Eqgs. 2.62-2.63 under the
centralized LMPC of Eqs. 3.41-3.45 with concentration sampling times
generated with W = 30 (solid curves) and W = 20 (dashed curves)

69

72

79

83

91

96

97

98

101



3.8

3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18

State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 un-
der lower-tier control law for steady-state x4 (solid curves) and steady-
state x4 (dashed curves) . . . . . . ... oo

Inputs trajectories of the reactor-separator process of Eqgs. 3.52-3.63
under lower-tier control law for steady-state xs (solid curves) and
steady-state zg (dashed curves) . . . . ... ... L

Mass fractions sampling times generated with W =1 (4) and W = 0.5

(X) o

State trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the two-tier control architecture when W =1 (solid curves) and
W =0.5 (dashed curves) . . . . . ... ... ..o

Inputs trajectories of the reactor-separator process of Eqgs. 3.52-3.63
under the two-tier control architecture when W =1 (solid curves) and
W =0.5 (dashed curves) . . . . . ... ... L

Possible worst scenario of the delayed measurements received by the

networked controller and the corresponding state trajectories defined
in the LMPC of Egs. 3.66-3.73 . . . . . . . . . ... ... ... ...

Worst case state and input trajectories of the CSTR of Egs. 2.62-2.63
under the two-tier control architecture with the networked LMPC of
EQs. 3.66-3.73 . . o o

State trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the two-tier control architecture with the networked LMPC of
Eqgs. 3.66-3.73 . . . . ...

Input trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the two-tier control architecture with the networked LMPC of
Eqgs. 3.66-3.73 . . . . ..

State trajectories of the reactor-separator process of Egs. 3.52-3.63
subject to input constraints under the lower-tier PI controller

Input trajectories of the reactor-separator process of Egs. 3.52-3.63
subject to input constraints under the lower-tier PI controller

x1

109

109

110

111

111

116

123

127

127

130

130



3.19

3.20

3.21

3.22

3.23

3.24

3.25

State trajectories of the reactor-separator process of Egs. 3.52-3.63
subject to input constraints under the two-tier control architecture
with the networked LMPC of Eqgs. 3.66-3.73 . . . . . ... ... ...

Input trajectories of the reactor-separator process of Eqs. 3.52-3.63

subject to input constraints under the two-tier control architecture
with the networked LMPC of Eqgs. 3.66-3.73 . . . . . . ... ... ..

Wind-solar energy generation system . . . . . .. .. ... ... ...
Supervisory control of a wind-solar energy generation system . . . . .

Power trajectories with constraints on the maximum increasing rates
of Py ef and Ps,cr. (a) Generated power P, 4+ Ps (solid line), total
power demand Pr (dashed line) and power provided by battery bank
P, (dotted line); (b) Power generated by wind subsystem P, (solid
line), wind power reference P, ,.; (dash-dotted line) and maximum
wind generation P, max (dashed line); (¢) Power generated by solar
subsystem P; (solid line), solar power reference P ,.; (dash-dotted
line) and maximum solar generation Ps.x (dashed line) . . . .. ..

Power trajectories taking into account suppression of battery power
fluctuation. (a) Generated power P, + Ps (solid line), total power de-
mand Pr (dashed line) and power provided by battery bank P, (dotted
line); (b) Power generated by wind subsystem P, (solid line), wind
power reference P, ,.; (dash-dotted line) and maximum wind gener-
ation Py max; (¢) Power generated by solar subsystem Ps (solid line),
solar power reference P ,.s (dash-dotted line) and maximum solar gen-
eration Py pay; (d) Generated power P, + Ps (solid line), total power
demand Pr (dashed line) and power provided by battery bank P, (dot-
ted line) . . . . ..

Environmental conditions and load current. (a) Wind speed v; (b)
insolation A;; (¢) PV panel temperature T'; (d) load current i,

xil

152



3.26

3.27

3.28

4.1

4.2

4.3

4.4

4.5

4.6

Power trajectories under varying environmental conditions. (a) Gener-
ated power P,, + Ps (solid line), total power demand Pr (dashed line)
and power provided by battery bank P, (dotted line); (b) Power gen-
erated by wind subsystem P,, (solid line), wind power reference P, .y
(dash-dotted line) and maximum wind generation P, m.x (dashed line);
and (c) Power generated by solar subsystem P; (solid line), solar power
reference P; . (dash-dotted line) and maximum solar generation Py jax
(dashed line) . . . . . . . ...

Environmental conditions and load current. (a) Wind speed with high
frequency disturbance v; (b) Insolation with high frequency distur-
bance \;; (¢) PV panel temperature T'; (d) load current i, . . . . ..

Power trajectories under varying environmental conditions with high
frequency disturbance. (a) Generated power P, + P; (solid line), total
power demand Pr (dashed line) and power provided by battery bank
P, (dotted line); (b) Power generated by wind subsystem P, (solid
line), wind power reference P, ,.; (dash-dotted line) and maximum
wind generation P, max (dashed line); and (c) Power generated by solar
subsystem P; (solid line), solar power reference P .. (dash-dotted line)
and maximum solar generation Pj .y (dashed line) . . . ... .. ..

Distributed MPC control architecture for networked control system
design . . . . ..

Centralized LMPC control architecture . . . . . . ... ... .. ...
Reactor-separator process with distributed control architecture . . . .

State trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Egs. 4.10-4.21 (solid lines) and centralized LMPC
of Egs. 4.35-4.40 (dashed lines) . . . ... ... ... ... ......

Input trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Egs. 4.10-4.21 (solid lines) and centralized LMPC
of Egs. 4.35-4.40 (dashed lines) . . . . ... ... ... ... .....

State trajectories of the reactor-separator process of Egs. 3.52-3.63
under the DMPC of Egs. 4.10-4.21 without communication between
the two LMPCs (solid lines) and with communication between the two
LMPCs (dashed lines) . . . . .. ... ... . . . ...

xiil

153

155

156

160

175

178

180

180



4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

Input trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Egs. 4.10-4.21 without communication between
the two LMPCs (solid lines) and with communication between the two

LMPCs (dashed lines) . . . . ... .. ... .. . . . . ...

State trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Egs. 4.10-4.21 with limited (solid lines) and un-
constrained (dashed lines) evaluation time . . . . . . ... ... ...

Input trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Eqgs. 4.10-4.21 with limited (solid lines) and un-
constrained (dashed lines) evaluation time . . . . . . ... ... ...

DMPC design for systems subject to asynchronous measurements

Asynchronous measurement sampling times {t,>o} with T,,, = 3A: the
z-axis indicates {t,>o} and the y-axis indicates the size of the interval
between t, and t,_1 . . . . . . ...

State trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Eqs. 4.49-4.62 (solid lines) and the DMPC of
Egs. 4.10-4.21 (dashed lines) in the presence of asynchronous measure-
ments . ...

Input trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Egs. 4.49-4.62 (solid lines) and the DMPC of
Eqgs. 4.10-4.21 (dashed lines) in the presence of asynchronous measure-
ments . ... Lo e e e e

DMPC design for systems subject to delayed measurements . . . . . .

Asynchronous time sequence {t,>o} and corresponding delay sequence
{ds>0} with T;,, = 0.04 h and D = 0.12 h: (a) the z-axis indicates
{ta>0} and the y-axis indicates the size of d,; (b) the upper axis indi-
cates {t,>0}, the lower axis indicates t, — d,, each arrow points from
to — d, to corresponding t, and the dashed arrows indicate the mea-
surements which do not contain new information. . . . . . . . .. ..

State trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Eqs. 4.81-4.97 (solid lines) and the DMPC of
Eqgs. 4.49-4.62 (dashed lines) in the presence of asynchronous and de-
layed measurements . . . . . .. ...

Xiv

184

186

186

188

197

198

199

200

209



4.17 Input trajectories of the reactor-separator process of Eqs. 3.52-3.63
under the DMPC of Egs. 4.81-4.97 (solid lines) and the DMPC of
Eqgs. 4.49-4.62 (dashed lines) in the presence of asynchronous and de-

layed measurements . . . . . ... 211
5.1 Sequential DMPC architecture . . . . . . . . .. ... ... ... ... 219
5.2 Tterative DMPC architecture . . . . . . . ... .. ... ... 227
5.3 Process flow diagram of alkylation of benzene . . . . . .. ... ... 236

5.4 Trajectories of the Lyapunov function V' (z) of the alkylation of benzene
process of Eqgs. 5.56-5.80 under the controller h(x) of Eq. 5.94 imple-
mented in a sample-and-hold fashion (solid line), the centralized LMPC
of Egs. 5.50-5.54 (dashed line), the sequential DMPC of Egs. 5.17-5.23
(dash-dotted line) and the iterative DMPC of Egs. 5.38-5.43 with ¢ = 1
(dotted line) . . . . . . . . .. 249

5.5 Total performance costs along the closed-loop trajectories of the alky-
lation of benzene process of Eqgs. 5.56-5.80 under centralized LMPC
of Egs. 5.50-5.54 (dashed line), sequential DMPC of Egs. 5.17-5.23
(dash-dotted line) and iterative DMPC of Egs. 5.38-5.43 (solid line) . 251

5.6 Sequential DMPC for nonlinear systems subject to asynchronous mea-
surements . ... oL L Lo L 255

5.7 Tterative DMPC for nonlinear systems subject to asynchronous mea-
surements . ... 255

5.8 Asynchronous measurement sampling times {t,>o} with T,,, = 75 s:
the x—axis indicates {t,>o} and the y—axis indicates the size of the
interval between ¢, and t,—1 . . . . . . ... .. ... 279

5.9 Trajectories of the Lyapunov function of the alkylation of benzene pro-
cess of Egs. 5.56-5.80 under the nonlinear control law h(z) implemented
in a sample-and-hold fashion and with open-loop state estimation, the
iterative DMPC of Eqs. 5.139-5.146 with ¢, = 1 and ¢ = 5, the
sequential DMPC of Eqgs. 5.98-5.106 and the centralized LMPC ac-
counting for asynchronous measurements: (a) V' (z); (b) Log(V(x)). . 280

5.10 Iterative DMPC for nonlinear systems subject to delayed measurements282

XV



5.11

5.12

5.13

Asynchronous time sequence {t,>o} and corresponding delay sequence
{dy>0} with T,,, = 50 s and D = 40 s: the x—axis indicates {t,>¢} and
the y—axis indicates the size of d, . . . . . . . . . .. ... ... ...

Trajectories of the Lyapunov function of the alkylation of benzene pro-
cess of Egs. 5.56-5.80 under the nonlinear control law h(z) implemented
in a sample-and-hold fashion and with open-loop state estimation, the
iterative DMPC of Eqgs. 5.176-5.183 with cpa = 1 and ¢ = 5 and
the centralized LMPC accounting for delays: (a) V(x); (b) Log(V (z))

Total performance costs along the closed-loop trajectories of the alky-
lation of benzene process of Eqgs. 5.56-5.80 under the centralized LMPC
accounting for delays (dashed line) and iterative DMPC of Egs. 5.176-
5.183 (solid line) . . . . . . ..

XVl

291



List of Tables

2.1

2.2

2.3

3.1

3.2

3.3

3.4

3.5

3.6

3.7

Process parameters of the CSTR of Eqgs. 2.62-2.63 . . . . . . .. ... 46

Total performance costs along the closed-loop trajectories of the CSTR
of Egs. 2.62-2.63 under the Lyapunov-based controller of Eq. 2.66 and
the LMPC of Eqs. 2.23-2.28 . . . . . . . . ... ... ... ... .. 53

Total performance costs along the closed-loop trajectories of the CSTR

of Egs. 2.62-2.63 under LMPC of Eqgs. 2.69-2.75 and LMPC of Egs. 2.23-
228 e 70

Total performance costs along the closed-loop trajectories of the CSTR
of Egs. 2.62-2.63 under the local PI controller of Eq. 3.48 and the two-
tier control with the upper-tier LMPC of Egs. 3.9-3.14 . . . . . . .. 100
Process variables of the reactor-separator process of Eqs. 3.52-3.63 . . 105

Process parameters of the reactor-separator process of Eqgs. 3.52-3.63 106

Steady-state operation parameters of x4 and x4 of the reactor-separator
process of Eqs. 3.52-3.63 . . . . . . ... L 107

Steady-states x4 and x4 of the reactor-separator process of Eqs. 3.52-
3.63 . 107

Control parameters for steady-states x4 and x4 of the reactor-separator
process of Eqs. 3.52-3.63 . . . . . .. .. 108

Total performance costs along the closed-loop trajectories of the reactor-
separator process of Egs. 3.52-3.63 under the local PI controller and
the two-tier control with the upper-tier LMPC of Egs. 3.9-3.14 . . . . 112

xvii



3.8 Total performance costs along the closed-loop trajectories of the CSTR
of Eqgs. 2.62-2.63 under the PI controller of Eq. 3.48 and the two-tier
control architecture with the upper-tier LMPC of Eqgs. 3.66-3.73 . . . 125

3.9 Steady-state values of manipulated inputs of the reactor-separator pro-
cess of Eqgs. 3.52-3.63 . . . . . . ... 126

3.10 Total performance costs along the closed-loop trajectories of the reactor-

separator process of Eqs. 3.52-3.63 under the PI controller and the
two-tier control architecture with the upper-tier LMPC of Eqgs. 3.66-3.73129

4.1 Noise parameters . . . . . . . . . . . .. 177

4.2 Steady-state values for u;, and uo, of the reactor-separator process of
Eqgs. 3.52-3.63 . . . . . .. 178

4.3 Steady-state values for z, of the reactor-separator process of Egs. 3.52-
3.63 . . e e 178

4.4  Total performance costs along the closed-loop trajectories of the reactor-

separator process of Eqs. 3.52-3.63 under the DMPC of Eqs. 4.10-4.21
and the LMPC of Eqs. 4.35-4.40 . . . . . . . ... ... ... ..... 182

5.1 Process variables of the alkylation of benzene process of Eqgs. 5.56-5.80 243
5.2  Parameter values of the alkylation of benzene process of Egs. 5.56-5.80 244

5.3 Steady-state input values for x; of the alkylation of benzene process of
Eqgs. 5.56-5.80 . . . . .. 245

5.4 Steady-state values for x, of the alkylation of benzene process of Egs. 5.56-
5.80 .o 246

5.5 Manipulated input constraints of the alkylation of benzene process of
Eqgs. 5.56-5.80 . . . . .. 246

5.6 Initial state values of the alkylation of benzene process of Eqs. 5.56-5.80247

5.7  Mean evaluation time of different LMPC optimization problems for 100
evaluations . . . . . . . . . Lo 250

Xviil



5.8 Total performance costs along the closed-loop trajectories I of the alky-
lation of benzene process of Eqs. 5.56-5.80 . . . . . .. ... ... ..

5.9 Total performance costs along the closed-loop trajectories II of the
alkylation of benzene process of Eqs. 5.56-5.80 . . . . . . . ... ...

5.10 Total performance costs along the closed-loop trajectories III of the
alkylation of benzene process of Egs. 5.56-5.80 . . . . . . . ... ...

Xix



ACKNOWLEDGEMENTS

I would like to thank my advisors, Professor Panagiotis D. Christofides and Pro-
fessor James F. Davis, for their guidance and support throughout the course of the
thesis.

I would like to thank Professor Gerassimos Orkoulas and Professor Paulo Tabuada
for agreeing to participate in my doctoral committee.

I would like to thank Professor David Munoz de la Pena for valuable suggestions

and discussions.

I would like to acknowledge the contributions of Dr. Benjamin J. Ohran and Wei
Qi to Chapter 3 and the contributions of Xianzhong Chen to Chapter 5 of this thesis.

Financial support from the National Science Foundation and from the UCLA
Graduate Division through a Doctoral Dissertation Year Fellowship is gratefully ac-
knowledged.

I would like to express my deepest gratitude to my family members, especially my

wife Anning Chen, for their encouragement, patience, and support.

XX



January 25, 1982

2003

VITA
Born, Wuhan, China

Bachelor of Science, Control Science and Engineering

Zhejiang University
Hangzhou, China

Master of Science, Control Science and Engineering
Zhejiang University
Hangzhou, China

20062011 Graduate Student

Department of Chemical and Biomolecular Engineering
University of California, Los Angeles

20072011 Teaching Assistant/Associate/Fellow

Department of Chemical and Biomolecular Engineering
University of California, Los Angeles

PUBLICATIONS AND PRESENTATIONS

. X. Chen, J. Liu, D. Mutioz de la Pena, and P. D. Christofides. Distributed
Model Predictive Control of Two-Time-Scale Nonlinear Systems. AIChE An-
nual Meeting, paper 393e, Salt Lake City, Utah, 2010.

. X. Chen, J. Liu, D. Munoz de la Pena, and P. D. Christofides. Sequential and
Iterative Distributed Model Predictive Control of Nonlinear Process Systems
Subject to Asynchronous Measurements. Proceedings of the 9th International

Symposium on Dynamics and Control of Process Systems, 611-616, Leuven,
Belgium, 2010.

. D. Chilin, J. Liu, J. F. Davis, and P. D. Christofides. Data-Based Monitoring
and Reconfiguration of a Distributed Model Predictive Control System. Pro-
ceedings of the American Control Conference, in press, 2011.

. D. Chilin, J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis.
Data-Based Monitoring and Reconfiguration of Distributed Model Predictive
Control Systems. AIChE Annual Meeting, paper 654a, Salt Lake City, Utah,
2010.

. D. Chilin, J. Liu, D. Muioz de la Pena, P. D. Christofides and J. F. Davis.
Detection, Isolation and Handling of Actuator Faults in Distributed Model Pre-
dictive Control Systems. Journal of Process Control, 20:1059-1075, 2010.

xx1



10.

11.

12.

13.

14.

15.

. D. Chilin, J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis.
Monitoring and Handling of Actuator Faults in a Distributed Model Predictive
Control System. Proceedings of the American Control Conference, 2847-2854,
Baltimore, Maryland, 2010 (Best Presentation in Session Award).

P. D. Christofides, J. Liu and D. Munoz de la Pena, “Networked and Distributed
Predictive Control — Methods and Nonlinear Process Network Applications,”
260 pages, in press, Advances in Industrial Control Series, Springer-Verlag,
Berlin, Germany, 2010.

M. Heidarinejad, J. Liu, D. Munoz de la Pena, and P. D. Christofides. Handling
Communication Disruptions in Distributed Model Predictive Control. Proceed-

ings of the 9th International Symposium on Dynamics and Control of Process
Systems, 282287, Leuven, Belgium, 2010.

M. Heidarinejad, J. Liu, and P. D. Christofides. Lyapunov-Based Economic
Model Predictive Control of Nonlinear Systems. Proceedings of the American
Control Conference, in press, 2011.

M. Heidarinejad, J. Liu, D. Mufioz de la Pena, J. F. Davis and P. D. Christofides.
Handling Communication Disruptions in Distributed Model Predictive Control
of Nonlinear Systems. Journal of Process Control, 21:173-181, 2011.

M. Heidarinejad, J. Liu, D. Munoz de la Pena, J. F. Davis, and P. D. Christofides.
Multirate Distributed Model Predictive Control of Nonlinear Uncertain Sys-
tems. AIChE Annual Meeting, paper 740c, Salt Lake City, Utah, 2010.

M. Heidarinejad, J. Liu, D. Munoz de la Pena, J. F. Davis, and P. D. Christofides.
Multirate Distributed Model Predictive Control of Nonlinear Systems. Proceed-
ings of the American Control Conference, in press, 2011.

J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Architecture for
Distributed Model Predictive Control of Nonlinear Process Systems. AIChE
Annual Meeting, paper 504c, Nashville, Tennessee, 2009.

J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Distributed
Model Predictive Control of Nonlinear Systems: Handling Delayed Measure-
ments. AIChE Annual Meeting, paper 586e, Salt Lake City, Utah, 2010.

J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Iterative
Distributed Model Predictive Control of Nonlinear Systems: Handling Delayed
Measurements.  Proceedings of the 49th IEEE Conference on Decision and
Control, 7251-7258, Atlanta, Georgia, 2010.

xxii



16

17.

18.

19.

20.

21.

22.

23.

24.

25.

. J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Sequential and
Iterative Architectures for Distributed Model Predictive Control of Nonlinear
Process Systems. AIChE Journal, 56:2137-2149, 2010.

J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Sequential and
Iterative Architectures for Distributed Model Predictive Control of Nonlinear
Process Systems. Part I: Theory. Proceedings of the American Control Confer-
ence, 3148-3155, Baltimore, Maryland, 2010 (Best Presentation in Session
Award).

J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Sequential and
Iterative Architectures for Distributed Model Predictive Control of Nonlinear
Process Systems. Part II: Application to a Catalytic Alkylation of Benzene Pro-
cess. Proceedings of the American Control Conference, 3156-3161, Baltimore,
Maryland, 2010.

J. Liu, D. Munoz de la Pena, and P. D. Christofides. Distributed Control Sys-
tem Design Using Lyapunov-Based Model Predictive Control. AIChE Annual
Meeting, paper 409a, Philadelphia, Pennsylvania, 2008.

J. Liu, D. Munoz de la Pena, and P. D. Christofides. Distributed Control
System Design Using Lyapunov-Based Model Predictive Control. Proceedings
of International Workshop on Assessment and Future Directions of Nonlinear
Model Predictive Control, 12 pages, Pavia, Italy, 2008.

J. Liu, D. Munoz de la Pena, and P. D. Christofides. Distributed Model
Predictive Control of Nonlinear Process Systems. AIChE Journal, 55:1171—
1184, 2009.

J. Liu, D. Munoz de la Pena, and P. D. Christofides. Distributed Model Predic-
tive Control of Nonlinear Process Systems Subject to Asynchronous Measure-
ments. Proceedings of IFAC International Symposium on Advanced Control of
Chemical Processes, 6 pages, Instabul, Turkey, 2009.

J. Liu, D. Munoz de la Pena, and P. D. Christofides.  Distributed Model
Predictive Control of Nonlinear Systems Subject to Asynchronous and Delayed
Measurements. AIChE Annual Meeting, paper 389f, Nashville, Tennessee, 2009.

J. Liu, D. Munoz de la Pena, and P. D. Christofides. Distributed Model
Predictive Control of Nonlinear Systems Subject to Asynchronous and Delayed
Measurements. Automatica, 46:52—61, 2010.

J. Liu, D. Munoz de la Pena and P. D. Christofides. Distributed Model Pre-
dictive Control of Nonlinear Systems Subject to Delayed Measurements. Pro-
ceedings of the 48th IEEE Conference on Decision and Control, 71057112,
Shanghai, China, 2009.

xx1il



26

27.

28.

29.

30.

31.

32.

33.

34.

J. Liu, D. Munoz de la Pena, and P. D. Christofides. Distributed Model
Predictive Control of Nonlinear Systems with Input Constraints. Proceedings
of the American Control Conference, 2319-2326, St. Louis, Missouri, 2009.

J. Liu, D. Munoz de la Pena and P. D. Christofides. Distributed Model Pre-
dictive Control System Design Using Lyapunov Techniques. Assessment and
Future Directions of Nonlinear Model Predictive Control-08, Lecture Notes in

Control and Information Sciences Series, L. Magni, D. M. Raimondo and F.
Allgower (Eds.), 384, 181-194, Springer-Verlag, Berlin, 2009.

J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis. Lyapunov-
Based Model Predictive Control of Nonlinear Systems Subject to Time-Varying
Measurement Delays. AIChE Annual Meeting, paper 266¢, Philadelphia, Penn-
sylvania, 2008.

J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis. Lyapunov-
Based Model Predictive Control of Nonlinear Systems Subject to Time-Varying

Measurement Delays. International Journal of Adaptive Control and Signal
Processing, 23:788-807, 2009.

J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis. Lyapunov-
Based Model Predictive Control of Nonlinear Systems Subject to Time-Varying
Measurement Delays. Proceedings of the 47th IEEE Conference on Decision
and Control, 4632-4639, Cancun, Mexico, 2008.

J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis. Lyapunov-
Based Model Predictive Control of Particulate Processes Subject to Asyn-
chronous Measurements. Particle € Particle Systems Characterization, 25:360—
375, 2008.

J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis. Lyapunov-
Based Predictive Control of Particulate Processes Subject to Asynchronous
Measurements. Proceedings of the American Control Conference, 2233-2240,
Seattle, Washington, 2008.

J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis. A Two-Tier
Architecture for Networked Process Control. AIChE Annual Meeting, paper
687a, Philadelphia, Pennsylvania, 2008.

J. Liu, D. Munoz de la Pena, B. Ohran, P. D. Christofides, and J. F. Davis. A
Two-Tier Architecture for Networked Process Control. Chemical Engineering
Science, 63:5394-5409, 2008.

XX1v



35

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

. J. Liu, D. Munoz de la Pena, B. Ohran, P. D. Christofides, and J. F. Davis.
A Two-Tier Control Architecture for Nonlinear Process Systems with Contin-
uous/Asynchronous Feedback. International Journal of Control, 83:257-272,
2010.

J. Liu, D. Munoz de la Pena, B. Ohran, P. D. Christofides, and J. F. Davis.
A Two-Tier Control Architecture for Nonlinear Process Systems with Continu-
ous/Asynchronous Feedback. Proceedings of the American Control Conference,
133-140, St. Louis, Missouri, 2009.

J. Liu, D. Munoz de la Pena, B. Ohran, C. McFall, P. D. Christofides, and J.
F. Davis. Networked Predictive Control of Process Systems. AIChE Annual
Meeting, paper 143f, Salt Lake City, Utah, 2007.

J. Liu, B. J. Ohran, D. Munoz de la Pena, P. D. Christofides and J. F. Davis.
Monitoring and Handling of Actuator Faults in Two-Tier Control Systems for
Nonlinear Processes. Chemical Engineering Science, 65:3179-3190, 2010.

J. Liu, B. Ohran, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis. Net-
worked Monitoriing and Fault-Tolerant Control of Nonlinear Process Systems.
AIChE Annual Meeting, paper 264e, Nashville, Tennessee, 2009.

J. Liu and G. Rong. Application of Web Text Mining in Study Assistance.
Information Science, 24:400-404, 2006.

J. Liu and G. Rong. Mining Dynamic Association Rules in Databases. Compu-
tational Intelligence and Security, Lecture Notes in Computer Science, Y. Hao
et al. (Eds), 3801, 688-695, Springer-Verlag, Berlin, 2005.

D. Munoz de la Pena, J. Liu, P. D. Christofides, and J. F. Davis. Estimation-
Based Networked Predictive Control of Nonlinear Systems. AIChE Annual
Meeting, paper 529e, Salt Lake City, Utah, 2007.

B. Ohran, J. Liu, D. Munoz de la Pena, P. D. Christofides and J. F. Davis.
Data-Based Fault Detection and Isolation Using Feedback Control: Output
Feedback and Optimality. Chemical Engineering Science, 64:2370-2383, 2009.

B. Ohran, J. Liu, D. Munoz de la Pena, P. D. Christofides and J. F. Davis. Data-
Based Fault Detection and Isolation Using Output Feedback Control. Pro-
ceedings of IFAC International Symposium on Advanced Control of Chemical
Processes, 6 pages, Instabul, Turkey, 2009.

B. Ohran, J. Liu, D. Munoz de la Pena, P. D. Christofides and J. F. Davis. Net-
worked Monitoring and Fault-Tolerant Control of Nonlinear Process Systems.
Proceedings of the 48th IEEE Conference on Decision and Control, 4117-4124,
Shanghai, China, 2009.

XXV



46. G. Rong, J. Liu and H. Gu. Mining Dynamic Association Rules in Databases.
Control Theory € Applications, 24:127-131, 2007.

47. W. Qi, X. Chen, J. Liu, and P. D. Christofides. Supervisory Predictive Control
of Integrated Wind/Solar Energy Generation Systems. AIChE Annual Meeting,
paper 454c, Nashville, Tennessee, 2009.

48. W. Qi, J. Liu, X. Chen, and P. D. Christofides. Supervisory Predictive Control
Systems of an Integrated Wind/Solar Energy Generation and Water Desalina-
tion system. Proceedings of the 9th International Symposium on Dynamics and
Control of Process Systems, 821-826, Leuven, Belgium, 2010.

49. W. Qi, J. Liu, X. Chen, and P. D. Christofides. Supervisory Predictive Control
of Stand-Alone Wind-Solar Energy Generation Systems. I[EEE Transactions
on Control Systems Technology, 19:199-207, 2011.

50. W. Qi, J. Liu, and P. D. Christofides. A Two-Time-Scale Framework to Super-
visory Predictive Control of an Integrated Wind/Solar Energy Generation and
Water Desalination System. Proceedings of the American Control Conference,
in press, 2011.

51. W. Qi, J. Liu, and P. D. Christofides. Supervisory Predictive Control of an
Integrated Wind /Solar Energy Generation and Water Desalination System: A
Two-Time-Scale Approach. AIChE Annual Meeting, paper 640c, Salt Lake
City, Utah, 2010.

52. W. Qi, J. Liu and P. D. Christofides. Supervisory Predictive Control for Long-
Term Scheduling of an Integrated Wind/Solar Energy Generation and Water
Desalination System. I[EEE Transactions on Control Systems Technology, in
press.

XXVi



ABSTRACT OF THE DISSERTATION

Networked and Distributed Predictive Control:

Methods and Nonlinear Process Network Applications

by

Jinfeng Liu

Doctor of Philosophy in Chemical Engineering
University of California, Los Angeles, 2011

Professor Panagiotis D. Christofides, Chair

Traditionally, process control systems rely on centralized control architectures uti-
lizing dedicated, wired links to measurement sensors and control actuators to regulate
appropriate process variables at desired values. While this paradigm to process con-
trol has been successful, we are currently witnessing an augmentation of the existing,
dedicated control systems, with additional networked (wired and/or wireless) actu-
ator/sensor devices which have become cheap and easy-to-install. While such an
augmentation in sensor information, actuation capability and network-based avail-
ability of data has the potential to dramatically improve control system performance,
it poses a number of new challenges in control system design that cannot be addressed

with traditional control methods.

This dissertation presents rigorous, yet practical, methods for the design of net-
worked and distributed predictive control systems. Beginning with a review of recent

results on the subject, the dissertation presents the design of model predictive con-
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trol systems via Lyapunov-based control techniques, accounting for the influence of
asynchronous and delayed measurements. Then, the dissertation focuses on the de-
velopment of a networked control architecture, which naturally augments dedicated
control systems with networked control systems and takes advantage of additional,
potentially asynchronous and delayed measurements, to maintain closed-loop stabil-
ity and significantly improve closed-loop performance. Subsequently, the dissertation
focuses on the design of distributed predictive control systems, that utilize a fraction
of the time required by the respective centralized control systems and cooperate in
an efficient fashion, to compute optimal manipulated input trajectories that achieve
desired stability, performance and robustness specifications. The control methods
are applied to nonlinear chemical process networks and wind-solar energy genera-
tion systems and their effectiveness and performance are evaluated through detailed

computer simulations.
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Chapter 1

Introduction

1.1 Motivation

Increasingly faced with the requirements of safety, environmental sustainability, and
profitability, chemical process operation is relying extensively on highly automated
control systems. This realization has motivated extensive research, over the last forty
years, on the development of advanced operation and control strategies to achieve
economically optimal plant operation by regulating process variables at appropriate
values. With respect to process control, control systems traditionally utilize ded-
icated, point-to-point wired communication links using a small number of sensors
and actuators to regulate appropriate process variables at desired values. While this
paradigm to process control has been successful, chemical plant operation could sub-
stantially benefit [111, 15, 78, 11, 116, 64] from an efficient integration of the existing,
point-to-point control networks (wired connections from each actuator or sensor to the
control system using dedicated local area networks) with additional networked (wired
or wireless) actuator or sensor devices that have become cheap and easy-to-install.

Such an augmentation in sensor information, actuation capability and network-based



availability of wired and wireless data is now well underway in the process industries
and clearly has the potential to dramatically improve the ability of the single-process
and plant-wide model-based control systems to optimize process and plant perfor-
mance. Network-based communication allows for easy modification of the control
strategy by rerouting signals, having redundant systems that can be activated auto-
matically when component failure occurs, and in general, it allows having a high-level
supervisory control over the entire plant. However, augmenting existing control net-
works with real-time wired or wireless sensor and actuator networks challenges many
of the assumptions made in the development of traditional process control methods
dealing with dynamical systems linked through ideal channels with flawless, contin-
uous communication. In the context of networked control systems, key issues that
need to be carefully handled at the control system design level include data losses
due to field interference and time-delays due to network traffic as well as due to the
potentially heterogeneous nature of the additional measurements. In the context of
control system architectures, augmenting dedicated, local control systems with con-
trol systems that utilize real-time sensor and actuator networks gives rise to the need
to coordinate separate control systems that operate on a process. However, the rigor-
ous design of cooperative, distributed control architectures for nonlinear processes is
a challenging task that cannot be addressed with traditional process control methods
dealing with the design of centralized control systems. To design cooperative, dis-
tributed control systems, key fundamental issues that need to be addressed include the
design of the individual control systems and of their communication strategy so that
they efficiently cooperate in achieving the closed-loop plant objectives. Motivated by
the above, this dissertation presents general methods for the design of networked and
distributed predictive control systems, accompanied by their application to nonlinear

process networks.
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Figure 1.1: A traditional control system with two control loops

1.2 Networked and Distributed Control Architec-
tures

To provide concrete motivation for the control problems addressed in this dissertation,
we discuss below the general concept of networked and distributed process control

using block diagrams and a chemical process example.

1.2.1 Networked Control Architectures

Traditionally, the different components (i.e., sensor, controller and actuator) in a
control system are connected via wired, point-to-point links, and the control laws
are designed and operate based on local continuously-sampled process output mea-
surements. For a system with multiple control loops, the controllers, in general, are
designed to work in a decentralized fashion. Figure 1.1 shows a traditional control
system with two control loops. In Figure 1.1, two local control systems (i.e., LCS
1 and LCS 2) are designed based on two different continuously-sampled outputs, 3,
and ys, of the system. The two controllers do not exchange information and operate

in a decentralized fashion.

Communication networks make the transmission of data much easier and provide
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Figure 1.2: A networked configuration for the system shown in Figure 1.1 (dashed lines
denote measurements and control actions transmitted via real-time communication
networks)

a higher degree of freedom in the configuration of control systems. However, new
issues arise in the design of a networked control system (NCS), for example, the in-
troduction of data losses and time-varying delays in the control loop as well as the
use of asynchronous measurements. On the other hand, additional information of
a system which previously were difficult or impossible to access because of physical
or economical reasons may be now available via networked devices like, for example,
networked sensors deployed over chemical plants. The additional information may
be used to improve the closed-loop performance and the fault tolerance of a con-
trol system. However, because of the nature of the additional sensing (for example,
concentration versus temperature measurements) and the fact that this information
is collected and transmitted through real-time wired or wireless networks, a con-
trol system should also be able to handle heterogeneous (for example, continuous,
asynchronous and delayed) measurements. In order to take advantages of the use of
networks in the transmission of information and to use the additional information
provided by networked devices, one approach is to design an NCS which takes data
losses, delays and heterogeneous measurements explicitly into account to replace the
local control loops. Figure 1.2 shows this kind of NCS design for the system shown in

Figure 1.1. In Figure 1.2, an NCS is designed to replace the two local controllers in
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Figure 1.3: An alternative networked configuration for the system shown in Figure 1.1
(dashed lines denote measurements and control actions transmitted via real-time com-
munication networks)

Figure 1.1 taking into account all the available measurements (i.e., originally avail-
able measurements y;, yo and additional measurement y3). The key issues in the

design of such an NCS include the handling of data losses, time-varying delays and
the utilization of heterogeneous measurements.

Instead of replacing the local control loops, an alternative to the above networked
control configuration is to design an NCS to augment the local control loops to take
advantage of the additional measurements to manipulate additional control inputs or
adjust the control actions of the existing local controllers to improve the closed-loop
performance. The networked control configuration resulting in this case is shown in
Figure 1.3. The main question is how to design the NCS to maintain the closed-loop
stability achieved by the local controllers while improving the closed-loop perfor-

mance.

1.2.2 Cooperative, Distributed Control Architectures

Consider the second networked control configuration shown in Figure 1.3. In this
configuration, there is no communication between the networked controller and the

two local controllers. In this sense, the three controllers work in a decentralized
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Figure 1.4: A distributed control configuration for the system shown in Figure 1.1
(dashed lines denote information transmitted via real-time communication networks)

fashion. When the local controllers are designed via classical (e.g., proportional-
integral-derivative (PID) control), geometric or Lyapunov-based control methods for
which an explicit formula for the calculation of the control action is available, and
the networked controller is designed via model-based control methods, like model
predictive control (MPC), the coupling between the networked controller and the
local controllers may be taken into account if the networked controller is carefully
designed. However, when the local controllers are designed via MPC for which there
is no explicit controller formula to calculate the future control actions, it is necessary
to establish some, preferably small, communication between the different controllers
so that they can coordinate their actions, which leads to the design of distributed
control systems.

Figure 1.4 shows such a control configuration for the system shown in Figure 1.1.
In this distributed control system, an LCS is designed to determine u; and uy and an
NCS is designed to calculate us based on all the information available via networks. In
order to coordinate the control actions, the two controllers communicate to exchange
information which could be future input trajectories the two controllers will apply
or/and system measurements. In this case, we need to consider how the distributed

controllers should communicate, what information they need to exchange and how to
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Figure 1.5: An alternative distributed control configuration for the system shown in
Figure 1.1 (dashed lines denote information transmitted via real-time communication
networks)

coordinate their actions to achieve stability of the entire closed-loop system.

In the distributed control configuration shown in Figure 1.4, the control inputs
are distributed into the two controllers by their functionalities; that is, the LCS
determines u; and usy to ensure the closed-loop stability, and the NCS determines us to
improve the closed-loop performance. An alternative to this kind of decomposition of
the control inputs is to decompose the inputs spatially; that is, a distributed controller
is designed for each control input (or each subsystem) as shown in Figure 1.5. In the
distributed control configuration of Figure 1.5, three NCSs are designed to manipulate
the three control inputs, respectively, based on all the available measurements. The
three controllers communicate to coordinate their actions. This type of distributed
control configuration is more flexible in the control loop selection compared with the

one shown in Figure 1.4.

1.2.3 A Reactor-separator Process Example

Consider a three vessel, reactor-separator process consisting of two continuously

stirred tank reactors (CSTRs) and a flash tank separator shown in Figure 1.6. A
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Figure 1.6: Reactor-separator process with recycle

feed stream to the first CSTR Fg contains the reactant A which is converted into the
desired product B. The desired product B can then further react into an undesired
side-product C'. The effluent of the first CSTR along with additional fresh feed Fj
makes up the inlet to the second CSTR. The reactions A — B and B — C take
place in the two CSTRs in series before the effluent from CSTR 2 is fed to the flash
tank. The overhead vapor from the flash tank is condensed and recycled to the first
CSTR, and the bottom product stream is removed. A small portion of the overhead
is purged before being recycled to the first CSTR.

The control objective is to stabilize the process at a desired operating steady-
state and achieve an optimal level of closed-loop performance. To accomplish the
control objective, we may design three local single loop controllers to manipulate the
three heat inputs, (01, 02, (D3, based on continuous temperature measurements of the
three vessels. The three local controllers may be designed via proportional-integral-
derivative (PID) control. This control configuration is shown in Figure 1.7, which
is the common traditional local control system configuration for a process shown in

Figure 1.6. This local control configuration corresponds to the control architecture
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Figure 1.7: Local control configuration for the reactor-separator process

shown in Figure 1.1.

In the reactor-separator process, the additional information that we have access
to because of additionally deployed networked sensors could be the species concen-
tration measurements of each component in the three vessels. These measurements
are subject to sampling delays and network transmission data package dropouts and
they may not be available at every sampling time. To use the additional informa-
tion, we may design an NCS to replace the three local control loops. This networked
control configuration of the reactor-separator process is shown in Figure 1.8 which

corresponds to the control architecture shown in Figure 1.2.

Instead of replacing the local control loops, an alternative to the above networked
control configuration is to design an NCS to augment the local control loops to take
advantage of the additional species concentration measurements as well as of the
temperature measurements to adjust additional manipulated inputs, for instance, the
feed flow rate to the second vessel, Fyy. This networked control configuration of the
reactor-separator process is shown in Figure 1.9 which corresponds to the control

architecture shown in Figure 1.3.
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Figure 1.8: A networked control configuration for the reactor-separator process. In
this configuration, a networked control system is designed to replace the three local
control loops in the local control configuration
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Figure 1.9: A networked control configuration for the reactor-separator process. In
this configuration, a networked control system in addition to the three local controllers
is designed to improve the closed-loop performance
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Figure 1.10: A distributed control configuration for the reactor-separator process.
In this configuration, the two networked controllers communicate via the plant-wide
network to coordinate their actions

Figure 1.10 shows a distributed control configuration for the reactor-separator
process. In this design, two networked controllers are designed to manipulate the
three heat inputs and the feed flow rate to vessel 2, respectively, and communicate
through the plant-wide network to exchange information and coordinate their actions.
This control configuration corresponds to the one shown in Figure 1.4.

Figure 1.11 shows the alternative distributed control configuration corresponding
to Figure 1.5 for the reactor-separator process. In this design, four networked con-
trollers are designed to manipulate the four control inputs and communicate through

the plant-wide network to exchange information and coordinate their actions.
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Figure 1.11: A distributed control configuration for the reactor-separator process.
In this configuration, four networked controllers are designed to manipulate the four
control inputs and communicate via the plant-wide network to coordinate their actions
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1.3 Background

Within control theory, the study of control over networks has attracted considerable
attention in the literature (e.g. [7, 74, 67, 12, 100]) and early research focused on
analyzing and scheduling real-time network traffic (e.g. [93, 32]). Research has also
focused on the stability of network-based control systems. A common approach is to
insert network behavior between the nodes of a conventional control loop, designed
without taking the network behavior into account. More specifically, in [108], it was
proposed to first design the controller using established techniques considering the
network transparent, and then to analyze the effect of the network on closed-loop
system stability and performance. This approach was further developed in [76] using
a small gain analysis approach. In the last few years, however, several research papers
have studied control using the IEEE 802.11 and Bluetooth wireless networks, see, for
example, [113, 112, 83, 98] and the references therein. In the design and analysis of
networked control systems, the most frequently studied problem considers control over
a network having constant or time-varying delays. This network behavior is typical of
communications over the Internet but does not necessarily represent the behavior of
dedicated wireless networks in which the sensor, controller, and actuator nodes com-
municate directly with one another but might experience data losses. An appropriate
framework to model lost data, is the use of asynchronous systems [91, 96, 28]. In this
framework, data losses occur in an stochastic manner, and the process is considered
to operate in an open-loop fashion when data is lost. The most destabilizing cause of
packet loss is due to bursts of poor network performance in which case large groups
of packets are lost nearly consecutively. A more detailed description of bursty net-
work performance using a two-state Markov chain was considered in [79]. Modeling

networks, using Markov chains results in describing the overall closed-loop system as
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a stochastic hybrid system [30]. Stability results have been presented for particular
cases of stochastic hybrid systems (e.g. [61, 28]). However, these results do not di-
rectly address the problem of augmentation of dedicated, wired control systems with

networked actuator and sensor devices to improve closed-loop performance.

With respect to other results on networked control, in [44], stability and distur-
bance attenuation issues for a class of linear networked control systems subject to
data losses modeled as a discrete-time switched linear system with arbitrary switch-
ing was studied. In [33] (see also [27, 3, 19]) optimal control of linear time-invariant
systems over unreliable communication links under different communication protocols
(with and without acknowledgement of successful communication) was investigated
and sufficient conditions for the existence of stabilizing control laws were derived.
In [28], the stability properties of a class of networked control systems modeled as
linear asynchronous systems was studied. Networked control systems in which the
plant is modeled by a nonlinear system have received less attention. Limited access
systems where each unit must compete with the others for access to the network
have been studied in [107, 108, 76, 77] within a sampled-data system framework. In
these works, practical stability of the system is guaranteed if the maximum time for
which access to the network is not available is smaller than a given constant denoted
as the maximum allowable transmission interval (MATI). A common theme of the
above-mentioned works is that the controller is designed without taking into account
the network dynamics and subsequently, the robustness of the closed-loop system
in the presence of the network dynamics is studied. Furthermore, the importance of
time delays in the context of networked control systems has also motivated significant
research effort in modeling such delays and designing control systems to deal with

them, primarily in the context of linear systems (e.g., [43, 69, 109, 115, 110, 23]).
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In another recent line of work, Antsaklis and co-workers [68, 69] have proposed
a strategy based on using an estimate of the state computed via the nominal model
of the plant to decide the control input over the period of time in which feedback
is lost between consecutively received measurements. In [68, 69], this framework
was applied to optimize the bandwidth needed by a networked control system mod-
eled as a sampled-data linear system with variable sampling rate. Other relevant
works related to this approach include [72, 73], where the design of a linear output-
feedback controller to stabilize a linear networked control system in the presence of
delays, sampling and data losses was addressed. Within process control, important
recent work on the subject of networked process control includes the development of a
quasi-decentralized control framework for multi-unit plants that achieves the desired
closed-loop objectives with minimal cross communication between the plant units
[97]. In this work, the key idea is to embed in the local control system of each unit
a set of dynamic models that provide an approximation of the interactions between
a given unit and its neighbors in the plant when measurements are not transmitted
through the plant-wide network and to update the state of each model using measure-
ments from the corresponding unit when communication is re-established. In addition
to these works, fault diagnosis and fault-tolerant control methods that account for
network-induced measurement errors have been developed in [25]. Finally, it is also
important to note that within process control practice, wireless communication stan-
dards (e.g., ISA100 and WirelessHART') which are appropriate for chemical process
industry applications have been developed based on the IEEE 802.15.4 standard [64]
and applications of wireless field networks in the monitoring and control of chemi-
cal processes including heat exchangers and a phosphate fertilizer plant have been
reported [116]. Despite these efforts, the problem of designing networked control sys-

tems that explicitly account for asynchronous and delayed measurements at both the
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design and implementation stages in the context of nonlinear systems, has received

limited attention.

MPC has been widely used in the handling of measurement losses and delays
because of its ability to predict the evolution of a system with time while accounting
for the effect of data losses and delays. However, most of the available results deal
with linear systems (e.g., [34, 47]). MPC is also a natural control framework to deal
with the design of coordinated, distributed control systems because of its ability to
handle input and state constraints, and also because it can account for the actions of
other actuators in computing the control action of a given set of control actuators in
real-time. With respect to available results in this direction, several distributed MPC
(DMPC) methods have been proposed in the literature that deal with the coordination
of separate MPCs that communicate in order to obtain optimal input trajectories in a
distributed manner; see [8, 89, 92| for reviews of results in this area. More specifically,
in [16], the problem of distributed control of dynamically coupled nonlinear systems
that are subject to decoupled constraints was considered. In [90, 35], the effect of
the coupling was modeled as a bounded disturbance compensated using a robust
MPC formulation. In [105, 95|, it was proven that through multiple communications
between distributed controllers and using system-wide control objective functions,
stability of the closed-loop system can be guaranteed for linear systems. In [37],
DMPC of decoupled systems (a class of systems of relevance in the context of multi-
agents systems) was studied. In [60], a DMPC algorithm was proposed under the main
condition that the system is nonlinear, discrete-time and no information is exchanged
between local controllers, and in [87], DMPC for nonlinear systems was studied from
an input-to-state stability point of view. In [59, 58], a game theory based DMPC
scheme for constrained linear systems was proposed. Previous work on MPC design

for systems subject to asynchronous or delayed feedback has primarily focused on
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centralized MPC designs [34, 47, 70, 54, 26]. In addition to these works, control
and monitoring of complex distributed systems with distributed intelligent agents
were studied in [99, 13, 82]. Despite this progress, little attention has been given to
the design of DMPC for systems subject to asynchronous or delayed measurements
except in a recent work [21] where the issue of delays in the communication between

distributed controllers was addressed.

1.4 Objectives and Organization of the Disserta-
tion

Motivated by the lack of general networked and distributed control methods for pro-

cess systems, the broad objectives of this dissertation are as follows:

1. To develop Lyapunov-based predictive control methods for nonlinear systems
that provide an explicit characterization for the closed-loop stability region and
account for the effect of asynchronous feedback and time-varying measurement

delays.

2. To present a framework for the design of networked predictive control systems
for nonlinear processes that naturally augment dedicated control systems with

networked control systems.

3. To develop distributed predictive control methods for large-scale nonlinear pro-
cess networks taking into account asynchronous measurements and time-varying

delays as well as different sampling rates of measurements.

4. To illustrate the applications of the developed networked and distributed pre-

dictive control methods to nonlinear process networks and wind-solar energy
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generation systems.

The dissertation is organized as follows. In Chapter 2, we first review some
basic results on Lyapunov-based control, model predictive control and Lyapunov-
based model predictive control (LMPC) of nonlinear systems and then present two
Lyapunov-based model predictive control designs for systems subject to data losses
and time-varying measurement delays. In order to guarantee the closed-loop stability,
in the design of the LMPCs, constraints based on Lyapunov functions are incorpo-

rated. The theoretical results are illustrated through a chemical reactor example.

In Chapter 3, we present a two-tier networked control architecture to augment
pre-existing, point-to-point control systems with networked control systems, which
take advantage of real-time wired or wireless sensor and actuator networks. Specifi-
cally, we will first present the two-tier networked control architecture for systems with
continuous and asynchronous measurements; and then extend the results to include
systems with continuous and asynchronous measurements which involve time-varying
measurement delays. Two chemical process examples are used to illustrate the appli-
cability and effectiveness of the two-tier control architecture. Moreover, the two-tier
control architecture is also applied to the optimal management and operation of a

standalone wind-solar energy generation system.

In Chapter 4, we focus on a class of distributed control problems that arise when
new control systems which may use networked sensors and actuators are added to al-
ready operating control loops designed via MPC to improve closed-loop performance.
To address this control problem, a distributed model predictive control method is
introduced where the pre-existing control system and the new control system are re-
designed /designed via LMPC. The distributed control design stabilizes the closed-loop

system, improves the closed-loop performance and allows handling input constraints.
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Furthermore, the distributed control design requires that these controllers communi-
cate only once at each sampling time and is computationally more efficient compared
to the corresponding centralized model predictive control design. The distributed
control method is extended to include nonlinear systems subject to asynchronous and
delayed measurements. The applicability and effectiveness of these distributed pre-
dictive control designs are illustrated through extensive simulations using a chemical

plant example described by a nonlinear model.

In Chapter 5, we extend the results of Chapter 4 to distributed model predictive
control of large-scale nonlinear systems in which several distinct sets of manipulated
inputs are used to regulate the system. For each set of manipulated inputs, a different
model predictive controller is used to compute the control actions, which is able to
communicate with the rest of the controllers in making its decisions. We present
two distributed control architectures designed via LMPC techniques. In the first
architecture, the distributed controllers use a one-directional communication strategy,
are evaluated in sequence and each controller is evaluated only once at each sampling
time; in the second architecture, the distributed controllers utilize a bi-directional
communication strategy, are evaluated in parallel and iterate to improve closed-loop
performance. The case in which continuous state feedback is available to all the
distributed controllers is first considered and then the results are extended to include
large-scale nonlinear systems subject to asynchronous and delayed state feedback.
The theoretical results are illustrated through a catalytic alkylation of benzene process

example.

Chapter 6 summarizes the main results of the book and discusses future research

directions in networked and distributed process control.
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Chapter 2

Lyapunov-based Model Predictive

Control

2.1 Introduction

MPC, also known as receding horizon control (RHC), is a popular control strategy
for the design of high performance model-based process control systems because of
its ability to handle multi-variable interactions, constraints on control (manipulated)
inputs and system states, and optimization requirements in a systematic manner.
MPC is an online optimization-based approach, which takes advantage of a system
model to predict its future evolution starting from the current system state along a
given prediction horizon. Using model predictions, a future control input trajectory
is optimized by minimizing a typically quadratic cost function involving penalties
on the system states and control actions. To obtain finite dimensional optimiza-
tion problems, MPC optimizes over a family of piecewise constant trajectories with a

fixed sampling time and a finite prediction horizon. Once the optimization problem is
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solved, only the first manipulated input value is implemented and the rest of the tra-
jectory is discarded; this optimization procedure is then repeated in the next sampling
step [24, 88]. This is the so-called receding horizon scheme. The success of MPC in
industrial applications (e.g. [24, 86]) has motivated numerous research investigations
into the stability, robustness and optimality of model predictive controllers [63]. One
important issue arising from these works is the difficulty in characterizing, a priori,
the set of initial conditions starting from where controller feasibility and closed-loop
stability are guaranteed. This issue motivated research on LMPC designs [65, 66]
(see also [84, 40]) which allow for an explicit characterization of the stability region
of the closed-loop system and lead to a reduced computational complexity of the con-
troller optimization problem. Despite this progress, the adoption of communication
networks in the control loops and the use of heterogeneous measurements motivate
the development of MPC schemes that take data losses (or asynchronous feedback)
and time-varying delays explicitly into account. However, little attention has been
given to these issues except for a few results on MPC of linear systems with delays
(e.g., [34, 47]).

Motivated by the above considerations, in this chapter, we adopt the LMPC frame-
work [65, 66] and introduce modifications on the LMPC design both in the optimiza-
tion problem formulation and in the controller implementation to account for data
losses and time-varying delays, respectively. The design of the LMPC is based on
uniting receding horizon control with explicit Lyapunov-based nonlinear controller
design techniques. In order to guarantee the closed-loop stability, in the design of the
LMPCs, constraints based on Lyapunov functions are incorporated in the controller
formulations. The theoretical results are illustrated through a chemical reactor ex-
ample. The results of this chapter were first presented in [70, 54], and an application

of the control methods to a continuous crystallizer can be found in [53].
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2.2 Notation

Thoughtout this dissertation, the operator |- | is used to denote the absolute value
of a scalar and the operator ||-|| is used to denote Euclidean norm of a vector, while
we use |||, to denote the square of a weighted Euclidean norm, i.e., [z, = 2T Qux
for all x € R™. A continuous function « : [0,a) — [0,00) is said to belong to class
IC if it is strictly increasing and satisfies a(0) = 0. A function B(r,s) is said to be a
class KL function if, for each fixed s, 5(r, s) belongs to class K function with respect
to r and, for each fixed r, B(r,s) is decreasing with respect to s and 5(r,s) — 0 as
s — 0. The symbol €2, is used to denote the set €, := {x € R" : V(x) < r} where
V is a scalar positive definite, continuous differentiable function and V'(0) = 0, and
the operator ‘/” denotes set subtraction, that is, A/B := {x € R" : x € A,z ¢ B}.
The symbol diag(v) denotes a square diagonal matrix whose diagonal elements are
the elements of the vector v. The notation ¢y indicates the initial time instant. The
set {tx>0} denotes a sequence of synchronous time instants such that ¢, = to + kA
and tx.; =t + 1A where A is a fixed time interval and ¢ is an integer. Similarly, the
set {t.>0} denotes a sequence of asynchronous time instants such that the interval

between two consecutive time instants is not fixed.

2.3 System Description

Consider nonlinear systems described by the following state-space model:

2(t) = f(x(t), u(t), w(t)) (2.1)
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where z(t) € R"™ denotes the vector of state variables, u(t) € R™ denotes the vector of
control (manipulated) input variables, w(t) € R" denotes the vector of disturbance
variables and f is a locally Lipschitz vector function on R" x R™ x R" such that
£(0,0,0) = 0. This implies that the origin is an equilibrium point for the nominal
system (i.e., system of Eq. 2.1 with w(¢) = 0 for all ¢) with u = 0.

The input vector is restricted to be in a nonempty convex set U C R™ which is

defined as follows:

U:={ueR":|ul| <u"*} (2.2)

max

where u™** is the magnitude of the input constraint.

The disturbance vector is bounded, that is, w(t) € W where:
W:={we R": ||w| <60,0 >0} (2.3)

with 6 being a known positive real number. The vector of uncertain variables, w(t),
is introduced into the model in order to account for the occurrence of uncertainty
in the values of the process parameters and the influence of disturbances in process

control applications.

Remark 2.1 Note that the assumption that f is a locally Lipschitz vector function

15 a reasonable assumption for most of chemical process models.

2.4 Lyapunov-based Control

We assume that there exists a feedback control law w(t) = h(z(t)) which satisfies the
input constraint on u for all x inside a given stability region and renders the origin of

the nominal closed-loop system asymptotically stable. This assumption is essentially
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equivalent to the assumption that the nominal system is stabilizable or that there
exists a Lyapunov function for the nominal system or that the pair (A, B) in the case
of linear systems is stabilizable. Using converse Lyapunov theorems [62, 46, 38, 12],
this assumption implies that there exist functions a;(), i = 1,2,3,4 of class K and
a continuously differentiable Lyapunov function V(x) for the nominal closed-loop

system that satisfy the following inequalities:

aa(|lz]) < V(z) < as(]jz]) (2.4)
) f(w, 2),0) < e 2.5)
H@g;@ < au(lz]) (2.6)

h(z) e U (2.7)

for all z € O C R™ where O is an open neighborhood of the origin. We denote the
region €2, C O as the stability region of the closed-loop system under the control
u = h(x). Note that explicit stabilizing control laws that provide explicitly defined
regions of attraction for the closed-loop system have been developed using Lyapunov
techniques for specific classes of nonlinear systems, particularly input-affine nonlinear
systems; the reader may refer to [94, 2, 39, 12| for results in this area including results
on the design of bounded Lyapunov-based controllers by taking explicitly into account
constraints for broad classes of nonlinear systems [45, 17, 18].

By continuity, the local Lipschitz property assumed for the vector field f(x,u,w),
the fact that the manipulated input u is bounded in a convex set and the continuous

differentiable property of the Lyapunov function V', there exists positive constants
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M, L, L, and L! such that:

1/ (, u, w)]| < M (2.8)

1f (2, u,w) = f(2',u, 0)[| < Lu [[w]| + Ly [|l2 — 2] (2.9)
oV v (!

H af)f(x, u,0) - %f(x’, u, O)H <L ||z — o (2.10)

for all z, 2’ € Q,, u € U and w € W. These constants will be used in characterizing

the stability properties of the system of Eq. 2.1 under LMPC designs.

Remark 2.2 Note that while there are currently no general methods for constructing
Lyapunov functions for general nonlinear systems, for broad classes of nonlinear mod-
els arising in the context of chemical process control applications, quadratic Lyapunov
functions are widely used and provide very good estimates of closed-loop stability re-

gions.

Remark 2.3 Note that the inequalities of FEqs. 2.4-2.10 are derived from the basic
assumptions (i.e., Lipschitz vector field and existence of a stabilizing Lyapunov-based
controller). The various constants involved in the upper bounds are not assumed to

be arbitrarily small.

2.5 Model Predictive Control

MPC is widely adopted in industry as an effective approach to deal with large mul-
tivariable constrained control problems. The main idea of MPC is to choose control
actions by repeatedly solving an online constrained optimization problem, which aims

at minimizing a performance index over a finite prediction horizon based on predic-
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tions obtained by a system model. In general, an MPC design is composed of three

components:

1. A model of the system. This model is used to predict the future evolution of
the system in open-loop and the efficiency of the calculated control actions of

an MPC depends highly on the accuracy of the model.

2. A performance index over a finite horizon. This index will be minimized sub-
ject to constraints imposed by the system model, restrictions on control inputs
and system state and other considerations at each sampling time to obtain a

trajectory of future control inputs.

3. A receding horizon scheme. This scheme introduces the notion of feedback into

the control law to compensate for disturbances and modeling errors.

Consider the control of the system of Eq. 2.1 and assume that the state measure-
ments of the system of Eq. 2.1 are available at synchronous sampling time instants

{tk>0}, a standard MPC is formulated as follows [24]:

min / 15 0llg, + Il ] dr + Flaltien)) (2.11)
st 2(t) = f(2(t),u(t),0) (2.12)
u(t) e U (2.13)

where S(A) is the family of piece-wise constant functions with sampling period A, N
is the prediction horizon, (). and R, are strictly positive definite symmetric weighting

matrices, T is the predicted trajectory of the nominal system due to control input u
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with initial state z(ty) at time ¢;, and F'(-) denotes the terminal penalty.

The optimal solution to the MPC optimization problem defined by Egs. 2.11-2.14
is denoted as u*(t|t)) which is defined for ¢t € [ty, txn). The first step value of u*(¢|ty)
is applied to the closed-loop system for ¢ € [tg,tr11). At the next sampling time
tr+1, when a new measurement of the system state x(ty,1) is available, the control
evaluation and implementation procedure is repeated. The manipulated input of the

system of Eq. 2.1 under the control of the MPC of Eqs. 2.11-2.14 is defined as follows:

u(t) = u*(t|tk), YVt € [tk, tk+1) (215)

which is the standard receding horizon scheme.

In the MPC formulation of Eqgs. 2.11-2.14, Eq. 2.11 defines a performance index or
cost index that should be minimized. In addition to penalties on the state and control
actions, the index may also include penalties on other considerations; for example, the
rate of change of the inputs. Eq. 2.12 is the nominal model of the system of Eq. 2.1
which is used in the MPC to predict the future evolution of the system. Eq. 2.13
takes into account the constraint on the control input, and Eq. 2.14 provides the
initial state for the MPC which is a measurement of the actual system state. Note
that in the above MPC formulation, state constraints are not considered but can be
readily taken into account.

It is well known that the MPC of Eqgs. 2.11-2.14 is not necessarily stabilizing. To
achieve closed-loop stability, different approaches have been proposed in the litera-
ture. One class of approaches is to use infinite prediction horizons or well-designed
terminal penalty terms; please see [6, 63| for surveys of these approaches. Another
class of approaches is to impose stability constraints in the MPC optimization prob-

lem [1, 4, 63]. There are also efforts focusing on getting explicit stabilizing MPC
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laws using offline computations [57]. However, the implicit nature of MPC control
law makes it very difficult to explicitly characterize, a priori, the admissible initial
conditions starting from where the MPC is guaranteed to be feasible and stabilizing.
In practice, the initial conditions are usually chosen in an ad hoc fashion and tested

through extensive closed-loop simulations.

2.6 Lyapunov-based Model Predictive Control

In this section, we introduce the LMPC design proposed in [65, 66] which allows for
an explicit characterization of the stability region and guarantees controller feasibility
and closed-loop stability.

For the predictive control of the system of Eq. 2.1, the LMPC is designed based
on an existing explicit control law h(z) which is able to stabilize the closed-loop

system and satisfies the conditions of Eqs. 2.4-2.7. The formulation of the LMPC is

as follows:
min [ 1@+ ol ] 2.16
st #(t) = f(E(), ult),0) (2.17)
u(t) €U (2.18)
H(t) = a(t) (2.19)
oV (z(ty)) oV (z(ty))

ox ox

where V(x) is a Lyapunov function associated with the nonlinear control law h(z).

The optimal solution to this LMPC optimization problem is denoted as u; (t|tx) which
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is defined for t € [tg,tryn). The manipulated input of the system of Eq. 2.1 under
the control of the LMPC of Egs. 2.16-2.20 is defined as follows:

w(t) = uf(tlty), Yt € [t trsn) (2.21)

which implies that this LMPC also adopts a standard receding horizon strategy.

In the LMPC defined by Eqs. 2.16-2.20, the constraint of Eq. 2.20 guarantees
that the value of the time derivative of the Lyapunov function, V(x), at time tj is
smaller than or equal to the value obtained if the nonlinear control law u = h(z)
is implemented in the closed-loop system in a sample-and-hold fashion. This is a
constraint that allows one to prove (when state measurements are available every
synchronous sampling time) that the LMPC inherits the stability and robustness
properties of the nonlinear control law h(z) when it is applied in a sample-and-hold

fashion.

One of the main properties of the LMPC of Eqgs. 2.16-2.20 is that it possesses
the same stability region €2, as the nonlinear control law h(z), which implies that
the origin of the closed-loop system is guaranteed to be stable and the LMPC is
guaranteed to be feasible for any initial state inside (2, when the sampling time
A and the disturbance upper bound 6 are sufficiently small. Note that the region
1, can be explicitly characterized; please refer to Section 2.4 for more discussion
on this issue. The stability property of the LMPC is inherited from the nonlinear
control law h(x) when it is applied in a sample-and-hold fashion; please see [14, 75]
for results on sampled-data systems. The feasibility property of the LMPC is also
guaranteed by the nonlinear control law h(z) since u = h(x) is a feasible solution to the
optimization problem of Egs. 2.16-2.20. The main advantage of the LMPC approach

with respect to the nonlinear control law h(z) is that optimality considerations can be
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taken explicitly into account (as well as constraints on the inputs and the states [66])
in the computation of the control actions within an online optimization framework

while improving the closed-loop performance of the system.

Remark 2.4 Since the closed-loop stability and feasibility of the LMPC of Eqs. 2.16-
2.20 are guaranteed by the nonlinear control law h(x), it is unnecessary to use a
terminal penalty term in the cost index (see Eq. 2.16 and compare it with Eq. 2.11)
and the length of the horizon N does not affect the stability of the closed-loop system

but it affects the closed-loop performance.

2.7 LMPC with Asynchronous Feedback

In this section, we modify the LMPC introduced in the previous section to take into
account data losses or asynchronous measurements, both in the optimization prob-
lem formulation and in the controller implementation. In this LMPC scheme, when
feedback is lost, instead of setting the control actuator outputs to zero or to the last
available values, the actuators implement the last optimal input trajectory evaluated
by the controller (this requires that the actuators must store in memory the last op-
timal input trajectory received). The LMPC is designed based on a nonlinear control
law which is able to stabilize the closed-loop system and inherits the stability and
robustness properties in the presence of uncertainty and data losses of the nonlin-
ear controller, while taking into account optimality considerations. Specifically, the
LMPC scheme allows for an explicit characterization of the stability region, guaran-
tees practical stability in the absence of data losses or asynchronous measurements,
and guarantees that the stability region is an invariant set for the closed-loop sys-

tem under data losses or asynchronous measurements if the maximum time in which
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Figure 2.1: LMPC design for systems subject to data losses. Solid lines denote point-
to-point, wired communication links; dashed lines denote networked communication
and /or asynchronous sampling/actuation

the loop is open is shorter than a given constant that depends on the parameters
of the system and the nonlinear control law that is used to formulate the optimiza-
tion problem. A schematic diagram of the considered closed-loop system is shown in

Figure 2.1.

2.7.1 Modeling of Data Losses/Asynchronous Measurements

We assume that feedback of the state of the system of Eq. 2.1, z(t), is available
at asynchronous time instants ¢, where {¢{,>0} is a random increasing sequence of
times; that is, the intervals between two consecutive instants are not fixed. The
distribution of {t,>0} characterizes the time the feedback loop is closed or the time
needed to obtain a new state measurement. In general, if there exists the possibility
of arbitrarily large periods of time in which feedback is not available, then it is not
possible to provide guaranteed stability properties, because there exists a non-zero
probability that the system operates in open-loop for a period of time large enough
for the state to leave the stability region. In order to study the stability properties
in a deterministic framework, we assume that there exists an upper bound 7, on the

interval between two successive time instants in which the feedback loop is closed or
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new state measurements are available, that is:
max{t,11 — ta} < Tpn. (2.22)
a

This assumption is reasonable from process control and networked control systems
perspectives [107, 108, 77, 67] and allows us to study deterministic notions of sta-
bility. This model of feedback/measurements is of relevance to systems subject to
asynchronous measurement samplings and to networked control systems, where the
asynchronous property is introduced by data losses in the communication network

connecting the sensors/actuators and the controllers.

2.7.2 LMPC Formulation with Asynchronous Feedback

When feedback is lost, most approaches set the control input to zero or to the last
implemented value. Instead, in this LMPC for systems subject to data losses, when
feedback is lost, we take advantage of the MPC scheme to update the input based on
a prediction obtained using the system model. This is achieved using the following

implementation strategy:

1. At a sampling time, t,, when the feedback loop is closed (i.e., the current system
state x(t,) is available for the controller and the controller can send information
to the actuators), the LMPC evaluates the optimal future input trajectory w(t)

for ¢t € [tq,t, + NA).

2. The LMPC sends the entire optimal input trajectory (i.e., u(t) V t € [to,ta +

NA)) to the actuators.

3. The actuators implement the input trajectory until the feedback loop is closed

again at the next sampling time ¢,,1; that is, the actuators implement wu(t) in
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t € [tastart).

4. When a new measurement is received (a < a + 1), go to Step 1.

In this implementation strategy, when the state is not available, or the data
sent from the controller to the actuators is lost, the actuators keep implementing
the last received optimal trajectory. If data is lost for a period larger than the
prediction horizon, the actuators set the inputs to the last implemented values or to
fixed values. This strategy is a receding horizon scheme, which takes into account that
data losses may occur. This strategy is motivated by the fact that when no feedback
is available, a reasonable estimate of the future evolution of the system is given by the
nominal trajectory. The LMPC design taking into account data losses/asynchronous
measurements, therefore modifies the standard implementation scheme of switching
off the actuators (u = 0) or setting the actuators to nominal values or to the last
computed input values. The idea of using the model to predict the evolution of the
system when no feedback is possible has also been used in the context of sampled-data
linear systems, see [68, 69, 72, 73]. The actuators not only receive and implement
given inputs, but must also be able to store future trajectories to implement them in
case data losses occur. This means that to handle data losses, not only the control
algorithms must be modified, but also the control actuator hardware that implements

the control actions.

When data losses are present in the feedback loop, the existing LMPC schemes
(65, 66, 84, 40] can not guarantee the closed-loop stability no matter whether the
actuators keep the inputs at the last values, set the inputs to constant values, or keep
on implementing the previously evaluated input trajectories. In particular, there
is no guarantee that the LMPC optimization problems will be feasible for all time,

i.e., that the state will remain inside the stability region for all time. In the LMPC
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design of Eqgs. 2.16-2.20, the constraint of Eq. 2.20 only takes into account the first
prediction step and does not restrict the behavior of the system after the first step. If
no additional constraints are included in the optimization problem, no claims on the
closed-loop behavior of the system can be made. For this reason, when data losses
are taken into account, the constraints of the LMPC problem have to be modified.
The LMPC that takes into account data losses in an explicit way is based on the

following finite horizon constrained optimal control problem:

ta+NA
ugg(g) /t [Hfé(T)HQC + [[u(7)ll g, | dr (2.23)
st (t) = f(2(t),u(t),0) (2.24)

T(t) = f(2(t), h(@(ty +5A)),0),V t € [ta + jA ta + ( + 1)A) (2.25)

u(t) e U (2.26)
f(ta) = j:(ta) = ‘T(ta) (2'27)
V(E®) < V(E()), VEE [tarta + NpA) (2.28)

where #(t) is the trajectory of the nominal system under the nonlinear control law
u = h(z(t)) when it is implemented in a sample-and-hold fashion, j = 0,1,..., N —1,
and Npg is the smallest integer satisfying NpA > T,,,. This optimization problem does
not depend on the uncertainty and assures that the LMPC inherits the properties of
the nonlinear control law h(z). To take full advantage of the use of the nominal model
in the computation of the control action, the prediction horizon should be chosen in

a way such that N > Ng.
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The optimal solution to the LMPC optimization problem of Egs. 2.23-2.28 is
denoted as u(t|t,) which is defined for ¢ € [t,,t, + NA). The manipulated input of
the system of Eq. 2.1 under the LMPC of Eqs. 2.23-2.28 is defined as follows:

u(t) = ug(tlta), Vit € [ta;tata) (2.29)

where ¢,.1 is the next time instant in which the feedback loop will be closed again.
This is a modified receding horizon scheme which takes advantage of the predicted

input trajectory in the case of data losses.

In the design of the LMPC of Egs. 2.23-2.28, the constraint of Eq. 2.25 is used to
generate a system state trajectory under the nonlinear control law u = h(z) imple-
mented in a sample-and-hold fashion; this trajectory is used as a reference trajectory
to construct the Lyapunov-based constraint of Eq. 2.28 which is required to be satis-
fied for a time period which covers the maximum possible open-loop operation time
T),,. This Lyapunov-based constraint allows one to prove the closed-loop stability in

the presence of data losses in the closed-loop system.

Remark 2.5 The LMPC of Eqs. 2.23-2.28 optimizes a cost function, subject to a set
of constraints defined by the state trajectory corresponding to the nominal system in
closed-loop. This allows us to formulate an LMPC problem that does not depend on

the uncertainty and so it is of manageable computational complexity.

2.7.3 Stability Properties

The LMPC of Egs. 2.23-2.28 computes the control input u applied to the system
of Eq. 2.1 in a way such that in the closed-loop system, the value of the Lyapunov

function at time instant ¢, (i.e., V(z(t,))) is a decreasing sequence of values with
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a lower bound. Following Lyapunov arguments, this property guarantees practical
stability of the closed-loop system. This is achieved due to the constraint of Eq. 2.28.
This property is summarized in Theorem 2.1 below. To state this theorem, we need

the following propositions.

Proposition 2.1 Consider the nominal sampled trajectory z(t) of the system of
Eq. 2.1 in closed-loop for a controller h(z), which satisfies the conditions of Eqs. 2.4-

2.7, obtained by solving recursively:
2(t) = f(@(t), h(2(ty)),0), t € [th, tpr) (2.30)
where ty = tg+ kA, k=0,1,.... Let A,es >0 and p > ps > 0 satisfy:
—ag (a3 (ps)) + LLMA < —e, /A (2.31)
Then, if pmin < p where:
puin = max {V (@t + A)) : V(1)) < pa} (2.32)
and Z(ty) € €, the following inequality holds:

V(z(t) < V((tr)), Vt € [tr, ths1), (2.33)

V(z(ty)) < max{V(Z(ty)) — kés, Pmin}- (2.34)

Proof: Following the definition of Z(t), the time derivative of the Lyapunov func-

tion V(x) along the trajectory z(t) of the system of Eq. 2.1 in t € [tg, tx41) is given
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oV (2(t))

V) = 25D 1) na ), 0) (2.35)
Adding and subtracting Mfk))f(i(tk), h(z(tx)),0) and taking into account Eq. 2.5,
we obtain:
Va) < —os(lnl) + 2D pia1), nar)) 0
oV (#(t)) (2.36)

From the Lipschitz property of Eq. 2.10 and the above inequality of Eq. 2.36, we have

that:

V(#(1) < —ag (a3 (ps)) + Ly |8(1) — () (2.37)
for all z(t,) € Q,/9,,. Taking into account the Lipschitz property of Eq. 2.8 and the
continuity of &(t), the following bound can be written for all ¢ € [t, tx11):

() — #(t)]| < MA. (2.38)

Using the expression of Eq. 2.38, we obtain the following bound on the time derivative

of the Lyapunov function for ¢ € [t, tx41), for all initial states z(tx) € Q,/9Q,,:
V(&) < —az(ay'(ps)) + LLMA. (2.39)

If the condition of Eq. 2.31 is satisfied, then V(&(t)) < —e,/A. Integrating this
bound on t € [ty, tx1) we obtain that the inequality of Eq. 2.33 holds. Using Eq. 2.33
recursively, it is proved that, if x(ty) € Q,/Q,,, the state converges to €2, in a
finite number of sampling times without leaving the stability region. Once the state

converges to £, C €, it remains inside €2, . for all times. This statement holds
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because of the definition of py;, in Eq. 2.32. B
Proposition 2.1 ensures that if the nominal system under the control u = h(z)
implemented in a sample-and-hold fashion with state feedback every sampling time

starts in the region ,, then it is ultimately bounded in The following Propo-

Pmin *
sition 2.2 provides an upper bound on the deviation of the system state trajectory
obtained using the nominal model of Eq. 2.1, from the closed-loop state trajectory

of the system of Eq. 2.1 under uncertainty (i.e., w(t) # 0) when the same control

actions are applied.

Proposition 2.2 Consider the systems:

ta(t) = flza(t), u(t), w(t)) (2.40)

ay(t) = [flw(t), ult),0) (2.41)

with initial states x,(ty) = xp(to) € Q,. There exists a class K function fyw(-) such

that:

[2a(t) = 2o < fw (t = to), (2.42)

for all z,(t), zy(t) € Q, and all w(t) € W with:

fw(r) = (e"=7 —1). (2.43)

Proof: Define the error vector as e(t) = x,(t) — x(t). The time derivative of the

error is given by:

e(t) = f(xa(t), u(t), w(t)) — f(xs(t), u(t),0). (2.44)
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From the Lipschitz property of Eq. 2.9, the following inequality holds:

e < Lo lw(®)] + Lz [|7a(t) — (8[| < Lub + La [le(t)]] (2.45)

for all x,(t),zp(t) € Q, and w(t) € W. Integrating ||é(¢)| with initial condition
e(to) = 0 (recall that x,(ty) = xp(to)), the following bound on the norm of the error

vector is obtained:

(eF=(t=to) —1). (2.46)

(e —1) (2.47)

which proves this proposition. H

Proposition 2.3 below bounds the difference between the magnitudes of the Lya-

punov function of two states in €2,.

Proposition 2.3 Consider the Lyapunov function V(-) of the system of Eq. 2.1.

There exists a quadratic function fy(-) such that:
Viz) <V(@')+ fv (= —2']) (2.48)
for all x, 2" € Q, where:

fv(s) = as(agt(p))s + M,s* (2.49)

with M, > 0.
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Proof: Since the Lyapunov function V() is continuous and bounded on compact
sets, there exists a positive constant M, such that a Taylor series expansion of V'

around 2’ yields:

Vi) < Vi) + 22

< g ?, Va2 e, (2.50)

|z — || + M, ||z — 2

Note that the term M, ||z — 2/||> bounds the high order terms of the Taylor series of
V(x) for x,2’" € ,. Taking into account Eq. 2.6, the following bound for V(z) is

obtained:
V() S V(@) +ai (0 (9) o — o + M, le - 2'IF, Voo’ €, (251)

which proves this proposition. l

In Theorem 2.1 below, we provide sufficient conditions under which the LMPC
design of Egs. 2.23-2.28 guarantees that the state of the closed-loop system of Eq. 2.1

is ultimately bounded in a region that contains the origin.

Theorem 2.1 Consider the system of FEq. 2.1 in closed-loop, with the loop closing at
asynchronous time instants {t,>o} that satisfy the condition of Eq. 2.22, under the
LMPC of Egs. 2.23-2.28 based on a controller h(x) that satisfies the conditions of
Eqs. 2.4-2.7. Let Ajes >0, p> puin >0, p > ps >0 and N > Nr > 1 satisfy the

condition of Eq. 2.31 and the following inequality:
—Npges + fv<fw(NRA)) <0 (252)
with fy(-) and fw () defined in Eqs. 2.49 and 2.43, respectively, and Ng being the

smallest integer satisfying NpA > T,,. If z(ty) € Q,, then x(t) is ultimately bounded
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in §,, € Q, where:

Pa = Puin + [ (fw(NrA)) (2.53)

with pmin defined as in Eq. 2.32.

Proof: In order to prove that the closed-loop system is ultimately bounded in a
region that contains the origin, we prove that V(z(t,)) is a decreasing sequence of
values with a lower bound. The proof is divided into two parts.

Part 1: In this part, we prove that the stability results stated in Theorem 2.1 hold
in the case that t,,1 —t, = T, for all @ and T}, = NgA. This case corresponds to the
worst possible situation in the sense that the LMPC needs to operate in open-loop for
the maximum possible amount of time. In order to simplify the notation, we assume
that all the notations used in this proof refer to the final solution of the LMPC of
Eqgs. 2.23-2.28 solved at time t,. By Proposition 2.1 and the fact that t,.; = t,+ NgA,

the following inequality can be obtained:

V(i (tas1)) < max{V(i(ts)) — Npes, puin}- (2.54)

From the constraint of Eq. 2.28, the inequality of Eq. 2.54 and taking into account

the fact that &(t,) = Z(t,) = x(t.), the following inequality can be written:

V(Z(tar1)) < max{V(x(t,)) — Ngrés, Prin }- (2.55)

When z(t) € Q, for all times (this point will be proved below), we can apply Propo-

sition 2.3 to obtain the following inequality:

V((ta1)) < V(Z(tatr)) + fv ([[Z(tatr) — 2(tas) ) (2.56)
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Applying Proposition 2.2, we obtain the following upper bound on the deviation of
Z(t) from x(t):

[2(tas1) = Z(tar1) || < fw (NRA). (2.57)

From the inequalities of Egs. 2.56 and 2.57, the following upper bound on V(x(¢,41))

can be written:

V(z(tat1)) < V(@(tar1)) + fv(fw(NrA)). (2.58)

Using the inequality of Eq. 2.55, we can re-write the inequality of Eq. 2.58 as follows:

V(@(ta1)) < max{V(z(ta)) = Nres, pmin} + fv (fw (NrA)). (2.59)

If the condition of Eq. 2.52 is satisfied, from the inequality of Eq. 2.59, we know that

there exists €, > 0 such that the following inequality holds:

V(@(tas1)) < max{V(z(ta)) = €w, pa} (2.60)

which implies that if z(t,) € Q,/Q,,, then V(x(te41)) < V(z(t,)), and if z(t,) € Q,,,
then V(x(tas1)) < pa-

Because fi(-) and fi/(+) are strictly increasing functions of their arguments and
fv(+) is convex (see Propositions 2.2 and 2.3 for the expressions of fy/(-) and fi/(-)),

the inequality of Eq. 2.60 also implies that:

V(z(t)) < max{V(z(ta)), pa}, Yt € [ta,tas1)- (2.61)

Using the inequality of Eq. 2.61 recursively, it can be proved that if x(ty) € €2, then
the closed-loop trajectories of the system of Eq. 2.1 under the LMPC of Eqgs. 2.23-

2.28 stay in €2, for all times (i.e., z(t) € ,, Vt). Moreover, it can be proved that if
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x(ty) € €, the closed-loop trajectories of the system of Eq. 2.1 satisfy:

limsup V' (z(t)) < pq.

t—o0

This proves that z(t) € Q, for all times and z(¢) is ultimately bounded in €2, for the
case when t,,y — t, = T,, for all a and T,, = NgA.

Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, t,41 — t, < T, for all a and T;,, < NgA which implies that t,.1 —t, < NgA.
Because fw (+) and fy(+) are strictly increasing functions of their arguments and fy ()
is convex, following similar steps as in Part 1, it can be shown that the inequality of
Eq. 2.61 still holds. This proves that the stability results stated in Theorem 2.1 hold.
[

Remark 2.6 Theorem 2.1 is important from an MPC point of view because if the
mazimum time without data losses is smaller than the maximum time that the system
can operate in open-loop without leaving the stability region, the feasibility of the
optimization problem for all times is guaranteed, since each time feedback is regained,
the state is guaranteed to be inside the stability region, thereby yielding a feasible

optimization problem.

Remark 2.7 In the LMPC of Egs. 2.23-2.28, no state constraint has been considered
but the presented approach can be extended to handle state constraints by restricting

the closed-loop stability region further to satisfy the state constraints.

Remark 2.8 [t is also important to remark that when there are data losses in the
control system, standard MPC' formulations do not provide guaranteed closed-loop
stability results. For any MPC' scheme, in order to obtain guaranteed closed-loop

stability results, even in the case where initial feasibility of the optimization problem
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is given, the formulation of the optimization problem has to be modified accordingly

to take into account data losses in an explicit way.

Remark 2.9 Although the proof of Theorem 2.2 is constructive, the constants ob-
tained are conservative. This is the case with most of the results of the type presented
in this dissertation. In practice, the different constants are better estimated through
closed-loop simulations. The various inequalities provided are more useful as guide-
lines on the interaction between the various parameters that define the system and the

controller and may be used as guidelines to design the controller and the network.

2.7.4 Application to a Chemical Reactor

Consider a well mixed, non-isothermal continuously stirred tank reactor (CSTR)
where three parallel irreversible elementary exothermic reactions take place of the
foom A — B, A — C' and A — D. B is the desired product and C and D are
byproducts. The feed to the reactor consists of pure A at flow rate F', temperature
T4o and molar concentration C'4g + AC 49 where AC}y( is an unknown time-varying
uncertainty. Due to the non-isothermal nature of the reactor, a jacket is used to
remove/provide heat to the reactor. Using first principles and standard modeling

assumptions the following mathematical model of the process is obtained [20]:

T F “\AH; =& Q

= = Z(Tun—T) — k.ne RT 2.62

7 Vr< a0 —T) 121 oc, e Ca+ o,V (2.62)
dC F 3 =L

=1

where C'y denotes the concentration of the reactant A, T denotes the temperature of

the reactor, () denotes the rate of heat input/removal, V, denotes the volume of the
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Table 2.1: Process parameters of the CSTR of Eqs. 2.62-2.63

F 4.998 [m? /] ki 3%10° [h~!]

V; 1[m?] kao 3x10° [h71]

R 8314 [KJ/kmol - K] ks 3%10° [hY]

Tho 300 [K] E 5x10* [K J/kmol]
Cao 4 [kmol /m3] E, 7.53x10* [K J/kmol]
AH, -5.0x10% [KJ/kmol]  Fj 7.53x10* [KJ/kmol|
AH, -5.2x10* [KJ/kmol] o 1000 [kg/m?]

AH; -5.4x10* [KJ/kmol] ¢, 0.231 [KJ/kg - K]

reactor, AH;, ko, E;,© = 1,2,3 denote the enthalpies, pre-exponential constants and
activation energies of the three reactions, respectively, and ¢, and o denote the heat
capacity and the density of the fluid in the reactor, respectively. The values of the
process parameters are shown in Table 2.1.

For Qs = 0 KJ/h (Qs is the steady-state value of @), the CSTR of Eqs 2.62-
2.63 has three steady-states (two locally asymptotically stable and one unstable).
The control objective is to stabilize the system at the open-loop unstable steady
state Ty = 388 K, Cas = 3.59 mol/l. The manipulated input is the rate of heat
input (). We consider a time-varying uncertainty in the concentration of the inflow
|AC 40| < 0.5 kmol/m3. The control system is subject to data losses in both the
sensor-controller and the controller-actuator links.

To demonstrate the theoretical results, we first design the nonlinear control law

h(xz) as a Lyapunov-based feedback law using the method presented in [94]. The
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CSTR of Egs. 2.62-2.63 belongs to the following class of nonlinear systems:

2(t) = f(2(t)) + g(x(t))u(t) + w(x(t)) (2.64)

where 7 = [T — T, Cy — C,] is the state, u = Q — Q, is the input and w = AC
is a time varying bounded disturbance with the upper bound 6 = 0.5 kmol/m?. We

consider the Lyapunov function V(z) = 2T Pz with:

1 0
P = ' (2.65)

0 10?
The values of the weights have been chosen to account for the different range of nu-
merical values for each state. The following feedback law [94] asymptotically stabilizes

the open-loop unstable steady-state of the nominal process:

L;V LV)2 4 (LgV)*
LV VPRV

h(z) = LgV (2.66)
0 if L,V =0

oV (z) oV (z)
Ox Ox
scalar function V' with respect to the vectors fields f and g in Eq. 2.64, respectively.

where L;V =

f(z) and L,V =

g(x) denote the Lie derivatives of the

This controller will be used in the design of the LMPC of Egs. 2.16-2.20 and the
LMPC of Egs. 2.23-2.28. The stability region Q, is defined as V(z) < 1000, i.e.
p = 1000.

First we have to choose an appropriate sampling time and a maximum prediction
horizon for the LMPC based on the properties of h(z). The inequalities obtained in
the main results of this section are conservative to be used to estimate an appropriate

sampling time for a given uncertainty bound and the maximum time that the system
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can operate in open-loop without leaving the stability region. In order to obtain
practical estimates, we resort to extensive off-line closed-loop simulations under the
Lyapunov-based controller of Eq. 2.66. After trying different sampling times, we
choose A = 0.05 h. For this sampling time, the closed-loop system with u = h(z)
is practically stable and the performance is similar to the closed-loop system with
continuous measurements. With this sampling time, the maximum time such that
the system remains in {2, when controlled in open-loop with the nominal sampled
input trajectory is 5A (i.e., Ng = 5). This value is also estimated using data from
simulations.

We implement the LMPCs presented in the previous sections using a sampling
time A = 0.05 h and a prediction horizon N = N = 5. The cost function is defined
by the weighting matrices Q. = P and R. = 107%. The values of the weights have
been tuned in a way such that the values of the control inputs are comparable to the
ones computed by the Lyapunov-based controller (i.e., same order of magnitude of
the input signal and convergence time of the closed-loop system when no uncertainty
or data losses are taken into account).

We will first compare the LMPC of Egs. 2.23-2.28 with the original LMPC of
Eqgs. 2.16-2.20. In this scheme no data losses were taken into account. We implement
the two LMPCs using the same strategy, that is, sending to the actuator the whole
optimal input trajectory, so in case data losses occur, the input is updated as in the
modified receding horizon scheme. The same weights, sampling time and prediction
horizon are used.

In Figure 2.2 the trajectories of both LMPCs are shown assuming no data is lost,
that is, the state z(t;) is available every sampling time. It can be seen that both

closed-loop systems are practically stable. Note that regarding optimality, for a given
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Figure 2.2: (a)(c) State and input trajectories of the CSTR of Eqs. 2.62-2.63 with
the LMPC of Egs. 2.23-2.28 with no data losses; (b)(d) State and input trajectories
of the CSTR of Eqgs. 2.62-2.63 with the LMPC of Egs. 2.16-2.20 with no data losses
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state, the LMPC of Egs. 2.16-2.20 (not necessarily the closed-loop trajectory) yields
a lower cost than the LMPC of Eqs. 2.23-2.28, because the constraints that define
the LMPC of Egs. 2.16-2.20 are less restrictive (i.e., the Lyapunov-based constraint
must hold only in the first sampling time whereas in the LMPC of Eqs 2.23-2.28 it

must hold along the whole prediction horizon).

When data losses occur, the LMPC of Eqgs. 2.23-2.28 is more robust. The stability
region is an invariant set for the closed-loop system if 7, < NA. That is not the case
with the LMPC of Egs. 2.16-2.20. In Figure 2.3 the trajectories of the closed-loop
system under both LMPCs are shown for the worst case of data loss scenario with
T,, = bA; that is, the system receives only one measurement of the actual state every
5 samples. These trajectories account for the worst-case effect of the data losses. The
trajectories are shown in the state space along with the closed-loop stability region
2,. It can be seen that the trajectory under the LMPC of Eqgs. 2.16-2.20 leaves the
stability region, while the trajectory under the LMPC of Eqgs. 2.23-2.28 remains inside.
When data losses are taken into account, in order to inherit the stability properties of
the Lyapunov-based controller of Eq. 2.66, the constraints must be modified to take

into account data losses as in the LMPC of Eqs. 2.23-2.28.

We now compare the LMPC of Eqgs. 2.23-2.28 with the Lyapunov-based controller
of Eq. 2.66 applied in a sample-and-hold fashion following a “last available control”
strategy, i.e. when data is lost, the actuator keeps implementing the last received
input value. Note that, through extensive simulations, we have found that in this
particular example, the strategy of setting the input to zero when data losses occur,
yields worst results than the strategy of implementing the last available input. In
Figure 2.4 the worst case trajectories with 7,, = 2A for both controllers are shown.

It can be seen that, due to the instability of the open-loop steady state, for this small
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Figure 2.3: (a)(c) Worst case state and input trajectories of the CSTR of Eqs. 2.62-
2.63 with the LMPC of Egs. 2.23-2.28 with T, = 5A; (b)(d) State and input trajec-
tories of the CSTR of Egs. 2.62-2.63 with the LMPC of Egs. 2.16-2.20 with T}, = 5A
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Figure 2.4: Worst case state and input trajectories of the CSTR of Eqgs. 2.62-2.63
with 7,, = 2A in closed-loop with (a) the LMPC of Egs. 2.23-2.28 and (b) the
Lyapunov-based controller of Eq. 2.66
amount of losses, the Lyapunov-based controller is not able to stabilize the system.

This is due to the fact that this control scheme does not update the control actuator

output using the model, as the LMPC of Eqs. 2.23-2.28 does.

We have also carried out another set of simulations to demonstrate that the LMPC
of Egs. 2.23-2.28, although inherits the same stability and robustness properties of
the Lyapunov-based controller that it employs, it does outperform the Lyapunov-
based controller of Eq. 2.66 from a performance index point of view. Table 2.2 shows
the total cost computed for 10 different closed-loop simulations under the LMPC
and the Lyapunov-based controller implemented in a sample-and-hold fashion, using
the nominal model to predict the evolution of the system when data is lost. To
carry out this comparison, we compute the total cost of each simulation based on the

performance index of the LMPC which has the form:

[ et

0. Py, | dr (2.67)
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Table 2.2: Total performance costs along the closed-loop trajectories of the CSTR
of Egs. 2.62-2.63 under the Lyapunov-based controller of Eq. 2.66 and the LMPC of
Eqgs. 2.23-2.28

sim. Lyapunov-based controller of Eq. 2.66 LMPC of Eqs. 2.23-2.28
1 0.1262 x 102 0.0396 x 10'2
2 0.3081 x 102 0.2723 x 10'2
3 0.0561 x 10'2 0.0076 x 10*2
4 0.9622 x 10! 0.2884 x 10!
5 3.8176 x 10! 1.3052 x 10
6 0.9078 x 10! 0.0950 x 10
7 0.4531 x 102 0.2678 x 10'2
8 0.6752 x 10 0.5689 x 10
9 1.0561 x 101! 0.6776 x 10
10 0.5332 x 10'2 0.3459 x 10*2
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where ¢y = 0 is the initial time of the simulations and ty = 4 h is the end of the
simulation. For each pair of simulations (one for each controller) a different initial
state inside the stability region, a different random uncertainty trajectory and a
different data losses realization is chosen. As it can be seen in Table 2.2, the total cost
under the LMPC of Eqs. 2.23-2.28 is lower than the corresponding total cost under
the Lyapunov-based controller. This demonstrates that in this example, the LMPC
shares the same robustness and stability properties and is more optimal than the
Lyapunov-based controller, which is not designed taking into account any optimality
consideration.

The simulations have been done in MATLAB® using fmincon and a Runge-Kutta
solver with a fixed integration time of 0.001h. To simulate the time-varying uncer-

tainty, a different random value w(t) has been applied at each integration step.

2.8 LMPC with Delayed Measurements

In this section, we deal with the design of LMPC for nonlinear systems subject to
time-varying measurement delays in the feedback loop. In the LMPC design that
will be presented, when measurement delays occur, the nominal model of the system
is used together with the latest available measurement to estimate the current state,
and the resulting estimate is used to evaluate the LMPC; at time instants where no
measurements are available due to the delay, the actuator implements the last optimal
input trajectory evaluated by the controller as discussed in the previous section. The
LMPC accounting for delays is also designed based on a nonlinear control law which
is able to stabilize the closed-loop system and inherits the stability and robustness
properties in the presence of uncertainty and time-varying delays of the nonlinear

control law, while taking into account optimality considerations. The closed-loop
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Figure 2.5: LMPC design for systems subject to time-varying measurement delays

system considered in this section is shown in Figure 2.5.

2.8.1 Modeling of Delayed Measurements

We assume that the state of the system of Eq. 2.1 is received by the controller at
asynchronous time instants ¢, where {¢,>0} is a random increasing sequence of times
and that there exists an upper bound 7, on the interval between two successive
measurements as described in Eq. 2.22. We also assume that there are delays in
the measurements received by the controller due to delays in the sampling process
and data transmission. In order to model delays in measurements, another auxiliary
variable d, is introduced to indicate the delay corresponding to the measurement
received at time t,, that is, at time t,, the measurement x(t, — d,) is received. In
general, if the sequence {d,>o} is modeled using a random process, there exists the
possibility of arbitrarily large delays. In this case, it is improper to use all the delayed
measurements to estimate the current state and decide the control inputs, because
when the delays are too large, they may introduce enough errors to destroy the
stability of the closed-loop system. In order to study the stability properties in a
deterministic framework, we assume that the delays associated with the measurements

are smaller than an upper bound D, that is:

d, < D. (2.68)
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The size of D is, in general, related to measurement sensor delays and data trans-
mission network delays. We note that for chemical processes, the delay in the mea-
surements received by a controller are mainly caused in the measurement sampling
process. We also assume that the time instant when a measurement is sampled is
recorded and transmitted together with the measurement. This assumption is practi-
cal for many process control applications and implies that the delay in a measurement

received by the controller is calculable and can be assumed to be known.

Note that because the delays are time-varying, it is possible that at a time instant
tq, the controller may receive a measurement x(t, — d,) which does not provide new
information (i.e., t, — d, < t,—1 — d,—1); that is, the controller has already received
a measurement of the state after time ¢, — d,. We assume that each measurement is
time-labeled and hence the controller is able to discard a newly received measurement
if t, —dy, < ty_1 —d,—1. Figure 2.6 shows part of a possible sequence of {t,>o}. At
time t,, the state measurement z(t, — d,) is received. There exists a possibility that
between t, and t,;, with {,,; —t, = D —d, and j being an unknown integer, all the
measurements received do not provide new information. Note that any measurements
received after ¢, ; provide new information because the maximum delay is D and the
latest received measurement was x(t, — d,). The maximum possible time interval
between t,1; and t,4;41 is T5,. Therefore, the maximum amount of time in which the
system might operate in open-loop following t, is D + T}, — d,. This upper bound
will be used in the formulation of the LMPC design for systems subject to delayed

measurements below.

Remark 2.10 The sequences {t,>0} and {d.>0} characterize the time needed to 0b-
tain a new measurement in the case of asynchronous measurements or the quality of

the network link in the case of networked (wired or wireless) communications subject
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Figure 2.6: A possible sequence of delayed measurements

to data losses and time-varying delays. The model is general and can be used to model

a wide class of systems subject to asynchronous, delayed measurements.

2.8.2 LMPC Formulation with Measurement Delays

A controller for a system subject to time-varying measurement delays must take
into account two important issues. First, when a new measurement is received, this
measurement may not correspond to the current state of the system. This implies
that in this case, the controller has to make a decision using an estimate of the current
state. Second, because the delays are time-varying, the controller may not receive
new information every sampling time. This implies that in this case, the controller
has to operate in open-loop using the last received measurements. To this end, when
a delayed measurement is received the controller uses the nominal system model and
the input trajectory that has been applied to the system to get an estimate of the
current state and then an MPC optimization problem is solved in order to decide
the optimal future input trajectory that will be applied until new measurements are
received. This approach implies that the previous control input trajectory should
be stored in the controller. The implementation strategy for the LMPC for systems

subject to time-varying measurement delays is as follows:

1. When a measurement z(t, —d,) is available at t,, the LMPC checks whether the

measurement provides new information. If t, — d, > max;, t; — d;, go to Step
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2. Else the measurement does not contain new information and is discarded, go

to Step 5.

2. The LMPC estimates the current state of the system Z(¢,) and computes the

optimal input trajectory of u based on Z(t,) for t € [t,,t, + NA).
3. The LMPC sends the entire optimal input trajectory to the actuators.

4. The actuators implement the input trajectory until a new measurement is re-

ceived at time ¢, 1.

5. When a new measurement is received (a <— a + 1), go to Step 1.

The LMPC that takes into account time-varying measurement delay in an explicit

way is based on the following constrained optimal control problem:

ta+NA
pin [ (IO, + )l ] ar (2:69)
st. z(t) = f(@(t),u(t),0),Vt € [ty — da,ta + NA) (2.70)
u(t) = uy(t),vt € [ty — da,ta) (2.71)
Fta — dy) = 2t — do) (2.72)

Z(t) = f(2(t), h(@(ty + jA),0),t € [t + jA ta + (j+1A)  (2.73)
T(ta) = T(ta) (2.74)

V(E(t)) < V(E(1),VE € [ta ta + NpaA) (2.75)

where u}(t) indicates the actual control input trajectory that has been applied to the

system, z(t, — d,) is the delayed measurement that is received at t, with delay size
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da, T(t,) is an estimate of the current system state, j =0,..., N —1, and Np, is the
smallest integer satisfying Np ,A > T, + D — d,.

The optimal solution to the LMPC optimization problem of Egs. 2.69-2.75 is
denoted as u}(t|t,) which is defined for ¢ € [t,,t, + NA). The manipulated input of
the system of Eq. 2.1 under the control of the LMPC of Eqgs. 2.23-2.28 is defined as
follows:

u(t) = wi(tlta), Vt € [t tasi) (2.76)

for all ¢, such that t, — d, > max;.,t; — d; and for a given t,, the variable i denotes

the smallest integer that satisfies t,; — dqii > tq — dg.

In the LMPC design of Eqs. 2.69-2.75, if at a sampling time, a new measurement
x(t, — d,) is received, an estimate of the current state Z(¢,) is obtained using the
nominal model of the system (the constraint of Eq. 2.70) and the control input tra-
jectory applied to the system from ¢, — d, to t, (the constraint of Eq. 2.71) with the
initial condition Z(t, — d,) = z(t, — d,) (the constraint of Eq. 2.72). The estimated
state Z(t,) is then used to obtain the optimal future control input trajectory. The
LMPC of Egs. 2.69-2.75 uses the nominal model to predict the future trajectory Z(t)
for a given input trajectory u(t) € S(A) with ¢ € [t,,t. + NA). A cost function is
minimized (Eq. 2.69), while assuring that the value of the Lyapunov function along
the predicted trajectory Z(t) satisfies a Lyapunov-based constraint (the constraint
of Eq. 2.75) where #(t) is the state trajectory corresponding to the nominal system
in closed-loop with the nonlinear control law h(z) (the constraint of Eq. 2.73) with
the initial condition #(t,) = #(t,) (the constraint of Eq. 2.74). Note that the length
of the constraint Np, depends on the current delay d, so it may have different val-
ues at different time instants and has to be updated before solving the optimization

problem of Egs. 2.69-2.75. If the controller does not receive any new measurement at
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Figure 2.7: A possible scenario of the measurements received by the LMPC of
Eqgs. 2.69-2.75 and the corresponding state trajectories defined in the LMPC

a sampling time, it keeps implementing the last evaluated optimal trajectory. This
strategy is a receding horizon scheme, which takes time-varying measurement delays
explicitly into account.

Figure 2.7 shows a possible scenario for a system of dimension 1. A delayed
measurement z(t, — d,) is received at time ¢, and the next new measurement is not
obtained until ¢,.,;. This implies that at time ¢, we evaluate the LMPC of Egs. 2.69-
2.75 and we apply the optimal input u}(t|t,) from ¢, to t,1;. The solid vertical lines
are used to indicate sampling times in which a new measurement is obtained (that is,
t, and t,4;) and the dashed vertical line is used to indicate the time corresponding to

the measurement obtained in ¢, (that is, t, — d,).

2.8.3 Stability Properties

In this subsection, we present the stability properties of the LMPC of Eqgs. 2.69-2.75
for systems subject to time-varying measurement delays. Theorem 2.2 below provides
sufficient conditions under which the LMPC of Eqgs. 2.69-2.75 guarantees stability of

the closed-loop system in the presence of time-varying measurement delays.
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Theorem 2.2 Consider the system of Eq. 2.1 in closed-loop, which closes at asyn-
chronous time instants {t,>o} that satisfy the condition of Eq. 2.22, under the LMPC
of Eqs. 2.69-2.75 based on a controller h(x) that satisfies the conditions of Eqs. 2.4-
2.7 Let Ajes >0, p> puin >0, p>ps >0, N>1 and D > 0 satisfy the condition

of Eq. 2.31 and the following inequality:

—Nges + fv(fw(NpA)) + fv(fw(D)) < 0. (2.77)

with fy(+) and fw (+) defined in Eqs. 2.49 and 2.43, respectively, Np being the smallest
integer satisfying NpA > T,,,+D, and Ng being the smallest integer satisfying NpA >
T If N > Np, x(to) € Q, and dy = 0, then x(t) is ultimately bounded in §,, C Q,
where:

Pd = Puin + fv (fw (NpA)) + fv(fw(D)). (2.78)

Proof: In order to prove that the system of Eq. 2.1 in closed-loop with the LMPC
of Eq. 2.69-2.75 is ultimately bounded in a region that contains the origin, we will
prove that the Lyapunov function V' (z) is a decreasing function of time with a lower
bound on its magnitude. We assume that the delayed measurement z(t, — d,) is
received at time ¢, and that a new measurement is not obtained until ¢,,;. The
LMPC of Eq. 2.69-2.75 is solved at t, and the optimal input trajectory w}(t|t,) is
applied from t, to t,.;.

Part 1: In this part we prove that the stability results stated in Theorem 2.2 hold
for t,1; —to = Npo,A and all d, < D.

The trajectory z(t) corresponds to the nominal system in closed-loop with the
nonlinear control law u = h(Z) implemented in a sample-and-hold fashion with initial

condition Z(t,); please see the constraint of Egs. 2.73 and 2.74. By Proposition 2.1,
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the following inequality can be obtained:

V(Z(tats)) < max{V(Z(ts)) — ND.a€s, Pmin}- (2.79)

The constraint of Eq. 2.75 guarantees that:

V(E(t)) < V(&(8)), ¥t € [tasta + NpaA) (2.80)

and the constraint of Eq. 2.74 guarantees that V(z(t,)) = V(Z(ts,)). This implies

that:

V(% (tari)) < max{V(Z(t,)) — Npa€s, Pmin}- (2.81)

When z(t) € Q, for all times (this point will be proved below), we can apply Propo-

sition 2.3 to obtain the following inequalities:

V(E(ta)) < V(xta) + fv(lle(ta) — Z(ta)l), (2.82)

Vi(e(tar)) < V(@(tars) + fr(lz(tars) = 2(tayi)l])- (2.83)

Applying Proposition 2.2, we obtain the following upper bounds on the deviation of

Z(t) from x(t):

[e(ta) = Z(ta )l < Sw(da), (2.84)

[ (tari) = E(tap) | < fw(NDA). (2.85)

Note that the constraints of Eqgs. 2.70-2.72 and the implementation procedure allow
us to apply Proposition 2.2 because it is guaranteed that the actual system state x(t)

and the state estimated using the nominal model Z(t) are obtained using the same
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input trajectory. Note also that we have taken into account that NpA > T, + D —d,
for all d,. Using the inequalities of Eqs. 2.81-2.84, the following upper bound on

V(x(tg+;)) is obtained:

V(@(tars)) < max{V(z(ta)) — Npas, pmin} + fv(fw(da)) + fv(fw(NpA)). (2.86)

In order to prove that the Lyapunov function is decreasing between two consecu-

tive new measurements, the following inequality must hold:

Npats > fv(fw(NpA)) + fv(fw(da)) (2.87)

for all possible 0 < d, < D. Taking into account that fy (-) and fi/(-) are strictly
increasing functions of their arguments, that Np , is a decreasing function of the delay
d, and that if d, = D then Np, = Ng, if the condition of Eq. 2.77 is satisfied, the
condition of Eq. 2.87 holds for all possible d, and there exists €¢,, > 0 such that the

following inequality holds:

V(@(tas:) < max{V (z(ta)) = ew, pa} (2.88)

which implies that if z(¢,) € ,/Q,,, then V(x(t.;)) < V(z(t,)), and if z(t,) € Q,,,
then V(x(to14)) < pa-

Because the upper bound on the difference between the Lyapunov function of the
actual trajectory x and the nominal trajectory Z is a strictly increasing function of

time, the inequality of Eq. 2.88 also implies that:

V(z(t)) < max{V(z(ta)), pa}, Vt € [ta,tari)- (2.89)
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Using the inequality of Eq. 2.89 recursively, it can be proved that if x(ty) € €2, then
the closed-loop trajectories of the system of Eq. 2.1 under the LMPC of Eqgs. 2.69-2.75
stay in €2, for all times (i.e., z(t) € Q,,Vt). Moreover, using the inequality of Eq. 2.89
recursively, it can be proved that if z(ty) € Q,, the closed-loop trajectories of the

system of Eq. 2.1 under the LMPC of Eqs. 2.69-2.75 satisty:

limsup V' (z(t)) < pa. (2.90)

t—o00

This proves that z(t) € Q, for all times and z(¢) is ultimately bounded in €2, for the
case when t,1; —t, = NpA.

Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, to4; — ta < NpoA. Taking into account that fy(-) and fu(-) are strictly
increasing functions of their arguments and fi/(-) is convex, following similar steps
as in Part 1, it can be shown that the inequality of Eq. 2.87 holds for all possible
de, < D and t,4; —t, < Np,A. Using this inequality and following the same line of
arguments as in the previous part, the stability results stated in Theorem 2.2 can be

proved. W

Remark 2.11 When time-varying measurement delays are not present and new mea-
surements of x(t) are fed into the controller every synchronous sampling time, the
LMPC of Eqs. 2.69-2.75 may be simplified to the LMPC of Eqs. 2.16-2.20. Comparing
the LMPC of Eqs. 2.16-2.20 with the one of FEqs. 2.69-2.75, the difference is that the
Lyapunov-based constraint of Eq. 2.20 has to hold only for one time step. This implies
that even if the same implementation procedure is used, and the same optimization
problem is solved (in order to estimate the current state), if the Lyapunov-based con-
straint is not changed, stability cannot be proved. This point will be illustrated in the

example in Section 2.8.4.
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Remark 2.12 In the LMPC of Eqs. 2.23-2.28 for systems with asynchronous feed-
back without delays, the Lyapunov-based constraint of Eq. 2.28 has to hold for a time
period which is equal to or bigger than the mazimum time without new measurement.
This constraint makes the computed control action more conservative (and thus less
optimal) because the controller may have to satisfy the Lyapunov-based constraint over
unnecessarily large horizons. If the LMPC of Eqs. 2.23-2.28 is implemented for sys-
tems subject to time-varying delays, it will be, in general, less optimal than the LMPC

of Eqs. 2.69-2.75. This point will also be illustrated in the example in Section 2.8.4.

2.8.4 Application to a Chemical Reactor

Consider the CSTR described by Eqs. 2.62-2.63 in Section 2.7.4. We assume that the
manipulated input (the rate of heat input Q) is bounded by |Q| < 10° KJ/h and
the time-varying uncertainty in the reactant concentration of the inflow is bounded
by |AC4| < 0.2 mol/l. The control system is subject to time-varying measure-
ment delay in the measurements of the concentration of the reactant, Cy, and in
the measurements of the temperature, 7'. Note that we do not consider the possible
different sampling rates of temperature and concentration sensors in this example.
Note also that the delay in the measurements could be regarded as the total time
needed for online sensors to get a sample, analyze the sample and transmit the data
to the controller. The same nonlinear controller of Eq. 2.66 with the same Lyapunov
function V(x) and weighting matrix P is used in the design of the LMPCs used in

the simulations. The stability region €, is defined as V(z) < 700, i.e. p = 700.

The sampling time of the LMPCs is chosen to be A = 0.025 h, the maximum
allowable measurement delay is D = 6A = 0.15 h and the maximum interval between

two consecutive measurements is 1,, = A = 0.025 h which implies that there is a
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measurement available every A but it may not contain new state information. The
cost function is defined by the weighting matrices Q. = P and R, = 107°.

We first compare the LMPC of Egs. 2.69-2.75 with the LMPC of Egs. 2.16-2.20 in
the case where no time-varying measurement delays are present. For this simulation,
we choose the prediction horizon of the two LMPCs N equal to 7 (N > D + 1,,).
We implement the LMPC of Egs. 2.16-2.20 using the same approach employed in the
implementation of the LMPC of Eqgs. 2.69-2.75, that is, the current state is estimated
using the nominal model when a delayed measurement is received and the last optimal
input is applied when no new measurement is received. In Fig 2.8, the trajectories of
the CSTR under both LMPCs are shown assuming no measurement delay is present,
that is, the state x(tj) is available every sampling time. It can be seen that both
closed-loop systems are practically stable and the trajectories remain in the stability
region €2,.

In order to simulate the process in the presence of measurement delay, we use a
random process to generate the delay sequence {d,>¢}, and the time sequence {t,>0}
and corresponding delay sequence {d,>o} in which the control system is subjected
to is shown in Figure 2.9. In this figure, we see the time-varying nature of the
measurement delays and the largest delays are equal to the maximum allowable delay
D = 6A = 0.15 h. Note that when d, 1 = d, + A, the controller does not receive any
new measurement.

When time-varying measurement delays are present, the LMPC of Egs. 2.69-
2.75 is more robust. The stability region is invariant for the closed-loop system if
D+T,, < NA. This is not the case with the LMPC of Eqgs. 2.16-2.20. In Figure 2.10,
the trajectories of the closed-loop system under both controllers are shown in the

presence of measurement delay with D = 6A = 0.15 h. It can be seen that the LMPC
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Figure 2.8: (a)(c) State and input trajectories of the CSTR of Eqs. 2.62-2.63 with
the LMPC of Egs. 2.69-2.75 when no measurement delay is present; (b)(d) State and
input trajectories of the CSTR of Eqgs. 2.62-2.63 with the LMPC of Egs. 2.16-2.20

when no measurement delay is present
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the simulation shown in Figure 2.10

of Egs. 2.16-2.20 can not stabilize the system at the desired open-loop unstable steady-
state and the trajectories leave the stability region, while the LMPC of Eqs. 2.69-2.75
keeps the trajectories inside the stability region. When measurement delay is present,
in order to provide stability guarantees, the constraints must be modified to take into
account the measurement delay as in the LMPC of Eqgs. 2.69-2.75.

We have also carried out a set of simulations to compare the LMPC of Egs. 2.69-
2.75 with the LMPC of Egs. 2.23-2.28 for nonlinear systems subject to data losses from
a performance index point of view. We also implement the LMPC of Eqs. 2.23-2.28
using the same approach employed in the implementation of the LMPC of Eqgs. 2.69-
2.75. Table 2.3 shows the total cost computed for 20 different closed-loop simulations
under the LMPC of Egs. 2.69-2.75 and the LMPC of Egs. 2.23-2.28. To carry out
this comparison, we have computed the total cost of each simulation based on the
performance index of Eq. 2.67 with the initial simulation time ¢, = 0 and the final
simulation time ¢y = 2 h.

The prediction horizon in this set of simulations is N = 10. For each pair of
simulations (one for each controller) a different initial state inside the stability region,
a different uncertainty trajectory and a different random measurement delay sequence
is chosen. As can be seen in Table 2.3, the LMPC of Eqgs. 2.69-2.75 has a cost lower
than the corresponding total cost under the LMPC designed for systems subject to

data losses in 16 out of 20 simulations (see also Remark 2.12). This illustrates that
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Figure 2.10: (a)(c) State and input trajectories of the CSTR of Eqgs. 2.62-2.63 with
the LMPC of Egs. 2.69-2.75 when D is 6A and T,, = A; (b)(d) State and input
trajectories of the CSTR of Egs. 2.62-2.63 with the LMPC of Egs. 2.16-2.20 when D

is 6A and 7, = A
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Table 2.3: Total performance costs along the closed-loop trajectories of the CSTR of
Eqgs. 2.62-2.63 under LMPC of Egs. 2.69-2.75 and LMPC of Egs. 2.23-2.28

sim. LMPC of Egs. 2.69-2.75 LMPC of Egs. 2.23-2.28

1 1.8295 x 10* 2.4428 x 10*
2 4.2057 x 104 6.0522 x 10*
3 3.2481 x 10? 1.0428 x 104
4 7.4328 x 102 7.3961 x 102
5 1.4229 x 10° 2.7798 x 10°
6 4.9435 x 104 6.1596 x 10*
7 3.2519 x 10* 3.4319 x 10*
8 2.7590 x 10* 4.7075 x 10*
9 9.4216 x 102 9.4866 x 102
10 5.4505 x 102 5.4322 x 102
11 1.9723 x 10* 3.1282 x 10*
12 2.7235 x 104 3.8772 x 10*
13 1.8671 x 10° 1.9200 x 10°
14 3.7789 x 104 4.0050 x 10*
15 2.1839 x 10° 2.1392 x 10°
16 4.2920 x 104 4.4594 x 10*
17 1.5153 x 102 1.7190 x 102
18 4.9955 x 10° 9.9094 x 103
19 3.2086 x 10* 4.8838 x 10*
20 1.5420 x 10° 1.5197 x 10°
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the LMPC of Egs. 2.69-2.75 is, in general, more optimal. This is because the LMPC
designed for system subject to data losses requires the Lyapunov-based constraint
of Eq. 2.28 to be satisfied along the whole possible maximum open-loop operation
time (that is ¢t € [t,,t, + NgA)) which yields a more conservative controller from a

performance point of view.

We have also carried out a set of simulations to study the dependence on the value
of the maximum delay D of the set in which the trajectory of the process under the
proposed LMPC scheme is ultimately bounded. In order to estimate the size of each
set for a given D, we start the system very close to the equilibrium state and run it
for a sufficient long time. In this set of simulations, we set AC 49 = 0.1 kmol/m? and
N = 7. The simulation time is 25 h. Figure 2.11 shows the location of the states,
(Ca,T), at each sampling time and the estimated regions for D = 2A,4A,6A. Three
ellipses are used to estimate the boundaries of the sets, and they are chosen to be as
small as possible but still include all the corresponding points indicating the states.
From Figure 2.11, we see that the size of these sets becomes larger as D increases. The
results are expected because the size of the sets is not only dependent on the system
and the controller, but it also depends on the maximum measurement delay. The
longer the size of the delay, the further the system can move away from the steady-
state which means a larger set (if the state is still in the stability region €2,). Note
that all the sets for D = 2A,4A,6A are included in the stability region of the closed

loop system under the LMPC accounting for time-varying delays (£2,, p = 700).

2.9 Conclusions

In this chapter, LMPC designs were developed for the control of a broad class of

nonlinear uncertain systems subject to data losses/asynchronous measurements and
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Figure 2.11: (a) Estimate of the set in which the state trajectories of the CSTR of
Egs. 2.62-2.63 with the LMPC of Eqs. 2.69-2.75 are ultimately bounded when the
maximum allowable measurement delay D is 2A; (b) Estimate of the set in which the
state trajectories of the CSTR of Egs. 2.62-2.63 with the LMPC of Egs. 2.69-2.75 are
ultimately bounded when the maximum allowable measurement delay D is 4A; (c)
Estimate of the set in which the state trajectories of the CSTR of Egs. 2.62-2.63 with
the LMPC of Egs. 2.69-2.75 are ultimately bounded when the maximum allowable

measurement delay D is 6A; (d) Comparison of the three sets
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time-varying measurement delays. The main idea is that in order to provide guar-
anteed stability results in the presence of data losses or time-varying measurement
delays, the constraints that define the LMPC optimization problems as well as the im-
plementation procedures have to be modified to account for data losses/asynchronous
measurements or time-varying measurement delays. The presented LMPCs possess an
explicit characterization of the closed-loop system stability regions. The applications

of the presented LMPCs were illustrated using a nonlinear CSTR example.
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Chapter 3

Networked Predictive Process

Control

3.1 Introduction

In Chapter 2, we presented two LMPC designs for networked control systems sub-
ject to feedback data losses and time-varying measurement delays. From a control
system architecture point of view, the two LMPC designs are centralized and aim
to replace existing, dedicated control systems. In this chapter, we present a two-tier
networked control architecture to augment existing, point-to-point control systems
with networked control systems, which take advantage of real-time wired or wireless
sensor and actuator networks. This two-tier control architecture is a decentralized
control architecture and involves the use of hybrid communication networks. In this
case, key issues that need to be carefully handled at the control system design level
include data losses due to field interference, and time-delays due to network traffic as

well as measurement sampling.
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The class of networked control problems considered in this chapter arises naturally
in the context of process control systems based on hybrid communication networks
(i.e, point-to-point wired links integrated with networked wired or wireless commu-
nication) and utilizing multiple heterogeneous measurements (e.g., temperature and
concentration). Assuming that there exists a lower-tier control system which relies on
point-to-point communication and continuous measurements to stabilize the closed-
loop system, we use LMPC to design an upper-tier networked control system which
profits from both continuous and asynchronous/delayed measurements as well as from
additional networked control actuators. The main idea is to formulate appropriate
constraints in the MPC optimization problem based on the existing lower-tier control
system, in a way such that the MPC inherits the robustness and stability properties
of the lower-tier controller. The two-tier control system architecture has the ability
to preserve the stability properties of the lower-tier control system while improving
the closed-loop performance. The applicability and effectiveness of the two-tier con-
trol architecture is demonstrated using two chemical process examples. Moreover,
the two-tier control architecture is also applied to the optimal management and op-
eration of a standalone hybrid wind-solar energy generation system. Specifically, we
design a supervisory control system via MPC which computes the power references
for the wind and solar subsystems at each sampling time while minimizing a suitable
cost function. The power references are sent to two local controllers which drive the
two subsystems to the requested power references. We explicitly incorporate some
important practical considerations, for example, how to extend the life time of the
equipment by reducing the peak values of inrush or surge currents, into the formu-
lation of the MPC optimization problem. We present several simulation case studies
that demonstrate the applicability and effectiveness of the supervisory predictive con-

trol architecture. The results of this chapter were first presented in [55, 56, 85].
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3.2 System Description

In this chapter, we consider nonlinear systems described by the following state-space

model:

#(t) = fla(t),us(t), ua(t), w(t)) (3.1)
ys(t) = hs(x(t)) (3.2)
Ya(t) = ha(x(t)) (3.3)

where z(t) € R" denotes the vector of state variables, ys(t) € R™ denotes measure-
ments that are available continuously, y,(t) € R" denotes measurements that are
sampled at asynchronous time instants, us(t) € R™ and u,(t) € R™ are two differ-
ent sets of possible control inputs, and w(t) € R* denotes the vector of disturbance

variables. The disturbance vector is assumed to be bounded, i.e., w(t) € W where:

W:={we R": |w|| <6,0 >0} (3.4)

with 6 being a known positive real number.

We assume that f is a locally Lipschitz vector function, hs and h, are sufficiently
smooth vector functions, f(0,0,0,0) =0, hs(0) = 0 and h,(0) = 0. This means that
the origin is an equilibrium point for the nominal system with us = 0 and u, = 0.

The system of Egs. 3.1-3.3 has both continuous synchronous and sampled asyn-
chronous measurements. We assume that y,(¢) is available for all ¢, while y,(t) is
sampled and only available at some time instants ¢, where {f,>o} is a random in-
creasing sequence of times. Moreover, there may be time-varying measurement delays

associated with the asynchronous measurements y,(t). Please see Section 3.3 for a
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precise definition of the measurement /network model that considered in this chapter.

Remark 3.1 The two sets of inputs include both systems with multiple inputs, or

systems with a single input divided artificially into two parts; that is:

i(t) = f(a(t), ult), w(t)) (3.5)

with u(t) = us(t) +ua(t). This implies that the two-tier control architecture presented
i this chapter can be used to design control systems which produce adjustments to
the actions of an already operating local control system to improve the closed-loop

performance.

3.3 Modeling of Measurements

The system of Egs. 3.1-3.3 is controlled using both continuous synchronous, y,, and
asynchronous, delayed measurements, y,. This class of systems arises naturally in
process control applications, where different process variables have to be measured
such as temperature, flow rates, species concentrations or particle size distributions.
This model is also of interest in the context of processes controlled through a hybrid
communication network in which networked wired/wireless sensors and actuators are
used to add redundancy to existing control loops (which use point-to-point wired
communication links and continuous measurements) because networked communica-
tion is often subject to data losses due to field interference (for example, in wireless

communication) and time-varying delays due to network traffic.

We assume that y, is available for all ¢, while delayed y, samples are received at
an asynchronous rate. We also assume that each gy, measurement is time-labeled, so

the controller is able to discard non-relevant information. Delays in the computation
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and implementation of control actions can be readily lumped with the measurement
delays and are not treated separately. The time instants at which a new delayed y,
sample is received are denoted t,, where {f,>o} is a random increasing sequence of
times. To model the time-varying delay, an auxiliary variable d, is introduced to
indicate the delay corresponding to the sample received at time t,, that is, at time
instant ¢,, the sample y,(t, — d,) = ho(x(t, — d,)) is received.

In general, if the sequence {d,>0} is modeled using a random process, it is improper
to use all the delayed measurements to estimate the current state and decide the
control inputs, because when the delays are too large, they may introduce enough
errors to destroy the stability of the closed-loop system. In order to study the stability
properties in a deterministic framework, in this chapter, we only take advantage of
delayed measurements such that the delays associated with the measurements are
smaller than an upper bound D, i.e., d, < D, a=0,1.... The sequence {t,>o} only
indicates time instants in which new measurements are available with a corresponding

measurement delay smaller than or equal to D.

We assume that the measurement of the full state x can be obtained by a proper
combination of measurements y; and y, at a given time instant. Due to the asyn-
chronous nature of y,, the time interval between two consecutive state x measurements
is unknown, moreover, due to the time-varying measurement delay of y,, the full state
x is also subject to time-varying delays. This implies that a controller that is designed
to profit from the extra information provided by the asynchronous, delayed measure-
ments gy, must take into account that between two consecutive state measurements
it has to operate in open-loop and that the received state measurements are delayed
so the real state of the system has to be estimated using the nominal model of the

system and the available measurement information.
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Figure 3.1: Lower-tier controller with dedicated point-to-point, wired communication
links and continuous sensing and actuation

Remark 3.2 The sequence {t,>o} does not take into account time instants in which
a sample that does not provide nmew information or a sample that involves a delay
larger than D 1s received, that is, the controller discards samples with already known
information, or with a delay too large to use this sample to estimate the current state

(recall that the measurements are time-labeled).

Remark 3.3 We have considered that the delayed full state is available asynchronously
to simplify the notation. The results can be extended to controllers based on partial

state information.

3.4 Lower-tier Controller

The continuous measurements y,(t) can be used to design a continuous output feed-
back controller to stabilize the system. We term the control system based only on the
continuous measurements y4(t) as lower-tier controller. This controller does not use
the asynchronous measurements y,(t). Figure 3.1 shows a schematic of the lower-tier
control system. Following this idea, we assume that there exists an output feedback
controller uy(t) = ky(ys) (where kq(ys) is assumed to be a sufficiently smooth function
of y,) that renders the origin of the nominal closed-loop system asymptotically stable

with u,(t) = 0. Using converse Lyapunov theorems [62, 46, 38, 12|, this assumption
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implies that there exist functions «;(+), ¢ = 1,2,3,4 of class K and a continuously
differentiable Lyapunov function V'(z) for the nominal closed-loop system that satisfy

the following inequalities:

an(lel) < V() < as(l) (3:6)
D) (ko). 0,0) < el .)
12522 < el 39

for all z € O C R™ where O is an open neighborhood of the origin. We denote
the region 2, C O as the stability region of the closed-loop system under the con-
troller k;(ys). In the remainder, we will refer to the controller ks(ys) as the lower-tier

controller.

The lower-tier controller k(y;) is able to stabilize the system, however, it does not
profit from the extra information provided by y,(¢). In the remainder of this chapter,
we present a two-tier control architecture that profits from this extra information to

improve closed-loop performance.

Remark 3.4 The assumption that there exists a lower-tier controller which can sta-
bilize the closed-loop system using only the continuous measurements ys(t) and the
inputs us(t) implies that, in principle, it is not necessary to use the additional in-
formation provided by the asynchronous measurements and the extra inputs u,(t) in
order to achieve closed-loop stability. However, the main objective of the two-tier con-
trol architecture is to profit from this extra information and control effort to improve
the closed-loop performance while maintaining the stability properties achieved by the

lower-tier controller.
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Remark 3.5 Note that in many application areas, specifically in chemical plants,
there are control systems that have already been implemented using dedicated, local
control networks. These control systems will not be replaced by networked control
systems. Instead, networked control systems should be designed and implemented to
augment the pre-existing control systems to maintain stability and improve closed-loop
performance. This is why we assume that there exists a pre-existing stabilizing con-

troller ks(ys) for the lower-tier control system based on the continuous measurements

ys ().

Remark 3.6 We have considered static lower-tier controllers to simplify the nota-
tion. The formulation can be extended to dynamic lower-tier controllers. In the ex-
amples in Sections 3.5.3, 3.5.4, 3.6.3 and 3.6.4, proportional-integral (PI) controllers

are used as the lower-tier controllers.

Remark 3.7 The lower-tier controller provides some degree of robustness with re-
spect to the uncertainty w. The conditions of Eqs. 3.6-3.8 and the Lipschitz property
of f guarantee that: a) the closed-loop nominal system under the lower-tier controller
is asymptotically stable; b) the closed-loop system state under the lower-tier controller
subject to the disturbances is ultimately bounded, provided 6 is sufficiently small, in
a region that contains the origin that depends on the size of the uncertainty. These
properties are made explicit in Proposition 3.1 in next section. Please see [38] for

more details.

81



3.5 Two-tier Networked Control Architecture with

Continuous/Asynchronous Measurements

In this section, we consider the design of the two-tier control architecture for the sys-
tem of Eqs. 3.1-3.3 with continuous and asynchronous measurements without delays;
that is d, = 0 for all time instants. The extension of the two-tier control architec-
ture for the system of Egs. 3.1-3.3 with continuous and asynchronous measurements
involving time-varying delays (i.e., d, # 0) will be presented in Section 3.6.

The main objective of the two-tier control architecture is to improve the per-
formance of the closed-loop system using the information provided by y,(t) while
guaranteeing that the stability properties of the lower-tier controller are maintained.
This is done by defining a controller (upper-tier controller) based on the full state
measurements obtained from both the synchronous and asynchronous measurements
at time steps t,. In the two-tier control architecture, the upper-tier controller decides
the trajectory of u,(t) between successive samples, i.e., for ¢t € [t,, t,41) and the lower-
tier controller decides u(t) using the continuously available measurements. Figure 3.2
shows a schematic of the two-tier control architecture. Due to the asynchronous na-
ture of y,(t), the upper-tier controller has to take into account that the time interval
between two consecutive samples is unknown and there exists the possibility of an

infinitely large interval.

Remark 3.8 Note that since the lower-tier controller has already been designed, this
controller views the input u,(t) as a disturbance that has to be rejected if the controller
that is used to manipulate u,(t) is not properly designed. Therefore, the design of the
upper-tier controller has to take into account the decisions that will be made by the

lower-tier controller to maintain closed-loop stability and guarantee improved closed-
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Figure 3.2: Two-tier networked control architecture (solid lines denote dedicated
point-to-point, wired communication links and continuous sensing and actuation;
dashed lines denote networked (wired or wireless) communication or asynchronous
sampling and actuation)

loop performance.

3.5.1 Upper-tier Networked LMPC Formulation

In order to take advantage of the model of the system and the asynchronous state
measurements, we use MPC to decide u,(t). The main idea is the following: at each
time instant ¢, that a new state measurement is obtained, an open-loop finite horizon
optimal control problem is solved and an optimal input trajectory is obtained. This
input trajectory is implemented until a new measurement arrives at time ¢,,1. If the
time between two consecutive measurements is longer than the prediction horizon,
uq(t) is set to zero until a new measurement arrives and the optimal control problem is
solved again. In order to guarantee that the resulting closed-loop system is stable, we
design the MPC via LMPC. In the LMPC designs presented in Chapter 2, the stability
constraints are defined based on a known nonlinear state feedback controller. In this
chapter, the constraint of the upper-tier networked LMPC design is based on the

lower-tier output feedback controller. The upper-tier LMPC optimization problem is
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defined as follows:

i [ [+ el + a9
st B(E) = 0,100, wl0),0) 3.10)
wlt) = k(1) @)

(1) = fF(2(0), ks(hs(£(2))), 0,0) (3.12)

t2) = (1) = a(t) .13

V(E®) < V(E(1), VE € [t ta + NA) (3.14)

where z(t,) is the state obtained from both y,(t,) and y,(t,), Z(t) is the predicted
trajectory of the two-tier nominal system with u, computed by this upper-tier LMPC,
and Z(t) is the predicted trajectory of the two-tier nominal system for the input
trajectory u,(t) = 0 for all t € [t,,t,+NA). The optimal solution to this optimization
problem is denoted u’(t|t,). This signal is defined for all ¢ > t, with w}(¢|t,) = 0 for
all t > t, + NA.

The control inputs of the two-tier control architecture based on the above LMPC

are defined as follows:

us(t) = ky(hy(z(t))), V¢ (3.15)

uo(t) = ui(t|te),Vt € [ta,tas1) (3.16)

where u(t|t,) is the optimal solution of the LMPC of Egs. 3.9-3.14 at time step

tq. This implementation technique takes into account that the lower-tier controller
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uses the continuously available measurements, while the upper-tier controller has to

operate in open-loop between consecutive asynchronous measurements.

Note that the constraint of Eq. 3.14 in the LMPC of Egs. 3.9-3.14 is needed to
ensure that the value of the Lyapunov function of the closed-loop system under the
two-tier control architecture is lower than or equal to the Lyapunov function of the
closed-loop system when it is only controlled by the lower-tier controller. By imposing
the constraint of Eq. 3.14, we can prove that the stability of the closed-loop system
under the two-tier control architecture with inputs determined as in Egs. 3.15-3.16

which is shown in Section 3.5.2.

Remark 3.9 By definition, u}(t|t,) = 0 for allt > t, + NA. This implies that the
upper-tier controller switches off when it has been operating in open-loop for a large
time, because in this case, the last received information is no longer useful to improve
the performance of the lower-tier controller. The two-tier networked control archi-
tecture is (by design) stable because of the lower-tier controller stability properties.
The main problem is how to improve the closed-loop performance using asynchronous
communications in a way such that the stability properties of the closed-loop system
under the lower-tier controller are not compromised. Setting the control input of the
upper-tier controller to zero after a given time is necessary to maintain the stability
properties, because after a sufficiently large time, the upper-tier input implemented in

open-loop is not improving the closed-loop performance and may act as a disturbance.

3.5.2 Stability Properties

Combining the information from a hybrid communication system may lead to losing
the stability properties of the lower-tier controller. The resulting closed-loop system

is an asynchronous system [71] and we follow a Lyapunov-based approach to study the
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stability properties of the two-tier control architecture with the upper-tier controller
design as in Egs. 3.9-3.14. The main idea, is to compute the input u,(¢) applied to the
system in a way such that it is guaranteed that the value of the Lyapunov function at
time instants t,, V(x(t,)), is a decreasing sequence of values with a lower bound. This
guarantees practical stability of the closed-loop system. This property is presented

in Theorem 3.1 below. To state this theorem, we need the following propositions.

Proposition 3.1 Consider the system of Eqs. 3.1-3.3 in closed-loop with a lower-tier
controller k. If kg satisfies the conditions of Eqs. 3.6-3.8, there exists a KL function
B(r,s), a K function v and a constant Oy such that if x(ty) € Q, and uq(t) =0 for

all t then:
Vi(z(t)) < B(V(x(t)),t — to) + v( max [lw(r)l]) (3.17)

TE[to,t]

for all w € W with 0 < 0,.y.

This proposition provides us with a bound on the trajectories of the Lyapunov
function of the state of the system of Eqs. 3.1-3.3 in closed-loop with the lower-tier

controller and u,(t) = 0. The proof of Proposition 3.1 can be found in [38].

Proposition 3.2 Consider the following state trajectories:

Ta(t) = f(xa(t), ks(hs(za(t))), ua(t), w(?)) (3.18)

(1) = flap(t), ks(hs(zo(t))), ua(t), 0) (3.19)

with initial states xq(to) = xp(to) € Q,. There exists a class K function fw such that:

lza(t) = 2o < fw(t = to) (3.20)
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with

fw(r) = (e”” - 1) (3.21)

for all z,(t), xy(t) € Q, and all w(t) € W.

Proof: Define the error vector as e(t) = x,(t) — x(t). The time derivative of the

error is given by:

By the local Lipschitz property assumed for the vector field f(z, us, uq, w), there exist

positive constants L,,, L, and L,; such that:

e < Lu [w(t) = Ol + Lo l|za(t) = 2 (O) | + Lua [5s(hs(wa(t))) = s (hs(a(1))]
(3.23)
for all z,(t), xp(t) € Q, and w(t) € W. By continuity and smoothness properties of

ks and hg, there exists a positive constant L,» such that:

1K (hs(2a(t)) = ks(hs(@p(ODI] < Luz [[2a(t) — 23(2)]] (3.24)

for all x,(t), zp(t) € Q,. Thus the following inequality can be obtained from the

inequality of Eq. 3.23:

I < Lo lw@)l + (Lo + Lut Luz) [|2a(t) — 2p(@)[| < Luwb + (L + Lui Lu2) [le(t)]] -
(3.25)
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Integrating ||é(¢)|| with initial condition e(ty) = 0 (recall that z,(to) = x(to)), the

following bound on the norm of the error vector is obtained:

L,0 /
le(t)]| < == (e —1) (3.26)
where L! = L, + Ly Lys. This implies that the condition of Eq. 3.20 holds for:

Jw(r) = Luf (e“” - 1) (3.27)

xT

which proves this proposition. l

Theorem 3.1 Consider the system of Eqs. 3.1-3.3 in closed-loop with ys available for
allt, y, available at asynchronous time instants {t,>o} without delay (i.e., d, =0) and
a lower-tier controller ks satisfying the conditions of FEqs. 3.6-3.8. Let the closed-loop
system be controlled under the two-tier control architecture with the upper-tier LMPC
of Egs. 3.9-3.14 and control inputs determined as in Eqs. 3.15-3.16. If x(ty) € €,

0 < Opax, N >1, A >0 and there exist a concave function g such that:
g(z) > Bz, NA) (3.28)
forall x € Q,, and a positive constant ¢ < p such that:

c—g(c) > fu(fw(NA)) (3.29)

with fy(-) defined in Eq. 2.49 and fw/(-) defined in Eq. 3.21, then z(t) is ultimately

bounded in 2, C Q, where:

pe = max{max (¢, NA) + fv (fw (NA)),7(Omax) }- (3.30)
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Proof: In order to prove that the closed-loop system is ultimately bounded in a
region that contains the origin, we will prove that V' (z(t,)) is a decreasing sequence of
values with a lower bound for the worst possible case, that is, the upper-tier controller
always operates in open-loop for a period of time longer than NA between consecutive
samples, that is, t,41 — t, > NA for all a. The trajectory #(t) corresponds to the
nominal system in closed-loop with the lower-tier controller with initial state z(t,).

Taking into account Proposition 3.1 the following inequality holds:

V(@) < B(V(2(ta)),t = ta), (3.31)

The constraint of Eq. 3.14 of the upper-tier LMPC of Egs. 3.9-3.14 guarantees that:

V(E(t)) < V(i(t), ¥t € [t ta + NA). (3.32)

Assuming that x(t) € Q, for all times (which is automatically satisfied when the
system is proved to be ultimately bounded below), we can apply Proposition 2.3

(presented in Chapter 2) to obtain the following inequalities:

V(z(te + NA)) < V(2(t, + NA)) + fu(|lz(ta) — 2(ta)])- (3.33)

Applying Proposition 3.2 we obtain the following upper bound on the deviation of
Z(t) from z(t):

|2(ta + NA) — &(ta + NA)|| < fr(NA). (3.34)

Using the inequalities of Eqs. 3.31-3.34, the following upper bound on V (z(t,+ NA))
is obtained:

V(z(ta + NA)) < B(V(x(ta)), NA) + fr (fw(NA)). (3.35)
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Taking into account that for all t > ¢, + NA the upper-tier controller is switched off,
i.e., ug(t) = 0, and only the lower-tier controller is in action, the following bound on

V(z(to41)) is obtained from Proposition 3.1:

V(z(ter1)) < max{V(xz(t, + NA)),v(Omax) } (3.36)

for all w(t) € W. Because function ¢(-) is concave, z — ¢g(z) is an increasing function.
If there is a positive constant ¢ < p satisfying the condition of Eq. 3.29, then the
condition of Eq. 3.29 holds for all z > ¢. Taking into account that g(z) > f(z, NA)

for all z < p, the following inequality is obtained:

z—=P(z, NA) > fu(fw(NA)) (3.37)

when ¢ < z < p. From the inequality of Eq. 3.37 and the inequality of Eq. 3.35, we
obtain that:

V(@ (tat1)) < max{V(z(ta)), (0max) } (3.38)

for all V(z(ty)) > c. It follows using Lyapunov arguments that:

limsup V' (z(t)) < pe (3.39)
where:
Pe = max{mcax Ble, NA) + fv(fw (NA)), v(Omax) }- (3.40)
|

Remark 3.10 In general the size of the region in which the state is ultimately bounded,

depends on the prediction horizon NA. The prediction horizon NA sets the mazimum
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Figure 3.3: Centralized networked control system

amount of time on which the upper-tier controller will be operating in open-loop.

Remark 3.11 Referring to Theorem 3.1, the assumption that there exists a concave
function g such that g(x) > f(x, NA) imposes an upper bound on NA and is made,
without any loss of generality, to simplify the proof of Theorem 3.1, that is, the result
of Theorem 3.1 could still be proved without this assumption but the proof would be
more tnvolved. The assumption that there exists a positive constant ¢ < p such that
c—glc) > fu(fw(NA)) guarantees that the derivative of the Lyapunov function of
the state of the closed-loop system outside the level set V (x) = c is negative under the

two-tier control architecture with the upper-tier LMPC of Eqs. 3.9-3.14.

Remark 3.12 As in all MPC schemes, it is not possible to provide quantitative re-
sults that guarantee that the performance of the closed-loop system is better than any
other controller, unless an infinite horizon is used. It makes sense that the system in
closed-loop with the two-tier control architecture has in general a better performance
because the cost function is taken into account in the optimization problem of the
upper-tier controller. The case studies in Sections 3.5.3 and 3.5.4 provide results that

demonstrate this point.

Remark 3.13 Note that in order to take advantage of the asynchronous measure-

ments, an alternative to the two-tier control architecture is to control the system
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of Eqs. 3.1-3.3 using a centralized MPC' that calculate the input trajectories of both
us and u, at each asynchronous sampling time t, when a new full state measure-
ment is available by combining ys(t,) and yu(t.). Figure 3.3 shows a schematic of
this kind of state feedback centralized control system. In particular, we may use the
centralized LMPCs presented in Sections 2.7 and 2.8 of Chapter 2 which are de-
signed taking data losses or time-varying measurement delays explicitly into account,
both in the optimization problem formulations and in the controller implementations.
For the case that there is no time-varying delays in the asynchronous measurements
(i.e., Ya(ta) = ha(z(ty)) with d, = 0), the centralized LMPC' taking into account
asynchronous measurements for the system of Eqs. 3.1-3.3 is based on the following

optimization problem:

to+NA
min
Uq,usE€ES(A) ta

st z(t) = f(2(t), us(t), ua(t),0) (3.42)

L

12()llq, + llus(Ml g, + lua(Pg, | dT (341)

Vi€ [ta+ At + (5 +1)A) (3.43)
() = 2(t) = x(ty) (3.44)
V(#(t)) < V(2(t)) Vt € [ta, ta + NA) (3.45)

where the lower-tier controller ks is used to generate the reference trajectory & (ks is
implemented in a sample-and-hold fashion). The optimal solution to this optimization
problem is denoted w} (t|t.) and u} ,(t[t,). These signals are defined for all t > t,

with w} (tlte) = uj (ta+NAlt,) and uf ,(tlte) = uj ,(ta+ NAlty) for allt > t,+NA.
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The inputs of the closed-loop system of FEqs. 3.1-3.3 are defined as follows:

us(t) = uly(tlta), Vt € [ta, tar) (3.46)

Ua(t) =y (tlta), VE € [tas tass). (3.47)

In Sections 3.5.3 and 3.5.4, we denote this control design as the centralized LMPC.

3.5.3 Application to a Chemical Reactor

Consider the CSTR example described by Egs. 2.62-2.63 introduced in Section 2.7.4.
In this section, we consider a flow rate disturbance in the feed flow rate F' of pure
A, AF, and choose the the rate of heat input or removal () and the change of the
inlet reactant A concentration AC}y, as the control inputs. The control objective is
to stabilize the system at the open-loop unstable steady-state T, = 388 K, Cys =

3.59 mol/l. The flow rate uncertainty is bounded by |AF| < 3 m3/h.

We assume that measurements of temperature 7' are available continuously, and
the measurements of the concentration C4 are available asynchronously at time in-
stants {t,>0}. We also assume that there exists a lower bound A,,;, on the time

interval between two consecutive concentration measurements.

In order to model the time sequence {t,>o}, we use a lower-bounded random
Poisson process. The Poisson process is defined by the number of events per unit

time W. The interval between two consecutive concentration sampling times (events
—Iny
W

variable with uniform probability distribution between 0 and 1. For the simulations

of the Poisson process) is given by A, = max{A,,;,, }, where x is a random

carried out in this section we pick A,,;, = 0.025 h, which is meaningful from a

practical point of view with respect to concentration measurements.
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The CSTR model of Egs. 2.62-2.63 belongs to the class of nonlinear systems
described by the system of Eqgs. 3.1-3.3 where 27 = [z; 5] = [T =T, C4 — Ca,] is the
state, uy, = @ and u, = ACyo are the manipulated inputs, w = AF is a time varying
bounded disturbance, y, = x1 =T — T is obtained from the continuous temperature
measurement 7" and y, = zo = C'4 —C 4, is obtained from the asynchronously sampled
concentration measurement Cy.

First, an output feedback controller (lower-tier controller) based on the continuous
temperature measurements (i.e., x1) is designed to stabilize the process using only
the rate of heat input us = @ as the manipulated input, which is bounded by |u,| <
10° K J/h. In particular, the following proportional-integral (PI) control law is used

as the lower-tier controller:

us(t) = K(z1(t) + —/0 x1(7)dT) (3.48)

where K is the proportional gain and 7; is the integral time constant. To compute
the parameters of the PI controller, the linearized model & = Az + Bu, of the CSTR
of Eqgs. 2.62-2.63 around the equilibrium point is obtained. The proportional gain K
is chosen to be —8100. This value guarantees that the origin of & = (A + BK[1 0])x
is asymptotically stable with its eigenvalues being A\; = —1.06 x 10% and \y = —4.43.

A quadratic Lyapunov function V(z) = 27 Px with:

0.024 5.21

5.21 1.13 x 103

is obtained by solving an algebraic Lyapunov equation AT P + PA. + Q. = 0 for P
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with A. = A+ BK][1 0] and . being the following weighting matrix:

Q.= by . (3.50)
0 104

This Lyapunov function will be used to design the upper-tier LMPC and the central-
ized LMPC. The integral time constant is chosen to be T; = 49.6 h. For simplicity,
the Lyapunov function V(x) is determined on the basis of the closed-loop system
under the proportional (P) term of the PI controller only; the effect of the integral
(I) term is very small for the specific choice of the controller parameters used in the
simulations. The state and input trajectories of the CSTR of Eqgs. 2.62-2.63 starting
from z¢ = [370 3.41]7 under the PI controller are shown in Fig. 3.4. From Fig. 3.4,
we see that the PI controller of Eq. 3.48 stabilizes the temperature and concentration
of the CSTR of Egs. 2.62-2.63 at the equilibrium point in about 0.1 h and 0.4 h,
respectively.

Next, we implemented the presented two-tier control architecture to improve the
performance of the closed-loop system. In this set of simulations, the PI controller of
Eq. 3.48 is used as the lower-tier controller. Instead of abandoning the less frequent
concentration measurement, we take advantage of both the continuous measurements
of the temperature 7" and the asynchronous concentration measurements C'4 together
with the nominal model of the system of Eqs. 2.62-2.63 to design the upper-tier
LMPC of Egs. 3.9-3.14. The inlet concentration change AC'4, which is bounded
by |AC 4| < 1 kmol/m?, is the manipulated input for the upper-tier LMPC. In
the design of the upper-tier LMPC, the performance index is defined by ). given in
Eq. 3.50 and R,y = R, = 0. The values of the weights in (). have been chosen to

account for the different range of numerical values for each state. The sampling time
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Figure 3.4: State and input trajectories of the CSTR of Eqgs. 2.62-2.63 under the
lower-tier PI control of Eq. 3.48
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Figure 3.5: Concentration sampling times, +: sampling times generated with W = 30,
x: sampling times generated with W = 20

of the LMPC is A = 0.025 h; the prediction horizon is N = 11 so that the prediction
captures most of the dynamic evolution of the process.

The two-tier control architecture is implemented as discussed in Section 3.5.1. The
lower-tier controller uses the continuous temperature measurements to control ug(t).
When the measurements of 7" and C4 are obtained at time instant t,, z(¢,), is ob-
tained from the two measurements. Based on the state z(t,), the LMPC optimization
problem of Eqs. 3.9-3.14 is solved and an optimal input trajectory u}(t|t,) is obtained.
This optimal input trajectory is implemented until a new concentration measurement
is obtained at time t,.; (note that a indexes the number of concentration samples
received, not a given sampling time). Note that because a PI controller is used in the
lower-tier, we need to predict the controller dynamics (the control effects generated
by the integral part) in the optimization problem of the LMPC.

The stability and robustness of the two-tier control architecture have been studied
with two different initial conditions z(0) = [370 3.41]7 and z(0) = [375 3.46]7 asso-
ciated with two different concentration measurement sequences {t,>o} (see Fig. 3.5)
generated with W = 30 and W = 20, respectively. The average time intervals between
two consecutive sampling times are 0.0625 h for W = 30 and 0.0833 h for W = 20. In
addition, two different disturbance trajectories of w(t) with a random value at each

simulation step are added to the closed-loop system. The state and inputs trajectories
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Figure 3.6: State and input trajectories of the CSTR of Eqs. 2.62-2.63 under the two-
tier control architecture when W = 30 (solid curves) and W = 20 (dashed curves)
of the CSTR of Egs. 2.62-2.63 under the two-tier control architecture are shown in
Fig. 3.6. From Fig. 3.6, we see that the two-tier control architecture stabilizes the
temperature and concentration of the system in about 0.1 h and 0.05 h respectively.
This implies that the resulting closed-loop system response is faster compared with
the speed of the closed-loop response under the PI controllers. Moreover, the cost
associated with the resulting closed-loop trajectories is lower.

Another set of simulations was carried out to compare the two-tier control ar-
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chitecture with the lower-tier PI control system from a performance point of view.
Table 3.1 shows the total cost computed for 20 different closed-loop simulations under
the two-tier control architecture and the PI control. To carry out this comparison,
we have computed the total cost of each simulation based on the performance index

defined as follows:

[ et dr @51

to

where ¢y = 0 is the initial time and t; = 0.5 h is the length of the simulations. For
this set of simulations W is chosen to be 10. For each pair of simulations (one for
each control scheme) a different initial state inside the stability region, a different
uncertainty trajectory and a different random concentration measurement sequence
are chosen. As it can be seen in Table 3.1, the two-tier control architecture has a cost
lower than the corresponding total cost under the PI controller in all the simulations.

We have also carried out another set of simulation to compare the presented two-
tier scheme with a controller using the measurements of 7" and C'4 to decide both
control inputs u, and u, in the centralized LMPC of Eqs. 3.41-3.45; see Remark 3.13.
This implies that this approach does not take full advantage of the continuous mea-
surement of 7. The LMPC of Eqgs. 3.41-3.45 optimizes the future sampled input
trajectory u,(t), us(t) with sampling time A. When at a time instant ¢,, both the
measurements of 7" and Cy are available (a state measurement is available), this
optimization problem is evaluated and two optimal input trajectories u} (t[t,) and
u? ,(t|t,) are obtained and implemented until the next measurement of both 7" and
C'4 are available.

For this set of simulations, the centralized LMPC of Eqs. 3.41-3.45 uses the same
parameters as the ones of the two-tier control architecture. The same initial con-

ditions, concentration sampling times (see Fig. 3.5) and disturbance trajectories are
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Table 3.1: Total performance costs along the closed-loop trajectories of the CSTR of
Eqgs. 2.62-2.63 under the local PI controller of Eq. 3.48 and the two-tier control with
the upper-tier LMPC of Egs. 3.9-3.14

sim.  Two-Tier PI sim.  Two-Tier PI

1 203.92 704.54 11 224.03 831.63
2 188.74 815.47 12 203.78 738.47
3 198.33 922.87 13 265.44 617.15
4 221.76 640.87 14 210.58 704.95
5t 240.44 656.47 15 190.68 723.05
6 226.44 847.43 16 209.66 695.60
7 199.19 779.03 17 205.90 808.71
8 233.40 736.65 18 211.29 749.24
9 200.45 702.26 19 214.79 737.62
10 198.74 753.25 20 217.13 813.70
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Figure 3.7: State and input trajectories of the CSTR of Eqgs. 2.62-2.63 under the
centralized LMPC of Eqs. 3.41-3.45 with concentration sampling times generated
with W = 30 (solid curves) and W = 20 (dashed curves)
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used in this set of simulations. The state and inputs trajectories of the closed-loop
system under the LMPC of Eqgs. 3.41-3.45 are shown in Fig. 3.7. From Fig. 3.7, it
can be seen that the centralized LMPC stabilizes the system (solid curves) when the
time intervals between two consecutive measurements are small (0.0625 h), but loses
stability and can not stabilize the system (dashed curves) when these time intervals
get bigger (0.0833 h). The centralized LMPC of Egs. 3.41-3.45 does not profit from
the continuous measurements of the temperature, thus, the stability region of the
closed-loop system is in general reduced to a much smaller one compared to that

obtained under the two-tier control architecture.

Remark 3.14 The performance index considered in this example penalizes only the
closed-loop system state and not the control action because the two-tier control archi-
tecture utilizes different manipulated inputs from the lower-tier PI controller and this
would complicate the comparison if penalty on the control action is included in the
cost. Since the performance index has only penalty on the closed-loop system state,
we have included an input constraint on the upper-tier manipulated input, AC g, to

avoid computation of unnecessarily large control actions by the upper-tier controller

(i-e., |uq| <1 kmol/m3).

Remark 3.15 Note that in this particular example, the improvement in the closed-
loop performance is achieved due to the extra control input u, which is quided by the
LMPC of Eqs. 3.9-3.14 that uses all available measurements. Since PI controller is
used as the lower-tier controller, the extra available asynchronous measurements would
not have changed the closed-loop performance achieved by the lower-tier controller
because the PI controller cannot use the extra measurements. This is also the case

for the all the examples discussed in this chapter.
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3.5.4 Application to a Reactor-separator Process

Consider the reactor-separator process shown in Fig. 1.6 described in Section 1.2.3.
Under the assumption that the three vessels have static holdup and other standard
modeling assumptions, the dynamic equations describing the behavior of the system,

obtained through material and energy balances, are given below [20]:

dfl;u - 1:/110 (Ta10 — za1) + Ix;l(l’Ar — Za1) — /ﬁe;{% T A1 (3.52)
del - }‘7/1110 (xp10 — xp1) + 5’1 (xBr — p1) + k16’}% O k26}_%w31 (3.53)
% = %(Tm —Th) + %(Tg —T))+ — - Ly T gy + Ap 2 ae T4
+p§:vl (3.54)
dfl?Q - %(:U/u — Taz) + %(mmo — Ta2) — kl‘f;%1 LAz (3.55)
dlez - i —(xp1 — xp2) + @(Z’BQO — Tp2) + /€161_%% TA2 — k2€;§§ T B2 (3.56)
t Va Vs
% — %(Tl —Ty) + %(TQO —T) + _gj{ kw;%% Tag + _éf kze;%% Tpo
+pgfv2 (3.57)
dZ?S _ % (tap— 2s) - 27 ‘Z b (e — 213) (3.58)
dzth _ % (e50 — 2a) — F;; b e — 2s) (3.59)
g %(TQ ~T5) + péi% (3.60)
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The model of the flash tank separator was derived under the assumption that the rel-
ative volatility for each of the species remains constant within the operating tempera-
ture range of the flash tank. This assumption allows calculating the mass fractions in
the overhead based upon the mass fractions in the liquid portion of the vessel. It has
also been assumed that there is a negligible amount of reaction taking place in the
separator. The following algebraic equations model the composition of the overhead

stream relative to the composition of the liquid holdup in the flash tank:

Tar = QAT (3.61)
(AT A3 + QBT R3 + ACTC3

vp = A5 (3.62)
QAT A3 + QABTR3 + QT3

vo, = dotes . (3.63)

QAT A3 + QBTR3 + QcTC3

The definitions for the variables used in Eqs. 3.52-3.63 and the corresponding pa-
rameter values used in this example can be found in Tables 3.2 and 3.3, respectively.
Note that the reactions A — B and B — C' are referred to as reactions 1 and 2,

respectively.

Each of the tanks in the process has an external heat input. The manipulated
inputs to the system are the heat inputs to the three vessels, @1, Y2 and (3, and the
feed stream flow rate to vessel 2, Fyg.

We assume that the measurements of temperatures 77, 1o and T3 are available
continuously, and the measurements of mass fractions x4y, Tg1, T2, T2, T3 and
xpg are available asynchronously at time instants {t,>o}. The same method used in
the example in Section 3.5.3 is used in this example to generate the time sequence
{taxo}-

For each set of steady-state inputs (s, Qa2s, @35 and Fyys corresponding to a

104



Table 3.2: Process variables of the reactor-separator process of Eqs. 3.52-3.63

TA1, T2, TA3 mass fractions of A in vessels 1, 2, 3
TB1, TB2, TB3 mass fractions of B in vessels 1, 2, 3
Tol mass fraction of C' in vessel 3

TAr, LBr, Oy mass fractions of A, B, C' in the recycle
T, Ty, T3 temperatures in vessels 1, 2, 3

T, Tho feed stream temperatures to vessels 1, 2
Fy, Fy efluent flow rate from vessels 1, 2

o, Fy feed stream flow rates to vessels 1, 2
F., F, flow rates of the recycle and purge

Vi, Vo, V3 volumes of vessels 1, 2, 3

by, Ey activation energy for reactions 1, 2

ki, ko pre-exponential values for reactions 1, 2
AH,, AH, heats of reaction for reactions 1, 2

Qaa, ag, ¢ relative volatilities of A, B, C'

Q1, Q2, Q3 heat inputs into vessels 1, 2, 3

Cy, R, p heat capacity, gas constant and solution density
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Table 3.3: Process parameters of the reactor-separator process of Eqs. 3.52-3.63

T 300 [K] ke 2.77x10% [s7Y]

T 300 [K] ks 25107 [s7]

Fio  5.04 [m3/h] AH, -6x10* [KJ/kmol]

F, 50.4 [m3/h] AH, -7x10* [KJ/kmol]

F, 5.04 [m3/h] aa 3.5

Vi [m3] apg 1

Vs 5 [m?] ac 0.5

VL0 [ G 42 [KJfkg K

E, 5x10* [KJ/kmol] R 8.314 [KJ/kmol - K]
[

E, 6x10* [KJ/kmol] 0 1000 [kg/m?]

different operation condition, the system of Eqs. 3.52-3.63 has one stable steady-state
2T In this example, we will study two different operating conditions corresponding to
two different steady-states x5 and z4. The parameters of the steady-state operation
points and the values of the two steady-states are given in Table 3.4 and Table 3.5.

The control objective is to steer the system to the steady-states from the initial state:

z(0)" = [0.890 0.110 388.732 0.886 0.113 386.318 0.748 0.251 390.570). (3.64)

The system of Eqgs. 3.52-3.63 belongs to the class of nonlinear systems described
by the system of Eqs. 3.1-3.3 where 27 = [z 2y x3 T4 T5 T6 T7 Tg To] = [va1 —
Ta1s T1—TB1s 11— Tis Tao — Tazs Tpo — Tpas To —Tos Taz — Tazs Tps — Tpzs T3 — T3]
is the state, ul = [ug U U] = [Q1 — Q1s Q2 — Q25 Qs — Qss] and u, = Fyy — Fio,
are the manipulated inputs, y7 = [ys1 Ys2 Ys3] = [v3 76 9| is obtained from the

continuous temperature measurements and y! = |17 @9 24 T35 77 78] is obtained
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Table 3.4: Steady-state operation parameters of x4 and x4 of the reactor-separator
process of Egs. 3.52-3.63

Ts1 T2
Qs 12.6x10° [KJ/h) Qs 12.6x10° [K.J/A]
Qas  16.2x10° [K.J/h) Q2 13.32x10° [KJ/h)
Qss  12.6x10° [K.J/h] Q3s  11.88x10° [KJ/A]
FQOS 5.04 [ms/h] FQOS 5.04 [m?’/h]

Table 3.5: Steady-states x4 and x4 of the reactor-separator process of Eqgs. 3.52-3.63

Tals  Tpis  Lis TA2s  Tpas  Las Tass  Tpss  L3s

rs1 0383 0.581 447.8 0.391 0.572 4446 0.172 0.748 449.6
Ts2 0.605 0.386 4259 0.605 0.386 422.6 0.346 0.630 427.3
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Table 3.6: Control parameters for steady-states xs; and x4 of the reactor-separator
process of Egs. 3.52-3.63

Ts1 Ts2
K, -5000 K, -5000
K, -5000 K, -5000
K; -5000 K3 -5000
T; 5 [h] T 5 [A]

from the asynchronously sampled mass fraction measurement. Time varying bounded
process noise was added to the simulations.

Based on the continuous temperature measurements (i.e., ys), three PI controllers
(lower-tier controllers) are first designed following the Eq. 3.48 to stabilize the system
of Egs. 3.52-3.63 from the initial state x(0) to the steady-state x; using only the heat
inputs as the manipulated inputs, which are bounded by |Q;] < 2 x 10 KJ/h (i =
1,2, 3). Using the same method as described in Section 3.5.3, the parameters of the PI
controllers are obtained as shown in Table 3.6; and two different quadratic Lyapunov
functions are obtained, one for each steady state x4, xs2. The two Lyapunov functions
are used to design the upper-tier LMPC controller and the centralized LMPC of
Eqgs. 3.41-3.45. The state and input trajectories of the system of Eqs. 3.52-3.63 under
the lower-tier PI control are shown in Figures 3.8 and 3.9. From Figure 3.8, we see
that the PI control law stabilizes the temperatures and mass fractions in the three
vessels in about 0.7 h for both steady-states.

We design next the upper-tier LMPC of Eqs. 3.9-3.14 and the corresponding two-
tier control architecture. The feed flow rate to vessel 2, u, = Fyy — Fyos, is the

manipulated input for the upper-tier LMPC, which is bounded by 1 < Fyy < 9 m?/h.
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Figure 3.8: State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
lower-tier control law for steady-state x5 (solid curves) and steady-state z (dashed

curves)
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The performance index is defined by (). being the following weighting matrix:
Q. = diag ([104 10t 1 10* 10* 1 10* 10 1]) (3.65)

and R,y = Rso = 0. The sampling time of the LMPC is A = 0.025 h and the
prediction horizon is N = 15.

Two different simulations have been carried out with different mass fraction mea-
surement sequences {t,>o} (see Figure 3.10) generated with W = 1 and W = 0.5
for steady-states xy; and x4, respectively. The average time intervals between two
consecutive sampling times are 0.188 h for W = 1 and 0.375 h for W = 0.5. The
state and input trajectories of the reactor-separator process of Eqs. 3.52-3.63 under
the two-tier control architecture are shown in Figures 3.11 and 3.12. Figure 3.11
shows that the two-tier control architecture stabilizes the temperatures and the mass
fractions of the system in about 0.3 h. This implies that the resulting closed-loop
system response is faster relative to the speed of the closed-loop response under the
low-tier PI controllers.

Another set of simulations was also carried out to compare the two-tier control
architecture with the lower-tier controller from a performance point of view. Table 3.7

shows the total cost computed for 10 different closed-loop simulations under the two-
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Table 3.7: Total performance costs along the closed-loop trajectories of the reactor-
separator process of Egs. 3.52-3.63 under the local PI controller and the two-tier
control with the upper-tier LMPC of Egs. 3.9-3.14

sim.  Two-Tier PI sim.  Two-Tier PI

1 1.179x10° 2.760x 10° 6 1.560% 10° 3.742x 105
2 1.164x10° 2.795% 10° 7 1.645x10° 3.951x10°
3 1.273x10° 2.991x10° 8 1.701x10° 4.107x10°
4 1.351x10° 3.177x10° 9 1.962x10° 4.408x10°
5 1.364x10° 3.240%x 105 10 1.848x10° 4.492x 105

tier control architecture and the lower-tier controller. To carry out this comparison,
we have computed the total cost of each simulation based on the performance index
defined in Eq. 3.51 with Q). given in Eq. 3.65 with different operation conditions in a
simulation length of ¢; = 0.75 h. For this set of simulations W is 1. As it can be seen
in Table 3.7, the two-tier control architecture has a cost lower than the corresponding
total cost under the lower-tier controller in all the simulations.

We have also carried out another set of simulations to compare the computational
time needed to evaluate the upper-tier LMPC of Eqs. 3.9-3.14 with that of the cen-
tralized LMPC of Egs. 3.41-3.45. For these simulations, the centralized LMPC uses
the same parameters as the ones of the upper-tier LMPC in the present example.
The simulations have been carried out using MATLAB® in a PENTIUM® 3.20G Hz.
The nonlinear optimization problem has been solved using the function fmincom. To
integrate the system model of Egs. 3.52-3.63, both in the simulations and in the op-
timization algorithm, an Euler method with a fixed integration time of 0.001 h has

been implemented in C' programming language. The mean time to solve the LMPC
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optimization problem of this set of simulations is 23.24 s for the upper-tier LMPC
and 37.59 s for the centralized LMPC. From this set of simulations, we see that the
computational time needed to solve the centralized LMPC optimization problem is
substantially larger even though the closed-loop performance in terms of the total
performance cost is comparable to the one of the two-tier control architecture. This

is because the centralized LMPC has to optimize both the inputs u, and wu,.

3.6 Two-tier Networked Control Architecture with

Continuous/Delayed Measurements

In this section, we extend the design of two-tier networked control architecture pre-
sented in the previous section for the system of Eqgs. 3.1-3.3 with continuous and

asynchronous measurements involving time-varying delays (i.e., d, # 0).

3.6.1 Upper-tier Networked LMPC Formulation

At each time instant ¢, when a new asynchronous measurement y,(t, —d,) is received,
a delayed state measurement x(t, — d,) is obtained by combining this measurement
with the previously received synchronous measurement y,(t, — d,). Based on this de-
layed state measurement z(t, — d,), the nominal model of the system of Egs. 3.1-3.3,
the continuous measurements y,(¢) and the control inputs applied from ¢, — d, to t,,
an estimate of the current state Z(t,) is computed. Note that this implies that the
upper-tier controller has to store its past control input trajectory, know the explicit
expression and parameters of the lower-tier controller and use the continuous mea-
surements y4(t) to predict the control inputs carried out by the lower-tier controller.

The estimated state Z(t,) is then used to obtain the optimal future control input
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trajectory of u, by means of an LMPC optimization problem. This input trajectory
is implemented until a new measurement arrives at time ¢,.1. If the time between
two consecutive measurements is longer than the prediction horizon, u, is set to zero
until a new measurement arrives and the optimal control problem is solved again.
Specifically, the upper-tier LMPC optimization problem taking into account delays

in asynchronous measurements is defined as follows:

roy e g, | d7 (3.66)

ta+NA
win [ [J50)lg, + )
ta

ua €ES(A)

() = fF(2(t), us(t), ua(t),0),¥t € [t — do,ta + NA) (3.67)

ug(t) = ku(ha(E (1)) (3.68)
ua(t) = u (1), V1t € [ta — da ta) (3.69)
F(ta — da) = @ty — do) (3.70)
(1) = f(@(8), ks(hs(2(1))),0,0), t € [tasta + NA) (3.71)
#(ta) = #(ta) (3.72)
VI(Z(t)) < V(2(t)), Yt € [ta,ta+ NA) (3.73)

where u*(t) indicates the actual input trajectory of u, that has been applied to the
system, z(t,—d,) is the state obtained combining both the measurements of y,(t,—d,)
and y,(t, — d,), and Z(t,) is an estimate of the current system state. The optimal
solution to this optimization problem is denoted w}(t|t,). This signal is defined for

all t > t, with u}(t|t,) =0 for all t > t, + NA.

The control inputs of the two-tier control architecture based on the above LMPC
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are defined as follows:

us(t) = ky(hy(z(t))), Ve (3.74)

ua(t) = u:l(ﬂta)v\v/te[tavta-i-l) (375)

where u}(t|t,) is the optimal solution of the LMPC of Egs. 3.66-3.73 at time step ,.

Remark 3.16 In the LMPC of Eqs. 3.66-3.73 both the estimation of xz(t,) from
x(t, — d,) and the evaluation of the future optimal input trajectory in [ta,te+1) are
carried out at the same time. First, the constraints of the problem guarantee that
Z(t,) has been estimated using the nominal model (the constraint of Eq. 3.67) and the
actual inputs applied to the system (the constraint of Eq. 3.69) from the initial state
x(ta —d,) (the constraint of Eq. 3.70). Once the current state is estimated, the future
input trajectory is optimized to minimize the cost function taking into account the
actions of the lower-tier controller (the constraint of Eq. 3.71) while guaranteing that
a Lyapunov-based constraint is satisfied (the constraint of Eq. 3.73). The optimiza-
tion problem of Eqs. 3.66-3.73 has been presented in order to get a compact controller
formulation. It is possible to decouple the observer and the LMPC' optimization prob-
lem as long as the observer provides an upper bound on the estimation error of x(t,).
For example, a high-gain observer can be used to estimate x(t,) from the continuous
measurements and the applied inputs, and then use this estimated state to define the

LMPC optimization problem.

Remark 3.17 The constraints of Eqs. 3.67 and 3.73 are a key element of the two-tier
control architecture. In general, guaranteeing closed-loop stability of a decentralized
control system is a difficult task because of the interactions between the different con-

trollers and can only be done under certain assumptions (see, for example, [89, 8]).
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Figure 3.13: Possible worst scenario of the delayed measurements received by the
networked controller and the corresponding state trajectories defined in the LMPC
of Egs. 3.66-3.73

The constraint of Eq. 3.67 guarantees that the upper-tier controller takes into account
the effect of the lower-tier controller to the applied inputs (recall that the lower-tier
controller is designed without taking u, into account). The constraint of Eq. 3.73 is
used to gquarantee that the value of the Lyapunov function is a decreasing sequence of

time with a lower bound.

3.6.2 Stability Properties

In this subsection, we prove the stability result of the two-tier control architecture

with the upper-tier LMPC of Egs. 3.66-3.73.

Theorem 3.2 Consider the system of Egs. 3.1-3.3 in closed-loop with y,s available
for all t, y, available at asynchronous time instants {t,>o} involving time-varying
delays such that d, < D for all a > 0 and a lower-tier controller ks satisfying the
conditions of Eqs. 3.6-3.8. Let the closed-loop system be controlled under the two-tier
control architecture with the upper-tier LMPC of Eqs. 3.66-3.73 and control inputs

determined as in Eqs. 3.74-3.75. If x(ty) € Q,, 6 < Opmax, N > 1, A > 0 and there
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exist a concave function g such that:

9(x) = Bz + fv(fw(D)), NA) (3.76)

for all x € Q,, and a positive constant ¢ < p such that:
c—gle) = fv(fw(D + NA)) (3.77)

with fy(-) defined in Eq. 2.49 and fw(-) defined in Eq. 3.21, then x(t) is ultimately

bounded in 2,, C 2, where:
Pd = max{mgx Blc+ fv(fw (D)), NA) + fy(fw(D+ NA)),¥(Omax) }- (3.78)

Proof: In order to prove that the system of Eqs. 3.1-3.3 in closed-loop under the
two-tier control architecture with the upper-tier LMPC of Egs. 3.66-3.73 is ultimately
bounded in a region that contains the origin, we will prove that the value of the
Lyapunov function at times {¢,>0}, V(z), is a decreasing sequence of values with a
lower bound on its magnitude for the worst possible case from a communication point
of view, and hence for all possible sequences of measurement times and delays. The
worst possible case from the communications point of view is that the measurements
used to evaluate the upper-tier LMPC are always received with the maximum delay
D; that is d, = D for all a, and that the upper-tier LMPC always operates in open-
loop for a period of time longer than NA between consecutive sampling times, that
is, tar1 — to > NA for all a. If the measurements are received with a smaller delay

or more often, the LMPC has more precise information of the state of the system.
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Figure 3.13 shows the worst case scenario for a system of dimension 1. Solid
vertical lines are used to indicate the times at which new measurements are obtained
(to and t,. 1) and when the upper-tier controller switches off at time ¢, + NA. The
dashed vertical line indicates the time corresponding to the measurement obtained at
to (that is, t, — D). In this figure, three different state trajectories are shown. The
actual state trajectory of the system of Egs. 3.1-3.3 (including the uncertainty) is
denoted as z(t). The estimated state trajectory from ¢, — D to ¢, and the predicted
sampled trajectory under the two-tier control architecture with the upper-tier LMPC
of Egs. 3.66-3.73 along the prediction horizon with initial state the estimated state
are denoted as Z(t). The nominal trajectory under the lower-tier controller kg with
u, = 0 along the prediction horizon with initial state the estimated state Z(t,) is
denoted as z(t). The state trajectories Z(t) and z(t) are obtained using the nominal

model as defined in the LMPC optimization problem of Eqs. 3.66-3.73.

The trajectory #(t) corresponds to the nominal system in closed-loop with the
lower-tier controller with initial state Z(t,). Taking into account Proposition 3.1 the

following inequality holds:

V() < B(V(2(ta)), t = ta). (3.79)

The constraint of Eq. 3.73 guarantees that:

V(#(t)) < V(1) VE € [ta,te + NA). (3.80)
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Taking into account the constraints of Eqs. 3.67 and 3.70 and that the closed-loop

trajectories are defined by the following equation:

o(t) = fx(t), ks(hs(2(1))), ua(t), w(t)), (3.81)

we can apply Proposition 3.2 to obtain the following upper bounds on the deviation

of Z(t) from x(t):

[x(ta) = 2(ta) | < fw (D) (3.82)

lx(te + NA) — Z(t, + NA)|| < fw(rs+ D). (3.83)

Note that in Eqgs. 3.82-3.83, Proposition 3.2 is used to obtain a bound on the difference
between z and x from ¢, — d, to t, to simplify the notation and the proof. Note that
from ¢, — d, to t,, the real trajectory of u, is applied to evaluate I, so a tighter
bound on the difference between & and x can be obtained. As mentioned before, the
estimation of x(¢,) can be done using any observer which provides a bound on the
estimation error.

From Proposition 2.3 and the above inequalities, we obtain the following inequal-

ities:

V(z(ta)) < V(e(ta)) + fv(fw (D)) (3.84)

V(a(te+ NA) < V(i(te+ NA)) + fur(fw(D + NA)). (3.85)
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From the inequalities of Eqgs. 3.79-3.85, the following upper bound on V' (z(t, + NA))

is obtained:

V(z(ta + NA)) < B(V(2(ta)) + fv(fw(D)), NA) + fv (fw(D + NA)).  (3.86)

Taking into account that for all t > t, + NA the upper-tier controller is switched off,
i.e., uy,(t) = 0, and only the lower-tier controller is in action, the following bound on

V(z(tay1)) is obtained from Proposition 3.1:

V(z(ter)) < max{V(xz(t, + NA)),v(Omax) } (3.87)

for all w(t) € W. Because function ¢(-) is concave, z — g(z) is an increasing function.
If there is a constant ¢y < ¢ < p satisfying the condition of Eq. 3.77, then the condition
of Eq. 3.77 holds for all z > ¢. Taking into account that g(z) > B(z+ fv (fw (D)), NA)

for all z < p, the following inequality is obtained:

z =Bz + fv(fw(D)), NA) > fv(fw(D + NA)) (3.88)

when ¢ < z < p. From this inequality and the inequality of Eq. 3.87, we obtain that:

V(@ (tarr)) < max{V(z(ta)), 7(0max) } (3.89)

for all V(z(t,)) > c. It follows using Lyapunov arguments that:

limsup V(z(t)) < pq (3.90)

t—00
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where:

pd = HlaX{mélXﬁ(C + fv(fw(D)), NA) + fv(fw (D + NA)), 7(Omax) }- (3.91)

3.6.3 Application to a Chemical Reactor

Consider the CSTR of Egs. 2.62-2.63 discussed in Sections 2.7.4 and 3.5.3. In the
current section, we assume that y, = x1 = T — T} is obtained from the continuous
temperature measurements 7', and y, = xo = C4 — Uy, is obtained at time instants
{ta>0} from the asynchronously sampled concentration measurement Cy subject to
time-varying measurement delays. We also have a lower bound 7},;, = 0.15 h on
the time interval between two consecutive concentration measurements and an upper
bound D on the size of the delay; both will be computed via simulations even though
conservative estimates could be computed from the theoretical results.

We use a lower-bounded Poisson process to model the time sequence {¢,>0} as
discussed in Section 3.5.3. In order to model the delay size sequence {d,>o}, the
size of delay associated with the concentration measurement at ¢, is modeled by an
upper-bounded random process given by d, = min{D, ¢pH}, where ¢ is a uniformly
distributed variable between 0 and 1, and H = t, — t,_1 + d,_1 is the size of the time
interval between current time ¢, and the time corresponding to the last concentration
measurement t,_1 — d,_1. This generation method guarantees that d, < D for all a.
We assume that the initial state is known; that is, dy = 0 and ty = 0.

We use the lower-tier PI controller of Eq. 3.48 which is based on the continuous

temperature measurements, and the same Lyapunov function V(z) = 2”7 Pz. We
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implemented the two-tier control architecture with the LMPC of Egs. 3.66-3.73 to
improve the performance of the closed-loop system obtained under PIl-only control.
For the simulations carried out in this subsection, we pick the delay of each measure-
ment to be d, = D = 0.15 h for all a. These settings correspond to the worst-case
effect from a communication point of view. For the other simulation settings, we
use the ones used in Section 3.5.3 except that the prediction horizon is chosen to be
N = 6. Note that the minimum time interval between two consecutive concentration
measurements 7,,;, is fixed by the system dynamics and the prediction horizon is set
be equal to the minimum time interval between two consecutive ¥y, measurements,
that is NA = Tin.

The two-tier control architecture is implemented as discussed in the previous sec-
tion. The lower-tier controller uses the continuous temperature measurements to
decide us(t). When a new measurement of Cy is obtained at time instant t, with
delay D, an estimate of the state of the CSTR, z(t, — D), is obtained by combining
the concentration measurement and the previously received continuous measurement
of the temperature 7. Based on the state z(t, — D), the model of the process and the
control actions applied, an estimate of the current state Z(¢,) is obtained. Based on
this state estimate Z(¢,), the LMPC of Egs. 3.66-3.73 is solved and an optimal input
trajectory of u, is obtained. This optimal input trajectory is implemented until a

new concentration measurement is obtained at time ¢, 1.

A simulation of the closed-loop system under the two-tier control architecture
with the same initial condition x(0) = [370 3.41]7 has been carried out. The sampling
sequence {t,>0} generated with W = 1 and delay size sequence {d,>¢} with simulation

length of 0.5 h are the following:

{tu=0} = {0 0.198 0.395 0.500} A, (3.92)
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Figure 3.14: Worst case state and input trajectories of the CSTR of Eqgs. 2.62-2.63
under the two-tier control architecture with the networked LMPC of Egs. 3.66-3.73
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{dus0} = {0 0.150 0.150 0.150} h. (3.93)

The state and input trajectories of the CSTR under the two-tier control architec-
ture with the upper-tier LMPC of Egs. 3.66-3.73 are shown in Figure 3.14. From
Figure 3.14, we see that the two-tier control architecture stabilizes the temperature
and concentration of the system at the desired equilibrium point in about 0.1 A and
0.05 h, respectively. This implies that the resulting closed-loop system response is
faster for this particular simulation. Moreover, the cost associated with the resulting
closed-loop trajectories is lower. This result has been validated by extensive simula-

tions.

We also carried out a set of simulations to compare the two-tier control architec-
ture with the lower-tier PI control system from a performance point of view. Table 3.8
shows the total cost computed for 20 different closed-loop simulations under the two-
tier control architecture with the LMPC of Egs. 3.66-3.73 and the PI controller. To
carry out this comparison, we have computed the total cost of each simulation based
on the performance index defined in Eq. 3.51 from the initial time to the end of the
simulation ¢ty = 0.5 h. For each pair of simulations (one for each control scheme) a
different initial state inside the stability region, a different uncertainty trajectory and
a different random concentration measurement sequence with random delay size se-
quence are generated. As it can be seen in Table 3.8, the two-tier control architecture
has a cost lower than the corresponding total cost under the PI controller in all the

closed-loop system simulations.
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Table 3.8: Total performance costs along the closed-loop trajectories of the CSTR of
Eqgs. 2.62-2.63 under the PI controller of Eq. 3.48 and the two-tier control architecture
with the upper-tier LMPC of Egs. 3.66-3.73

sim.  Two-Tier PI sim.  Two-Tier PI

1 107.60 257.06 2 124.98 1090.29
3 188.53 1392.73 4 169.06 403.82
) 143.07 376.15 6 179.22 1330.25
7 202.28 1252.36 8 152.23 749.93
9 141.84 732.20 10 157.99 1049.38

3.6.4 Application to a Reactor-separator Process

Consider the reactor-separator process of Eqs. 3.52-3.63 introduced in Sections 1.2.3
and 3.5.4 with the parameter values given in Table 3.3. We assume that the measure-
ments of temperatures 7, 15 and 75 are available continuously, and the measurements
of mass fractions x 41, TB1, T a2, Tp2, Ta3 and x s are available asynchronously at time
instants {¢,>0} and are subject to time-varying measurement delay. We also assume
that there exists a lower bound T},;, = 0.2 h on the time interval between two con-
secutive measurements of the mass fractions. The same method used in the previous
examples in this chapter is used in the present example to generate the time sequence

{ta>0}. The control objective is to steer the system from the initial state:

2(0)T = [0.890, 0.110, 388.7, 0.886, 0.113, 386.3, 0.748, 0.251, 390.6]  (3.94)

to the steady-state:

T =10.383, 0.581, 447.8, 0.391, 0.572, 444.6, 0.172, 0.748, 449.6] (3.95)
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Table 3.9: Steady-state values of manipulated inputs of the reactor-separator process
of Egs. 3.52-3.63

Parameters Values

O, 12.6%10% [KJ/hr]
Qs 16.2x10° [K J/hr]
Qss 12.6%10° [K.J/hr]
Foos 5.04 [m3/hr]

corresponding to the operating condition shown in Table 3.9.

In the present example, we assume that y = [ys1 Ys2 ¥s3] = [23 T6 79| is obtained
from the continuous temperature measurements and y! = [x; 2o x4 x5 77 28] is
obtained from the sampled asynchronous, delayed mass fraction measurements. We
use the same performance index defined in Eq. 3.51 with ). given in Eq. 3.65. We also
use the same lower-tier PI controllers as used in Section 3.5.4 which are designed based
on the continuous temperature measurements (i.e., ys(¢)). The same PI controller
parameters and Lyapunov function V(z) as in the example of Section 3.5.4 are also
used.

We design the upper-tier LMPC of Egs. 3.66-3.73 based on the three PI controllers.
The feed flow rate to vessel 2, u, = Fyy— Fyqs, is the manipulated input for the LMPC,
which is bounded by 1 < Fyy < 9 m? /h. The sampling time of the LMPC is chosen
to be A = 0.025 h; the prediction horizon is chosen to be N = 8. For the simulations
carried out in this subsection, we set the prediction horizon NA to be equal to the
minimum time interval between two consecutive y, measurements, 7T,,;,, and the
delay associated with each measurement to be d, = D = 0.2 h for all a which also

corresponds to the worst-case effect of measurement delays.
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Figure 3.15: State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the two-tier control architecture with the networked LMPC of Eqgs. 3.66-3.73
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Figure 3.16: Input trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the two-tier control architecture with the networked LMPC of Eqs. 3.66-3.73

127



The mass fraction measurement sequence {t,>0} (generated with W = 1) and the

delay size sequence {d,>o} with a simulation length 0.75 h are shown below:

{taso} = {0, 0.248, 0.495, 0.868, 1.000} h, (3.96)

{d.=0} = {0, 0.200, 0.200, 0.200, 0.200} h. (3.97)

The state and input trajectories of the reactor-separator process of Egs. 3.52-3.63
under the two-tier control architecture with the upper-tier LMPC of Eqs. 3.66-3.73
are shown in Figures 3.15 and 3.16. Figure 3.15 shows that the two-tier control archi-
tecture drives the temperatures and the mass fractions in the closed-loop system close
to the equilibrium point in about 0.25 A. This implies that the resulting closed-loop
system response is faster relative to the speed of the closed-loop response under the
lower-tier PI controllers. For the same simulation length of t; = 1 h, the performance
cost associated with the resulting closed-loop trajectories is 8.658 x 10* which is much
smaller than that of the closed-loop system under the lower-tier PI control system
(2.105 x 109).

Moreover, we carried out a set of simulations to compare the two-tier control
architecture with the lower-tier PI control system with the same parameters from a
performance point of view. Table 3.10 shows the total cost computed for 10 different
closed-loop simulations under the two-tier control architecture and the lower-tier PI
control system. To carry out this comparison, we have computed the total cost of
each simulation based on the performance index defined in Eq. 3.51 with different
operating conditions. The length of each simulation is t; = 0.75 h. For this set of
simulations W is chosen to be 1. For each pair of simulations (one for each control

scheme) a different initial state inside the stability region, a different noise trajectory
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Table 3.10: Total performance costs along the closed-loop trajectories of the reactor-
separator process of Eqgs. 3.52-3.63 under the PI controller and the two-tier control

architecture with the upper-tier LMPC of Egs. 3.66-3.73

sim. Two-Tier PI

1 1.006x 104 2.148x10%
2 2.046x 104 3.123x10%
3 3.621x10* 6.310x 10*
4 1.148x10* 4.440x10*
5 3.103x10* 6.052x 10%
6 7.141x104 1.631x10°
7 1.389x 10* 6.961x10*
8 1.928x 104 2.770%x10%
9 1.872x104 8.538x10%
10 1.417x10* 7.260x10*

and a different random mass fraction measurement sequence with random delay size
sequence are generated. As can be seen in Table 3.10, the two-tier control architecture
has a cost lower than the corresponding total cost under the lower-tier PI control

system in all the simulations.

Finally, we studied the effect of input constraints on the performance of the
closed-loop system under the two-tier control architecture. Specifically, in this set
of simulations, we take into account input constraints in the lower-tier controller ma-
nipulated inputs us, namely |Q;| < 1.48 x 10> KJ/h, |Q.] < 1.83 x 105 K.J/h and
|Q3] < 1.48 x 105 KJ/h. The same simulation settings (initial condition, target state,
lower-tier controller design, upper-tier controller design, mass fraction measurement

sequence and delay size sequence) as in the previous simulations are used.
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Figure 3.17: State trajectories of the reactor-separator process of Eqs. 3.52-3.63 sub-
ject to input constraints under the lower-tier PI controller
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Figure 3.18: Input trajectories of the reactor-separator process of Eqgs. 3.52-3.63 sub-
ject to input constraints under the lower-tier PI controller
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Figure 3.19: State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 sub-
ject to input constraints under the two-tier control architecture with the networked
LMPC of Egs. 3.66-3.73

The state and input trajectories under the lower-tier PI controllers are shown in
Figures 3.17 and 3.18. From Figure 3.17, we see that the PI controllers stabilize
the system at the target steady-state in about 0.8 A which is a little slower than
the corresponding closed-loop response without input constraints (in such a case the
closed-loop system is stabilized in about 0.7 h). From Figure 3.18, we see that the
three heat inputs @)1, Q2 and ()3 operate at their maximum allowable values for about
0.15 h. The corresponding accumulated performance cost is 2.180 x 10°.

The state and input trajectories under the two-tier control architecture with the
upper-tier LMPC of Egs. 3.66-3.73 are shown in Figures 3.19 and 3.20. Figure 3.19
shows that the two-tier control architecture drives the temperatures and the mass
fractions of the closed-loop system close to the equilibrium point in about 0.3 A which
is a little slower than the closed-loop system response without input constraints (in
this case the closed-loop system stabilizes in about 0.25 h). From Figure 3.20, we see

that the heat inputs @1, Q)2 and @3 also operate at their maximum allowable values
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Figure 3.20: Input trajectories of the reactor-separator process of Eqgs. 3.52-3.63 sub-
ject to input constraints under the two-tier control architecture with the networked

LMPC of Egs. 3.66-3.73

for about 0.15 h. The corresponding accumulated performance cost is 9.443 x 10*
which is much smaller than the cost obtained under the lower-tier control system
(2.180x10°). From this set of simulations, we see that the two-tier control architecture
maintains the property of improving the performance of the closed-loop system when
input constraints are present. It is also important to note that advanced anti-windup
schemes could be used in conjunction with the lower-tier PI controller to mitigate
the effect of integrator wind-up and improve the closed-loop system performance;

however, the basic conclusion of this part of the study would not change.

Remark 3.18 In some applications, when input constraints are present, the stability
of the closed-loop system under the lower-tier controller may be lost because of satu-
ration of the control inputs. To avoid loosing stability, the lower-tier controller in the
two-tier control architecture can be detuned to primarily take care of the closed-loop
system stability by sacrificing closed-loop performance. Thus, when input constraints

are present, the lower-tier controller can be potentially detuned to satisfy the input
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constraints (or saturate for less time) and the upper-tier controller can be used to

recover the loss of closed-loop performance.

3.7 Application to a Wind-solar Energy (Genera-

tion System

In this section, we apply the two-tier control architecture to develop a supervisory
predictive control method for the optimal management and operation of a wind-solar
energy generation system. We design a supervisory control system via MPC which
computes the power references for the wind and solar subsystems at each sampling
time while minimizing a suitable cost function. The power references are sent to
two local controllers which drive the wind and solar subsystems to the desired power
reference values. We discuss how we can incorporate practical considerations (for
example, how to extend the life time of the equipments by reducing the peak values
of inrush or surge currents) into the formulation of the MPC optimization problem
by determining an appropriate cost function and constraints. We will present several
simulation case studies that demonstrate the applicability and effectiveness of the

proposed supervisory predictive control architecture.

3.7.1 Wind-solar System Description

The wind-solar energy generation system considered in this section is based on the
models developed in [104, 102, 101]. A schematic of the system is shown in Figure 3.21.
In this system, there are three subsystems: wind subsystem, solar subsystem and a

lead-acid battery bank which is used to overcome periods of scarce generation.

First, we describe the modeling of the wind subsystem. In the wind energy gen-
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Figure 3.21: Wind-solar energy generation system

eration subsystem, there is a windmill, a multipolar permanent-magnet synchronous
generator (PMSG), a rectifier, and a DC/DC converter to interface the generator
with the DC bus. The converter is used to control indirectly the operating point of
the wind turbine (and consequently its power generation) by commanding the voltage
on the PMSG terminals.

The mathematic description of the wind subsystem written in a rotor reference

frame is as follows [104]:

~ RS - . e¥m ‘ w

lg = ——lg— Welq + i - T (3.98)
L Lo 3BLy iz 422

- RS - . ) w

lg = ——lg— Welg — Tovtad (3.99)
L 3V3L\[i2 + 12

. P 3P .

We = g <T;5 — §5¢mzq) (3100)

where i, and ¢4 are the quadrature current and the direct current in the rotor reference
frame, respectively; R, and L are the per phase resistance and inductance of the stator

windings, respectively; w, is the electrical angular speed; ¢,, is the flux linked by the
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stator windings; v, is the voltage on the battery bank terminals; w,, is the control
signal (duty cycle of the DC/DC converter (DC/DC Converter 1 in Figure 3.21)), P
is the PMSG number of poles, J is the inertial of the rotating parts and 7; is the

wind turbine torque. The wind turbine torque can be written as:
1 2
T = éCt()\)pARv (3.101)

where p is the air density, A is the turbine-swept area, R is the turbine radius, v is

the wind speed, and Cy(\) is a nonlinear torque coefficient which depends on the tip
wm

v

2we .
speed ratio (A = with w,, = % being the angular shaft speed).
Based on Eqgs. 3.98-3.100, we can express the power generated by the wind sub-

system and injected into the DC bus as follows:

P, = —L .\ [i2 + 2u,,. (3.102)

The model of the wind subsystem can be rewritten in the following compact form:

T = fu(Tw) + Gu(Tw)ty (3.103)

where 2, = [i, iq we]” is the state vector of the wind subsystem and f,, = [fu1 fw2 fw3]®,
Gw = [Gu1 Gu2 gwg]T are nonlinear vector functions whose explicit form is omitted for
brevity.

Next, we describe the modeling of the solar subsystem. In the solar subsystem,
there is a photo-voltaic (PV) panel array and a half-bridge buck DC/DC converter.
The solar subsystem is connected to the DC bus via the DC/DC converter. In this

subsystem, similar to the wind subsystem, the converter is used to control the oper-
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ating point of the PV panels.

The mathematic description of the solar subsystem is as follows [102]:

i % - %Supv (3.104)
A (%) Upo
iy = I + Licupv (3.105)

q(Vpo + ipu Rs)
ipv = anph - anrs € nSACKT -1 (3106)

where v, is the voltage level on the PV panel array terminals, 75 is the current
injected on the DC bus, C and L. are electrical parameters of the buck converter
(DC/DC Converter 2 in Fig 3.21), u,, is the control signal (duty cycle), 4y, is the
current generated by the PV array, n, is the number of PV cells connected in series,
n, is the number of series strings in parallel, K is the Boltzman constant, A. is the
cell deviation from the ideal p — n junction characteristic, I, is the photocurrent,
and I, is the reverse saturation current. The power injected by the PV solar module

into the DC bus can be computed by:
P, =i (3.107)

Note that this power indirectly depends on the control signal wu,,,.

The model of the solar subsystem can be rewritten in the following compact form:

s = fs(xs) + gs(@s)Upy (3.108)

he(zs) = 0 (3.109)
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where z; = [vp, is]7 is the state vector of the solar subsystem and f, = [fa fs]”,

gs = [gs1 gs2]T are nonlinear vector functions and h,(x,) is a nonlinear scalar function

whose explicit form is omitted for brevity.

The DC bus collects the energy generated by both wind and solar subsystems and
delivers it to the load and, if necessary, to the battery bank. The voltage of the DC
bus is determined by the battery bank which comprises of lead-acid batteries.The
load could be an AC or a DC load. In the case under consideration in this section,
it is assumed to be an AC load; therefore, a voltage inverter is required. We also
assume that the future load of the system for certain length of time is known, that is

the total power demand is known.

Because all subsystems are linked to the DC bus, their concurrent effects can be
easily analyzed by considering their currents in the common DC side. In this way,
assuming an ideal voltage inverter, the load current can be referred to the DC side
as an output variable current 7. Therefore, the current across the battery bank can
be written as:

2+ i2u, + iy — i, (3.110)

_ s
iy = m

where 77, is assumed to be a known current.
The lead-acid battery bank may be modeled as a voltage source F} connected in
series with a resistance R, and a capacitance Cy. Based on this simple model and

Eq. 3.110, the DC bus voltage expression can be written as follows:

vy = By + v, + ( 2 + Gy + iy — @'L) Ry, (3.111)

™
2V/3
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where v, is the voltage in capacitor C}, and its dynamics can be described as follows:
@—1<7T i2 + 2uy + 2) (3.112)

c Ob 2\/3 q dYw s L - .
The model of the battery bank can also be rewritten in the following compact form:

Ve = fe(Tw, Ts, Ve). (3.113)

where f.(zy,Ts,v.) is a nonlinear scalar function.

The dynamics of the generation system can be written in the following compact

form:

t = f(x)+g(z)u (3.114)
hz) = 0 (3.115)
where z = [zL 2T v.], u = [uy, upy, f(z) and g(z) are suitable composition of f,, fs,

Gw, gs and f., and h(x) = hg(x,). The explicit forms of f(z) and g(x) are omitted for
brevity.

Note that the maximum power that can be drawn from the wind and solar sub-
systems is determined by the maximum power that can be generated by the two
subsystems. When the two subsystems are not sufficient to complement the genera-
tion to satisfy the load requirements, the battery bank can discharge to provide extra
power to satisfy the load requirements. However, when the power limit that can be
provided by the battery bank is surpassed, the load must be disconnected to recharge
the battery bank and avoid damages. In this section, we do not consider the power

needed to charge the battery bank explicitly. However, this power can be lumped
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Figure 3.22: Supervisory control of a wind-solar energy generation system

into the total power demand. In the reminder of this section, we refer to the total

power demand as Pr.

3.7.2 Control Problem Formulation and Controller Design

We consider two control objectives of the wind-solar energy generation system. The
first and primary control objective is to compute the operating points of the wind
subsystem and of the solar subsystem together to generate enough energy to satisfy
the load demand. The second control objective is to optimize the operating points to
reduce the peak value of surge currents. With respect to the second control objective,
specifically, we consider that there are maximum allowable increasing rates of the
generated power of the two subsystems and that frequent discharge and charge of the
battery bank should be avoided to maximize battery life. Note that the constraints
on the maximum increasing rates impose indirect bounds on the peak values of inrush
or surge currents to the two subsystems.

The control system is shown in Figure 3.22 in which the supervisory control sys-
tem optimizes the power references P, ,.; and Ps,.s (operating points) of the wind
and solar subsystems, respectively. The two local controllers (wind subsystem con-

troller and the solar subsystem controller) manipulate u,, and w,, to track the power
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references, respectively.

Remark 3.19 Note that we consider wind-solar energy generation systems that al-
ready operate in normal generating conditions, and do not address the issues related to
system startup or shut down. Moreover, we focus on the application of the supervisory
control system and do not provide specific conditions (and detailed theoretical deriva-
tion) under which the stability of the closed-loop system is guaranteed. We also note
that, in the case of an energy generation system containing several solar and wind
subsystems, the supervisory control approach can be extended to control the system in
a conceptually straightforward manner by letting the supervisory controller determine

the power references of all the subsystems.

Wind Subsystem Controller Design

For the wind subsystem controller, the objective is to track the power reference com-
puted by the supervisory predictive controller.

In order to proceed, we introduce the maximum power that can be provided by a
wind subsystem, P, max, first. P, max depends on a few turbine parameters and on a

simple measurement of the angular shaft speed as follows [104]:

N W

Pw,max = Pw,max(x) = Koptwi - (22 + thi) Ts (3116)

Ct ()\Opt)pARg
202

opt
Cp(A) = Cy(A) A reaches its maximum [104], and C,(-) is the torque coefficient of the

where K,y = and A,y is the tip speed ratio at which the coefficient

wind turbine.

We follow the controller design proposed in [103]. Specifically, the controller is
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designed as follows:

U1 if Pw,’ref < Pw,max
Upy = (3.117)

U2 if Pw,ref Z Pw,max

where:
upr = —[6rs(igfur + iafuwz) = 3Psr(we fur + iqfus) + 2(7 [[Swr(@w)]]
Homax [[05w1/ 0| )sign(suw1 (2w))]/ (675 (iggur + taguw2) — 3dawegki3118)
and
Uwz = —fur/gur + 2Kopwe fus/ (Gsrgu1) = iqfuws/ (guiwe) + 207 [|Sw2(@w)]]

+Emax [|05w2/ 0y ||)sign(swe(Tw)) / (3dsrwegur ) (3.119)

with v = 1000 and &, = 0.02 being design constants and

Osu|| 3 — ‘ |
H ai [ = 5\/47“3(@3 +i3) + 02,(WZ +17) — Arsgsweiq (3.120)
and
asw 3 3 )
’ axj = \/(§¢srwe)2 —|_ (3Koptwg —_ §¢STZ(])2- (3121)

In the control design shown in Eq. 3.117, sy1 = Pyrer — Py and sy2 = Py max are
the the sliding surfaces. When the power reference is less than the maximum power
that can be provided by the wind subsystem, the control law w,, will operate the
subsystem to generate the desired power; when the power reference is greater than

the maximum power that can be provided by the wind subsystem, the control law
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Uy Will drive the subsystem to operate at points in which the subsystem provides

the maximum power.

Solar Subsystem Controller Design

The objective of the solar subsystem controller is to force the subsystem to track
the power reference computed by the supervisory controller. The maximum power
operating point (MPOP) of the solar subsystem can be computed, in principle, by

the following expression [102]:

OP,,  Oipy :
= —Up o 122
o~ Dy, Upy + Ipy = 0 (3.122)

The maximum solar power provided, P, max, is computed numerically through direct
evaluation of the following expression [102] in the region where Eq. 3.122 is close to

Zero:
Dipy 5 ~ Aipy

— v = v
pv pv
Ovpy Avy,

(3.123)

va,max = va,max(x) =

We follow the controller design proposed in [102] to design the solar subsystem

controller. Specifically, this controller is designed as follows:

( (
1 ifh >0
iprv,max > Ps,ref Upy =
0 if hi <0
\
( (3.124)
0 ifhy >0
iprv,max < Ps,ref Upy =
1 ifhy <0
\ \

where hy = P ep — 150 and hy = Oy, /OUpy + Ty /Upy.
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Supervisory Controller Design

The objective of the supervisory control system is to determine the power references
of the wind and solar subsystems. We will design the supervisory controller via MPC.
By using MPC, we can take optimality considerations into account as well as handle
different kinds of constraints. As stated before, the primary control objective is to
manipulate the operating points of the wind subsystem and of the solar subsystem
together to generate enough energy to satisfy the load demand. This control objective
will be considered in the design of the cost function for the MPC optimization problem
(please see Section 3.7.3). The second control objective is to optimize the operating
points to reduce the peak value of surge currents. In order to take into account
this control objective, we will incorporate hard constraints in the MPC optimization
problem to restrict the maximum increasing rates of the generated power of the two
subsystems as well as a term in the cost function to avoid frequent discharge and
charge of the battery bank.

We consider the case where the future load of the system for certain length of time
is known, that is the total power demand, Pr(t), is known. The main implementation
element of supervisory predictive control is that the supervisory controller is evaluated
at discrete time instants tp = to + kA, kK = 0,1,..., with ¢y the initial time and A
the sampling time, and the optimal future power references, P, ;. and P; ., for a
time period (prediction horizon) are obtained and only the first part of the references
are sent to the local control systems and implemented on the two units. In order to
design this controller, first, a proper number of prediction steps, /N, and a sampling

time, A, are chosen.
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The MPC design for the supervisory control system is described as follows:

LN
min L(2(7), Pyref(T), Psres(T))dT 3.125
P’w,fef:Ps,refeS(A) \/t\k ( ( ) s f( ) s f( )) ( )

s.t. Pw7ref(t) S mtin{Pw7maX(t)},t - [tk+j7 tk+j+1) (3126)

Py re(t) < mtm{va,max(t)}?t € [thrjs thrjr)  (3.127)

Poyref(tirjr1) = Pues(tir;) < dPumax (3.128)
Pyref(irjr1) = Psrep(tir) < dPsmax (3.129)
z(t) = f(@(t)) + g(@(t)u(t) (3.130)
h(i(t)) =0 (3.131)
#(t) = 2(t) (3.132)
Py max(t) = Pumax(T(t)) (3.133)
Py max(t) = Ppymax(Z(t)) (3.134)

where 7 is the predicted future state trajectory of the wind-solar energy generation
system, L(x, Py ref, Psref) is a positive definite function of the state and the two power
references that defines the optimization cost, dP,, max and dPs max are the maximum
allowable increasing values of P, ..y and Ps,.s in two consecutive power references,
N is the prediction horizon, j = 0,...,N — 1 and z(#) is the state measurement

obtained at time t;. We denote the optimal solution to the optimization problem of

Eqgs. 3.125-3.134 as P

w,ref

(t|tx) and P

s,ref

(t|tx) which are defined for ¢ € [ty, txin)-

The power references of the two subsystems generated by the supervisory con-
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troller of Egs. 3.125-3.134 are defined as follows:

Pures(t) = Py ep(tltr), Vt € [tr, tri1) (3.135)
PSJ’@f(t) = s*,ref(ﬂtk):\v/t € [tka tk—l—l) (3136)

In the optimization problem of Eqs. 3.125-3.134, Eq. 3.125 defines the optimization
cost that needs to be minimized, which will be carefully designed in the simulations
in Section 3.7.3. Because the MPC optimizes the two power references in a discrete
time fashion and the references are constants within each sampling interval, the con-
straints of Eqgs. 3.126-3.127 require that the computed power references should be
smaller than the minimal of the maximum available within each sampling interval,
which means the power references should be achievable for the wind and solar sub-
systems. Constraints of Eqs. 3.128-3.129 impose constraints on the increasing rate of
the two power references. In order to estimate the maximum available power of the
two subsystems along the prediction horizon, the model of the system (Eq. 3.130),
the current state (Eq. 3.131) and the equations expressing the relation between the
maximum available power and the state of each subsystem (Eq. 3.133 and Eq. 3.134)
are used. Note that in the MPC optimization problem, in order to estimate the fu-
ture maximum available power of each subsystem, we assume that the environmental
conditions such as wind speed, insolation and temperature remain constant. When
the sampling time is small enough and the prediction horizon is short enough, along
with high-frequency wind variations caused by gusts and turbulence being reasonably

neglected, this assumption makes physical sense [101].

In the remainder of this section, the sampling time and the prediction horizon of

the MPC are chosen to be A =1 s and N = 2. The maximum increasing values of
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the two power references are chosen to be dP, max = 1000 W and dPs ax = 500 W,
respectively. Note that the choice of the prediction horizon is based on the fast
dynamics of the generation system, the uncertainty associated with long-term future
power demand and is also made to achieve a balance between the evaluation time
of the optimization problem of the supervisory MPC and the desired closed-loop

performance.

3.7.3 Simulation Results

In this subsection, we carry out several sets of simulations to demonstrate the ef-
fectiveness and applicability of the designed MPC when the control objectives are
taken into account. Note that in all the simulations, standard numerical methods,
e.g., Runge-Kutta, are used to carry out the numerical integration of the closed-loop

system.

Constraints on the Maximum Increasing Rates of P, ,.; and F; ,.;

In this set of simulations, the control objective is to operate the wind-solar energy
generation system to satisfy the total power demand, Pr, subject to constraints on the
rate of change of P, ;. and P ,.r. Because the constraints on the maximum increasing
rates of P, ey and Ps,.¢ are considered as hard constraints in the formulation of the
MPC (i.e., constraints of Eqgs. 3.128-3.129), in the cost function, we only penalize the
total power demand. The cost function designed for these control objectives is shown
as follows:

L(x, Pyref, Paves) = 0(Pp — Pyyes — Poges)? + BP2 .o (3.137)

where @« = 1 and § = 0.01 are constant weighting factors. The first term, o(Pr —

Pyref — Psre f)z, in the cost function penalizes the difference between the power gen-
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erated by the wind-solar system and the total power demand, which drives the wind
and solar subsystems to satisfy the total demand to the maximum extent. Because
there are infinite combinations of P, ,.r and Ps,.r that can minimize the first term,
in order to get a unique solution to the optimization problem, we also put a small
penalty on P ,.¢. This implies that the wind subsystem is operated as the primary
generation system and the solar subsystem is only activated when the wind subsys-
tem alone can not satisfy the power demand. In the simulation, we assume that the
environmental conditions remain constant with wind speed v = 12 m/s, insolation
A = 90 mW/em? and PV panel temperature T' = 65 °C.

Figure 3.23 shows the results of the simulations. From Figure 3.23, we see that at
t =4 s there is a demand power increase from 2100 W to 4000 W (Figure 3.23(a)),
and that because of the constraints on the maximum increasing rates of P, ,.; and
P; ¢, the wind-solar system cannot supply sufficient power (Figure 3.23(b)-(c)) and
the shortage of power is made up by the battery bank (Figure 3.23(a)).

Note that we assume that the future power demand for a short time period is
known to the MPC. Because of this, at t = 8 s, when the MPC supervisory controller
receives information about a power demand increase at ¢ = 9 s, and having informa-
tion of the limits on the power generation of the two subsystems, it coordinates the
power generations of the wind and solar subsystems to best satisfy the power demand
by reducing the power generation of the wind subsystem and activating the solar sub-
system in advance at t = 8 s. This coordination renders the two subsystems able to
approach as much as possible to the total power demand requirement at ¢ = 9 s
(even though they cannot fully meet this requirement due to operation constraints of
the wind and solar subsystems) by boosting their power production at the maximum

possible rate, i.e., about 1,500 W boost in power production fromt =8 stot =9 s.
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Figure 3.23: Power trajectories with constraints on the maximum increasing rates
of Pyref and Ps,cr. (a) Generated power P, + P (solid line), total power demand
Pr (dashed line) and power provided by battery bank P, (dotted line); (b) Power
generated by wind subsystem P, (solid line), wind power reference P, ,.; (dash-
dotted line) and maximum wind generation P, m.x (dashed line); (c) Power generated
by solar subsystem P; (solid line), solar power reference P, (dash-dotted line) and
maximum solar generation P ,.x (dashed line)
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On the other hand, if there is no information of the future power demand increase
that is fed to the MPC, the wind-solar system would not increase its production as
fast to approach the total power demand requirement because the solar subsystem
would stay dormant up to ¢ = 9 s (the power demand requirement at t = 8 s can
be fully satisfied by the wind subsystem only) and the presence of a hard constraint
on the rate of change of power generated by the solar subsystem would not allow to
boost its production enough to meet the total power demand requirement at t =9 s
(in this case, the total power demand requirement cannot be achieved by operation
of the wind subsystem only); as a result the boost in total power production in this

case would be only 1,200 W.

Suppression of Battery Power Fluctuation

In this set of simulations, we modify the cost function of Eq. 3.137 to take into account
the fluctuation of the battery power in order to avoid frequent battery charge and

discharge. The cost function is modified as follows:
L(x, Puyefs Poyer) = 0(Pr — Pyyep — Poger)? + BP2 s + (AP, (3.138)

where AP, is the change of the power provided by the battery bank between two
consecutive steps and ¢ = 0.4 is a weighting factor. Note that this newly added term
requires that we store the trajectory of P,. In this set of simulations, the environ-
mental conditions are set with wind speed v = 11 m/s, insolation \; = 90 mW/cm?
and PV panel temperature T = 65 °C.

Figure 3.24 shows the simulation results. From Figure 3.24, we see that there is
a power demand decrease at t = 3 s, and though the wind and solar subsystems are

able to provide enough power to satisfy the demand, the supervisory controller will
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Figure 3.24: Power trajectories taking into account suppression of battery power
fluctuation. (a) Generated power P, + Ps (solid line), total power demand Pr (dashed
line) and power provided by battery bank P, (dotted line); (b) Power generated by
wind subsystem P, (solid line), wind power reference P, . (dash-dotted line) and
maximum wind generation Py, max; (¢) Power generated by solar subsystem P; (solid
line), solar power reference P ,.; (dash-dotted line) and maximum solar generation
P max; (d) Generated power P, + P (solid line), total power demand Pr (dashed
line) and power provided by battery bank P, (dotted line)
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not reduce the power generated by the battery to 0 immediately at t = 3 s; instead,
the supervisory controller operates the system to make the power provided by the
battery bank decrease slower and reach its recharge state at t = 5 s (Figure 3.24(a)).
Figure 3.24(d) shows the power trajectory of the battery bank if no penalty on the

change of the power provided by the battery bank is applied.

Varying Environmental Conditions

In this part, we carry out simulations under varying environmental conditions. Time
evolution of wind speed, PV panel temperature and insolation are shown in Fig-
ure 3.25(a)-(c). Figure 3.25(d) shows the trajectory of total power demand.

It can be seen from Figure 3.26(a) that the wind/solar/battery powers coordi-
nate their behavior to meet the load demand. Time evolution of output power and
maximum available power from the wind subsystem and solar subsystem are plotted
in Figure 3.26(b)-(c). When sufficient energy supply can be extracted from the two
subsystems such as during 0 ~ 60 s, 100 ~ 140 s and 160 ~ 173 s, the battery is
being recharged. In other periods, load demand is relatively high and the weather
condition, which determines the maximum available generation capacity of the two
subsystems, cannot permit sufficient energy supply. Thus, the supervisory controller
drives wind /solar parts to their instant maximum capacity and calls the battery bank

for shortage compensation.

Consideration of High-frequency Disturbance of Weather Conditions

In the preceding scenaria, we assumed that the variation of weather-related parame-
ters, like wind speed and insolation, within each sampling time interval is negligible.

While this assumption is reasonable in most cases, additional attention for robust sys-
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Figure 3.25: Environmental conditions and load current. (a) Wind speed v; (b)

insolation A;; (¢) PV panel temperature 7'; (d) load current i,
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Figure 3.26: Power trajectories under varying environmental conditions. (a) Gen-
erated power P, + P, (solid line), total power demand Pr (dashed line) and power
provided by battery bank P, (dotted line); (b) Power generated by wind subsystem
P, (solid line), wind power reference P, ,.r (dash-dotted line) and maximum wind
generation Py, nax (dashed line); and (c¢) Power generated by solar subsystem P; (solid

line), solar power reference P ,.; (dash-dotted line) and maximum solar generation
P max (dashed line)
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tem operation should be given under even harsher conditions where high frequency
disturbances that influence the values of wind speed and insolation are present. This
scenario is possible when the wind turbine encounters turbulent flow [80], or when

insolation is affected by abrupt changes in atmospheric turbidity [31].

To study this case from a control point of view and evaluate the robustness of the
control system in this case, we introduce disturbances in two parameters; specifically,
10% variation in the wind speed and 5% variation in the insolation. The profiles
of the wind speed and insolation are shown in Figures 3.27(a) and (b). We have
used the system model to establish that the control system operating on the wind
subsystem can tolerate the wind disturbance and no additional measures are needed
to be taken to secure its reliability. However, for the solar subsystem, which is
characterized by faster dynamics, in order to maintain its closed-loop stability we
need to use a more conservative estimate of the insolation (i.e., 95% of the value of
the measured insolation) in the evaluation of the power reference. This conservative
estimate of insolation ensures that the predicted maximum power delivered by the
solar subsystem does not exceed what the weather permits.

The closed-loop profiles of power generation are displayed in Figure 3.28(a)-(c).
Again, the entire energy generation system operates reliably, thereby yielding positive
results for the robustness of the control system with respect to abrupt variations in
wind speed and insolation. Both maximum power generation capabilities of the two
subsystems are perturbed as a result of the weather disturbance, but both the wind
subsystem and the solar subsystem operate in a robust fashion and the total power

demand is met.
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Figure 3.27: Environmental conditions and load current. (a) Wind speed with high
frequency disturbance v; (b) Insolation with high frequency disturbance \;; (¢) PV

panel temperature T'; (d) load current i,
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Figure 3.28: Power trajectories under varying environmental conditions with high
frequency disturbance. (a) Generated power P, + P; (solid line), total power demand
Pr (dashed line) and power provided by battery bank P, (dotted line); (b) Power
generated by wind subsystem P,, (solid line), wind power reference P,, . (dash-dotted
line) and maximum wind generation P, ma.x (dashed line); and (c) Power generated
by solar subsystem P; (solid line), solar power reference P, (dash-dotted line) and
maximum solar generation P ,.x (dashed line)
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3.8 Conclusions

In this chapter, we presented a two-tier networked control architecture for process con-
trol problems that involve nonlinear processes and heterogeneous measurements con-
sisting of continuous measurements and asynchronous measurements (with or without
delays). The presented architecture consists of: a) a lower-tier control system, which
relies on point-to-point communication and continuous measurements, to stabilize the
closed-loop system, and b) an upper-tier networked control system, designed using
LMPC theory, that profits from both the continuous and the asynchronous, delayed
measurements as well as from additional networked control actuators to improve the
closed-loop system performance. The applicability and effectiveness of the methods

were demonstrated using two chemical process examples.

In addition, the two-tier control architecture was also applied to the supervisory
control of a standalone wind-solar energy generation system. Specifically, we fo-
cused on the development of a supervisory predictive control method for the optimal
management and operation of wind-solar energy generation systems. We designed a
supervisory control system designed via MPC which computes the power references
for the wind and solar subsystems at each sampling time while minimizing a suitable
cost function. The power references are sent to two local controllers which drive the
two subsystems to the power references. We discussed how to incorporate practical
considerations, for example, how to reduce the peak values of inrush or surge cur-
rents, into the formulation of the MPC optimization problem. Simulation results

demonstrated the effectiveness and applicability of the presented approach.

157



Chapter 4

Distributed Model Predictive
Control: Two-controller

Cooperation

4.1 Introduction

In Chapter 3, we presented a two-tier networked control architecture for nonlinear
processes, shown in Figure 3.2. In this architecture, the pre-existing local control
system (LCS) uses continuous sensing and actuation and an explicit control law (for
example, the local controller is a classical controller, like a proportional-integral-
derivative controller, or a nonlinear controller designed via geometric or Lyapunov-
based control methods for which an explicit formula for the calculation of the control
action is available). On the other hand, the networked control system (NCS) uses
networked (wired or wireless) sensors and actuators and has access to heterogeneous,

asynchronous measurements that are not available to the LCS. The NCS is designed
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via LMPC. An important feature of the two-tier networked control architecture of
Figure 3.2 is that there is no communication between the LCS and NCS since the
networked LMPC can estimate the control actions of the local controller using the
explicit formula of this controller, and thus, it can take into account the actions
of the local controller in the computation of its optimal input trajectories. In this
sense, the two-tier networked control architecture of Figure 3.2 can be thought of as
a decentralized control system. This lack of communication is an appealing feature
because the addition of the NCS does not lead to any modification of the pre-existing
LCS and improves the overall performance and robustness of the combined NCS/LCS
architecture (i.e., the achievable closed-loop performance is invariant to disruptions

in the communication between the NCS and LCS).

Despite this progress, there are important controller design problems that remain
unresolved in the broad context of networked control systems. For example, when the
LCS is a model predictive control system for which there is no explicit controller for-
mula to calculate its future control actions, it is necessary to re-design both the NCS
and the LCS and establish some level of (preferably small) communication between
them so that they can coordinate their actions. To this end, we will adopt in this
chapter a distributed MPC (DMPC) approach to the design of the NCS and LCS,
as shown in Figure 4.1. It is important to remark at this point that an alternative
approach to address the integrated design of the NCS and LCS would be to design a
fully centralized MPC to decide the manipulated inputs of all the control actuators
(i.e., both u; and uy in Figure 4.1). However, the computational complexity of MPC
grows significantly with the increase of optimization (decision) variables, which may
prohibit certain on-line centralized MPC applications with a large number of decision

variables.
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Figure 4.1: Distributed MPC control architecture for networked control system design

Specifically, in this chapter, we present a DMPC design where both the pre-
existing local control system and the networked control system are designed via
LMPC. The DMPC design that will be presented - see Figure 4.1 - uses a hierarchical
control architecture in the sense that the LCS is able to stabilize the closed-loop sys-
tem and the NCS takes advantage of additional control inputs and coordinates with
the LCS to improve the closed-loop performance. This hierarchical DMPC design is
different from previous DMPC designs which decompose a centralized control problem
spatially. In particular, the proposed design provides the potential of maintaining sta-
bility and performance in the face of new /failing actuators, (for example, the failure
of the actuator of the NCS (zero input) in Figure 4.1 does not affect the closed-loop
stability). Working with general nonlinear models of chemical processes and assum-
ing that there exists a nonlinear controller that stabilizes the nominal closed-loop
system using only the pre-existing control loops (LCS), two separate Lyapunov-based
model predictive controllers will be designed that coordinate their actions in an effi-
cient fashion. Specifically, the DMPC design preserves the stability properties of the
nonlinear controller, improves the closed-loop performance and allows handling input
constraints. In addition, the distributed control design requires reduced communi-
cation between the two distributed controllers since it requires that these controllers
communicate only once at each sampling time and is computationally more efficient

compared to the corresponding centralized MPC design.
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In addition, we will extend the results to include nonlinear systems subject to asyn-
chronous and delayed measurements. In the case of asynchronous feedback, under the
assumption that there exists an upper bound on the interval between two successive
state measurements, distributed controllers that utilize one-directional communica-
tion and coordinate their actions to ensure that the state of the closed-loop system is
ultimately bounded in a region that contains the origin will be designed. In the case
of asynchronous measurements that also involve time-delays, under the assumption
that there exists an upper bound on the maximum measurement delay, a DMPC
system that utilizes bi-directional communication between the distributed controllers
and takes the measurement delays explicitly into account to enforce practical sta-
bility in the closed-loop system will be designed. These DMPC designs also possess
explicitly characterized sets of initial conditions starting from where they are guar-
anteed to be feasible and stabilizing. The theoretical results will be demonstrated
through a chemical process example. The results of this chapter were first presented

in [51, 52, 10].

4.2 System Description

In this chapter, we consider nonlinear systems described by the following state-space

model:

w(t) = f2(t), ui(t), ux(t), w(t)) (4.1)

where x(t) € R™ denotes the vector of state variables, u; (t) € R™ and uy(t) € R™? are
two different sets of control inputs and w(t) € R denotes the vector of disturbance
variables. The two sets of control inputs are restricted to be in two nonempty convex

sets Uy € R™ and Uy C R™ and the disturbance vector is bounded, i.e., w(t) € W
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where:

W= {we R : |w| < 0,0 >0} (4.2)

with 6 being a known positive real number.
We assume that f is a locally Lipschitz vector function and f(0,0,0,0) = 0. This
means that the origin is an equilibrium point for the nominal system of Eq. 4.1 with

u; = 0 and uy = 0.

Remark 4.1 In general, distributed control systems are formulated based on the as-
sumption that the controlled systems are decoupled or partially decoupled. However,
we consider a fully coupled process model with two sets of possible manipulated inputs;
this 1s a very common occurrence in chemical process control as we will illustrate in
the example of Section 4.4.3. It is important to note that even though we have mo-
tivated the control problem of Eq. 4.1 by the augmentation of LCS with NCS, the
same control formulation could be used when a new control system which may use a
local control network is added to a process that already operates under an MPC; see

example in Section 4.4.5.

4.3 Lyapunov-based Control

We assume that there exists a nonlinear state feedback control law wuy(t) = h(z(t))
which satisfies the input constraint on u; for all z inside a given stability region
and renders the origin of the nominal closed-loop system asymptotically stable with
uz(t) = 0. Using converse Lyapunov theorems, this assumption implies that there
exist functions «a;(+), ¢ = 1,2,3,4 of class K and a continuous differentiable Lya-

punov function V(z) for the nominal closed-loop system that satisfy the following
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inequalities:

a(lel) < V(@) < aa(fe]) (43)
) f(w, 2).0,0) < el (1.4
1752 < astal (45)

h(z) € U, (4.6)

for all z € O C R™ where O is an open neighborhood of the origin. We denote the
region €2, C O as the stability region of the closed-loop system under the control
uy = h(x) and uy = 0.

By continuity, the local Lipschitz property of the vector field f(z,uq,us, w) and
the fact that the manipulated inputs u; and us are bounded in convex sets, there

exists a positive constant M such that:

Hf(-T,UhUQ,UJ)” S M (47)

for all z € Q,, vy € Uy, up € Uy and w € W. In addition, by the continuous
differentiable property of the Lyapunov function V', there exist positive constants L.,

L,, and L! such that:

1f (2, w1, g, w) = f(2, ur, ug, 0)| < Loy fJwl| + Lo [l — 2| (4.8)

_IV(a')
ox

“av<$>f(x,u1,uQ,w)

it e 0)| < Lol + Llle -] (49

for all z,2" € Q,, u; € Uy, ug € Uy and w € W. These constants will be used to
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characterize the stability properties of the system of Eq. 4.1 under the DMPC designs.

4.4 DMPC with Synchronous Measurements

In this section, we present a DMPC design for the system of Eq. 4.1 with synchronous
measurements. In Sections 4.5 and 4.6, we will extend the results presented in this
section to include systems subject to asynchronous measurements without and with
time-varying delays, respectively.

Specifically, in the current section, we assume that measurements of the system
state x are available at synchronous sampling times {tx>o} with tx = to + kA, k =

0,1,... where ¢y is the initial time and A is the sampling time.

4.4.1 DMPC Formulation

In this section, we design two separate LMPCs to compute u; and uy and refer to the
LMPC computing the trajectories of u; and uy as LMPC 1 and LMPC 2, respectively.
Figure 4.1 shows a schematic of the distributed control method discussed in this
section. The implementation strategy of the distributed control architecture is as

follows:

1. At ty, both LMPC 1 and LMPC 2 receive the state measurement x(t;) from

the sensors.

2. LMPC 2 evaluates the optimal input trajectory of uy based on the z(t;) and
sends the first step input value of uy (i.e., uy € [ty,tg11)) to its corresponding
actuators and the entire optimal input trajectory of uy (i.e., ug € [ty, txrn) with

N the prediction horizon of the LMPCs) to LMPC 1.
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3. Once LMPC 1 receives the entire optimal input trajectory of uy from LMPC 2,

it evaluates the future input trajectory of w; based on z(t;) and the entire

optimal input trajectory of us.

4. LMPC 1 sends the first step input value of uy (i.e., uy € [ty, txr1)) to its corre-

sponding actuators.

5. When a new measurement is received (k < k + 1), go to Step 1.

First we define the optimization problem of LMPC 2. This optimization problem

depends on the latest state measurement x(tx), however, LMPC 2 does not have

any information about the value that u; will take.

In order to make a decision,

LMPC 2 must assume a trajectory for u; along the prediction horizon. To this end,

the nonlinear control law u; = h(x) is used. In order to inherit the stability properties

of this control law, us must satisfy a Lyapunov-based constraint that guarantees a

given minimum decrease rate of the Lyapunov function V. The design of LMPC 2 is

based on the following optimization problem:

min
ug€S(A)

s.t.

[ [1at)

z(t) = f(@(t), wi(t), ua(t),0)

0o 1Dl + ()l g, | d7

ul(t) = h(f(tk_,_j)),vt - [tk+j7tk+j+1)aj = 0, ,N -1
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where @)., R.; and R. are positive definite weighting matrices, x is the predicted
trajectory of the nominal system with us being the input trajectory computed by
this LMPC and u; being the nonlinear control law h(x) applied in a sample-and-hold
fashion. The optimal solution to this optimization problem is denoted by wj(t|t)
which is defined for ¢ € [ty, x4 n). This information is sent to LMPC 1.

The constraint of Eq. 4.13 defines the constraint on the control input u, and
the Lyapunov-based constraint of Eq. 4.15 guarantees that the value of the time
derivative of the Lyapunov function at the initial evaluation time, if u; = h(z(tx))
and uy = uj(tx|ty) are applied, is lower than or equal to the value obtained when
uy; = h(x) and uy = 0 are applied.

The optimization problem of LMPC 1 depends on the latest state measurement
x(tx) and the decision taken by LMPC 2 (i.e., uj(t|ty)). This allows LMPC 1 to
compute an input uy such that the closed-loop performance is optimized, while guar-
anteeing that the stability properties of the nonlinear control law h(z) are preserved.

Specifically, LMPC 1 is based on the following optimization problem:

[ [l )l + ol (4.16)
st E0) = F(EE). (). ua(0). 0 (@)
ui(t) € Uy (4.18)
us(t) = us(tftr) (4.19)
Ft) = () (4.20)

OV (=(ti))

o f(@(te), ua(tr), us(telts), 0)
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_ V(a(t)

< —5 f@(te), h(z(tr)), us(telte),0)  (4.21)

where 7 is the predicted trajectory of the nominal system with uy being the optimal
input trajectory wj(t|ty) computed by LMPC 2 and u; being the input trajectory
computed by LMPC 1. The optimal solution to this optimization problem is denoted
by wj(t|ty) which is defined for ¢ € [ty, txin)-

The constraint of Eq. 4.18 defines the constraint on the control input u; and
the Lyapunov-based constraint of Eq. 4.21 guarantees that the value of the time
derivative of the Lyapunov function at the initial evaluation time, if u; = u}(tx|tx)
and uy = uj(tg|ty) are applied, is lower than or equal to the value obtained when
up = h(z(ty)) and us = uj(tx|ty) are applied.

Once both optimization problems are solved, the inputs of the DMPC design
based on the above LMPC 1 and LMPC 2 are defined as follows:

w(t) = w(ttn), Yt € [t trs) (4.22)

us(t) = wh(tltn), Yt € [t tesr)- (4.23)

Remark 4.2 At Step 2 of the presented implementation strategy, the whole optimal
wnput trajectory of LMPC 2 is sent to LMPC 1. From the stability point of view,
it is unnecessary to send the whole optimal input trajectory. Only the first step of
the optimal input trajectory of LMPC 2 is needed to send to LMPC 1 in order to
guarantee the stability of the closed-loop system under the DMPC (please see Section
4.4.2 for the proof of the closed-loop stability). Thus, the communication between
the two LMPCs can be minimized by only sending the first step of an optimal input

trajectory without loss of the closed-loop stability. However, the transmission of the
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whole optimal trajectory at a sampling time can, to some extend, improve the closed-
loop performance because LMPC' 1 has more information on the possible future input

trajectory of LMPC' 2.

Remark 4.3 The key idea of the DMPC' formulation is to impose a hierarchy on the
order in which the controllers are evaluated in order to quarantee that the resulting
control actions stabilize the system. In this section, we assume flawless communica-
tions and synchronous state measurements at each sampling time without delay. If
data losses and delays are taken into account, the control method has to be modified
because at each time step coordination between both LMPC's is not quaranteed; these

1ssues are addressed in Sections 4.5 and 4.6.

Remark 4.4 Since the computational burden of nonlinear MPC' methods is usually
high, the DMPC' design only requires LMPC" 2 and LMPC 1 to “talk” once every
sampling time (that is, LMPC 2 sends its optimal input trajectory to LMPC 1) to
minimize the communication between the two LMPCs. This strategy is more robust
when communication between the distributed MPCs can be subject to disruptions. Note
also that the computational complexities of the LMPC' optimization problems of the
DMPC design can be further reduced by appropriately reducing the dimension of the
system model used in the formulation of optimization problems; the reader may refer

to [36, 41] for discussion on model reduction via two-time-scale techniques.

Remark 4.5 The constraints of Eqs. 4.15, 4.19 and 4.21 are a key element of the
DMPC design. In general, guaranteeing closed-loop stability of a distributed control
system is a difficult task because of the interactions between the distributed controllers

and can only be done under certain assumptions (see, for example, [89, 8]). The

constraint of Eq. 4.19 guarantees that LMPC' 1 takes into account the effect of LMPC 2
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to the applied inputs (recall that LMPC 2 is designed without taking LMPC' 1 into
account). The constraints of Eqs 4.15 and /.21 together with the hierarchical control
strategy (i.e., LMPC 2 is solved first and LMPC' 1 is solved second) guarantee that
the value of the Lyapunov function of the closed-loop system is a decreasing sequence

of time with a lower bound.

Remark 4.6 Note that the stability properties of the closed-loop system are inherited
from the nonlinear control law uy = h(z). Once the Lyapunov-based constraints of
Eqgs. 4.15 and 4.21 are satisfied, closed-loop stability is quaranteed. The main purpose
of LMPC 1 and LMPC 2 is to optimize the inputs uy and us to improve performance.
Thus, during the evaluation of the optimal solutions of LMPC' 1 and LMPC 2 within
a sampling period, we can terminate the optimization (i.e., limit the number of itera-
tions in the process of searching for the optimal solutions) to obtain sub-optimal input
trajectories without losing the stability properties. An extreme application of this idea
1s when the optimization process is terminated at the beginning of every optimization
process which gives the inputs: uq(t) = h(z(ty)) and us(t) =0 fort € [tg, try1), which

guarantees stability of the closed-loop system but not optimal performance.

Remark 4.7 In the DMPC design of Eqs. 4.10-4.21, LMPC 2 and LMPC 1 are
evaluated in sequence, which implies that the minimal sampling time of the system
should be greater than or equal to the sum of the evaluation times of LMPC 2 and
LMPC 1. In order to to solve both optimization problems in parallel, LMPC 1 can
use old input trajectories of LMPC' 2, that is, at ty,, LMPC 1 uses u}(t|ty—_1) to define
its optimization problem. This strategy, however, may introduce extra errors in the

optimization problem and may not guarantee closed-loop stability.

Remark 4.8 The Lyapunov-based constraints of Eqs. 4.15 and 4.21 guarantee that

the choice of us cannot render LMPC' 1 infeasible. In addition, the two constraints
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guarantee that the DMPC' design inherits the stability region of the nonlinear control
law h(z).

4.4.2 Stability Properties

In this subsection, we present the stability properties of the DMPC of Eqs. 4.10-4.21.
The DMPC of Eqgs. 4.10-4.21 computes the inputs u; and uy applied to the system of
Eq. 4.1 in a way such that the value of the Lyapunov function at time instant ¢ (i.e.,
V(z(tx))) is a decreasing sequence of values with a lower bound. This is achieved due
to the Lyapunov-based constraints of Egs. 4.15 and 4.21. This property is presented

in Theorem 4.1 below.

Theorem 4.1 Consider the system of Eq. 4.1 in closed-loop with x available at syn-
chronous sampling time instants {ty>0} under the DMPC of Eqs. 4.10-4.21 based on
a control law uy = h(x) that satisfies the conditions of Eqs. 4.3-4.6. Let €, > 0,

A >0 and p > ps > 0 satisfy the following constraint:

—as(og (ps)) + LLMA + L O < —e, /A (4.24)

If x(to) € Qp, pmin < p and N > 1 where:

Pmin = max{V(z(t + A)) : V(z(t)) < ps}, (4.25)

then the state x(t) of the closed-loop system is ultimately bounded in €2, . .

Proof: The proof consists of two parts. We first prove that the optimization
problems of Eqs. 4.10-4.15 and 4.16-4.21 are feasible for all states x € §2,. Then we

prove that, under the DMPC of Egs. 4.16-4.15, the state of the system of Eq. 4.1 is
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ultimately bounded in a region that contains the origin.

Part 1: We first prove the feasibility of LMPC 2 of Eqs. 4.10-4.15, and then the
feasibility of LMPC 1 of Egs. 4.16-4.21. All input trajectories of wus(t) such that
ug(t) = 0,Vt € [ty, tgs1) satisfy all the constraints (including the input constraint
of Eq. 4.13 and the Lyapunov-based constraint of Eq. 4.15), thus the feasibility of
LMPC 2 is guaranteed. The feasibility of LMPC 1 follows because all input trajec-
tories uy(t) such that uy(t) = h(xz(tx)),Vt € [tk,trs1) are feasible solutions to the
optimization problem of LMPC 1 since all such trajectories satisfy the input con-
straint of Eq. 4.18; this is guaranteed by the closed-loop stability property of the

nonlinear control law h(x) and the Lyapunov-based constraint of Eq. 4.21.

Part 2: From the conditions of Eqgs. 4.3-4.6 and the constraints of Eqs. 4.15 and

4.21, if z(t,) € Q, it follows that:

OV (x(tx))

o f(@(te), ui(telte), us(teltr), 0)

< OV (z(ty))
- ox

< OV (z(ty))
. ox

f((tr), h(a(tr)), us(trlte), 0)

< —ag ([Jz(te)]]) - (4.26)
The time derivative of the Lyapunov function along the actual state trajectory
x(t) of the system of Eq. 4.1 in t € [ty, tg+1) is given by:

V() = 75D 1 a0),wiud00), i udte) i), (4.27)
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oV (x(ty))
or

count the conditions of Eq. 4.4, we obtain the following inequality:

Adding and subtracting f@(ty), uy(te|te), us(te|tr),0) and taking into ac-

OV (x(t))
ox
OV (z(tx))

= @) ui(tlt), ui (el ), 0)- - (4.28)

V(a(t) < —as(lla(t)l) + f((8), ui (teltn), ua(teltr), w(t))

From the conditions of Eqs. 4.3-4.6, 4.9 and Eq. 4.28, the following inequality is
obtained for all z(t;) € ,/9Q,.:

V(a(t) < —as(az(ps) + L a(t) = a(to) || + Ly, w]l - (4.29)

Taking into account Eq. 4.7 and the continuity of x(t¢), the following bound can be

written for all ¢ € [ty tpi1):

() - o(t)]| < MA. (4.30)

Using this expression, we obtain the following bound on the time derivative of the

Lyapunov function for ¢ € [t, tx41), for all initial states z(ty) € ,/8,,:

V(x(t) < —as(agt(ps)) + LLMA + L 6. (4.31)

If the condition of Eq. 4.24 is satisfied, then there exists €,, > 0 such that the following

inequality holds for z(t;) € Q,/Q,,.:

V(z(t)) < —eu/A (4.32)
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in t € [tg,tgs1). Integrating this bound on t € [tx, tx11), we obtain that:

Vi(e(ter)) < V(a(te)) — €w (4.33)

Vi(e(t) < V(e(te), vt € [t tit) (4.34)

for all z(ty) € Q,/Q,,. Using Eqgs. 4.33-4.34 recursively it is proved that, if x(ty) €
Q,/Q,,, the state converges to €2,  in a finite number of sampling times without
leaving the stability region. Once the state converges to €2, C €, .. it remains
inside €2, . for all times. This statement holds because of the definition of ppi,. This
proves that the closed-loop system under the DMPC of Eqgs. 4.10-4.21 is ultimately

bounded in 2 [ |

Pmin *

Remark 4.9 Referring to Theorem 4.1, the condition of Eq. 4.24 guarantees that
if the state of the closed-loop system at a sampling time t; is outside the level set
V(z(ty)) = ps but inside the level set V(x(ty)) = p, the derivative of the Lya-
punov function of the state of the closed-loop system is negative under the DMPC
of Eqs. 4.10-4.21.

Remark 4.10 For continuous-time systems under continuous control implementa-
tion, a sufficient condition for set invariance is that the derivative of a Lyapunov
function is negative on the boundary of a set. For systems with continuous-time dy-
namics and sample-and-hold control implementation, this condition is not sufficient
because the derivative may become positive during the sampling period and the system
may leave the set before a new sample is obtained. Referring to Theorem 4.1, pumin
s the mazimum value that the Lyapunov function can achieve in a time period of

length A when x(t;) € Q,,. Q defines an invariant set for the state x(t) under

Pmin

sample-and-hold implementation of the inputs of the DMPC' of Eqs. 4.10-4.21.
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Remark 4.11 To take advantage of both sets of manipulated inputs uy and us, one
option is to design a centralized MPC. In order to guarantee robust stability of the
closed-loop system, such a centralized MPC must include a set of stability constraints.
To do this, we may use the LMPC of Eqgs. 2.16-2.20 introduced in Chapter 2. This
LMPC' guarantees practical stability of the closed-loop system, allows for an explicit
characterization of the stability region and yields a reduced complexity optimization
problem. The LMPC for the system of Fq. 4.1 based on a monlinear control law
h(x) satisfying the conditions of Eqs. 4.3-4.6 is based on the following optimization

problem:

i [ Ol e, + a0l Jar @3
st z(t) = f(&(t), ur(t), us(t),0) (4.36)
w(t) € Uy (4.37)
ws(t) € Uy (4.38)
(t) = 2(ts) (4.39)
OV (x(tk))

o (@), uate), ua(t), 0)

< W (xty)

where T is the predicted trajectory of the mominal system for the input trajectory

computed by this centralized LMPC.

The optimal solution to the optimization problem of FEqs. 4.35-4.40 is denoted by

uly (tlte) and uly(t|ty). The manipulated inputs of the closed-loop system under the

174



xT
Process l >
(%51 U Sensors
Controller

Figure 4.2: Centralized LMPC' control architecture

above centralized LMPC' are defined as follows

ul(t) = u’c‘l(t\tk),Vte [tkathrl) (441)

UQ(t) = uzz(t|tk),Vt€ [tk,tk+1). (442)

In what follows, we refer to this controller as the centralized LMPC'. Figure 4.2 shows

a schematic of this kind of control system.

Remark 4.12 The DMPC' design presented in this section can be extended to in-
clude multiple MPCs using two different approaches. One approach is to use a one-
directional sequential communication strateqy (i.e., LMPC j sends information to
LMPC j —1) and by letting each LMPC' send along with its trajectory, all the trajec-
tories received from previous controllers to its successor LMPC' (i.e., LMPC' j sends
both its trajectory and the trajectories received from LMPC j+1 to LMPC j—1). A
schematic of this approach is shown in Figure 5.1 and it will be discussed in Chapter
5. Another approach is to have one master controller which communicates with all
the other controllers using one-directional communication, which is a hierarchical type
DMPC. More discussions of this type of DMPC' and the corresponding approaches for

handling communication disruptions in the DMPC' can be found in [29].
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4.4.3 Application to a Reactor-separator Process

The example considered in this section is the reactor-separator process of Eqs. 3.52-
3.63 described in Sections 1.2.3 and 3.5.4 with the parameter values given in Table 3.3.
The manipulated inputs to the system are the heat inputs to the three vessels, ()1,
()2 and (Y3, and the feed stream flow rate to vessel 2, Fb.

The reactor-separator process of Eqs. 3.52-3.63 was numerically simulated using
a standard Euler integration method. Process noise was added to the right-hand
side of each ordinary differential equation in the process model to simulate distur-
bances/model uncertainty and it was generated as autocorrelated noise of the form
wy = ¢wi_1+E& where k = 0,1, ... is the discrete time step of 0.001 A, & is generated
by a normally distributed random variable with standard deviation o,, and ¢ is the
autocorrelation factor and wy, is bounded by 6, that is ||wy| < 6,. Table 4.1 contains

the parameters used in generating the process noise.

We assume that the measurements of the temperatures 17, T5, T3 and the measure-
ments of the mass fractions x4y, 1, Ta2, Tp2, Tas, 3 are available synchronously
and continuously at time instants {ty>o} with ¢, = to + kA, k = 0,1,... where
to is the initial time and A is the sampling time. For the simulations carried out
in this section, we pick the initial time to be ¢, = 0 and the sampling time to be
A =0.02 h =1.2 nun.

The control objective is to regulate the system to a stable steady-state x, corre-
sponding to the operating point defined by Q1,, Qas, Q35 Of U1, and Fyos of uss. The
steady-state values for u;s and ugs and the values of the steady-state are given in

Table 4.2 and Table 4.3, respectively. Taking this control objective into account, the
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Table 4.1: Noise parameters

op 0] 0
T A1 1 0.7 0.25
X A2 1 0.7 0.25
T A3 1 0.7 0.25
rp1 1 0.7 0.25
B2 1 0.7 0.25
B3 1 0.7 0.25
T 10 0.7 2.5
T, 10 0.7 2.5
T3 10 0.7 2.5

process model of Eqgs. 3.52-3.63 belongs to the following class of nonlinear systems:

a(t) = f(x(t) + gu(x(t))us(t) + g2 (x(t))uz(t) + w(t) (4.43)

where o7 = [21 2y x5 @4 x5 T6 ¥7 Ts To] = [Ta1 — Tars Tp1 — Tp1s Tt — Tis Taz —
Tazs Tpa—Tp2s To—Ths Ta3—2 a3s Tpz—wp3s T3—Th] is the state, uj = [u11 uip uis] =
[Q1 — Q15 Q2 — Qa5 Q3 — Q3] and uy = Fyy — Fhgs are the manipulated inputs which
are subject to the constraints |uy;| < 106 KJ/h (i = 1,2,3) and |uy| < 3 m?/h, and
w = wyg is a time varying bounded noise. The process of Eqgs. 3.52-3.63 with the

DMPC of Egs. 4.10-4.21 is shown in Figure 4.3.

To illustrate the theoretical results, we first design the nonlinear control law u; =

177



Figure 4.3: Reactor-separator process with distributed control architecture

Table 4.2: Steady-state values for u;s and wus, of the reactor-separator process of
Eqgs. 3.52-3.63

Qs 126x10° [KJ/h]  Qs,  11.88x10° [K.J/h]

Table 4.3: Steady-state values for z, of the reactor-separator process of Eqgs. 3.52-3.63

Tas  0.605 Tz 0.605 Tass  0.346
zp1s  0.386 Tpos  0.386 Tpss  0.630
T, 4259 [K] Th, 4226 (K] Ty,  427.3 [K]
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h(x) which can stabilize the closed-loop system as follows [94]:

LV LiV)2+ (LyV)?
LVt (L )2+(g1 )Lglv L,V £0
h(z) = (Lg1V) (4.44)
0 if Lo,V =0

oV (x) oV (z)
Ox oz !
the scalar function V(x) with respect to the vector fields f and gy, respectively. We

where LV = f(z) and Ly V = (z) denote the Lie derivatives of

consider a Lyapunov function V (z) = 27 Px with P being the following weight matrix:

P = diag (5-2><1012 [4 4 107% 4 4 107* 4 4 104D- (4.45)

The values of the weights in P have been chosen in a way such that the control law of
Eq. 4.44 stabilizes the closed-loop system globally (note that x is the only closed-loop

system steady-state) and provides good closed-loop performance.

Based on the control law of Eq. 4.44, we design the centralized and the distributed
LMPCs. In the simulations, the same parameters are used for both control designs.
The prediction step is the same as the sampling time, that is A = 0.02 h = 1.2 min;
the prediction horizon is chosen to be N = 6; and the weight matrices for the LMPC

designs are chosen as:

chdiag({zwo?’ 2-10° 25 2-10% 2-10° 25 2-10% 2-103 2.5}>,
(4.46)
R, = diag ({5 .10712 5.10712 5. 1012}) and R. = 100.

The state and input trajectories of the process of Eqs. 3.52-3.63 under the DMPC
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Figure 4.4: State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Eqs. 4.10-4.21 (solid lines) and centralized LMPC of Eqs. 4.35-4.40
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Figure 4.5: Input trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Eqs. 4.10-4.21 (solid lines) and centralized LMPC of Eqs. 4.35-4.40
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of Egs. 4.10-4.21 and the centralized LMPC of Eqgs. 4.35-4.40 from the initial state:
2(0)" = [0.890 0.110 388.7 0.886 0.113 386.3 0.748 0.251 390.6]. (4.47)

are shown in Figures 4.4 and 4.5. Figure 4.4 shows that both the distributed and the
centralized LMPC designs provide a similar closed-loop performance and drive the
temperatures and the mass fractions in the closed-loop system close to the desired
steady-state in about 0.3 h and 0.5 h, respectively.

We have also carried out a set of simulations to compare the DMPC of Egs. 4.10-
4.21 with the centralized LMPC of Eqs. 4.35-4.40 with the same parameters from a
performance point of view. Table 4.4 shows the total cost computed for 15 different
closed-loop simulations under the DMPC of Eqgs. 4.10-4.21 and the centralized LMPC
of Eqgs. 4.35-4.40. To carry out this comparison, we have computed the total cost of
each simulation with different operating conditions (different initial states and process

noise) as follows:

[ Jiato)

where ¢, is the initial time of the simulations and ¢,; = 1 h is the end of the simula-

Q. T lla(M)lg,, + llua(7)llg,, | d7 (4.48)

tions. As we can see in Table 4.4, the DMPC of Eqgs. 4.10-4.21 has a cost lower than
the centralized LMPC of Egs. 4.35-4.40 in 10 out of 15 simulations. This illustrates
that in this example, the closed-loop performance of the DMPC of Eqs. 4.10-4.21 is

comparable to the one of the centralized LMPC of Eqs. 4.35-4.40.

Remark 4.13 Table 4.4 shows that both controllers yield a similar performance for
this particular process, but in general there is no guarantee that the total performance

cost along the closed-loop system trajectories of either control scheme should be better
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Table 4.4: Total performance costs along the closed-loop trajectories of the reactor-
separator process of Eqgs. 3.52-3.63 under the DMPC of Egs. 4.10-4.21 and the LMPC
of Egs. 4.35-4.40

sim.  DMPC of Egs. 4.10-4.21 LMPC of Egs. 4.35-4.40

1 65216 70868
2 70772 73112
3 57861 67723
4 62396 70914
) 60407 67109
6 83776 66637
7 61360 68897
8 47070 66818
9 79658 64342
10 65735 72819
11 62714 70951
12 76348 70547
13 49914 66869
14 89059 72431
15 78197 70257
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Figure 4.6: State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Eqs. 4.10-4.21 without communication between the two LMPCs (solid
lines) and with communication between the two LMPCs (dashed lines)

than the other because the solution provided by the centralized LMPC' of Eqs. 4.35-
4.40 and the DMPC of Eqs. 4.10-4.21 are proved to be feasible and stabilizing but the
convergence of the cost under DMPC of Eqs. 4.10-4.21 to the one under the centralized
LMPC of Eqs. 4.35-4.40 is not established. This is because the communication between
the two distributed MPCs is limited to one directional and moreover, the controllers
are implemented in a receding horizon scheme and the prediction horizon is finite. In
addition, there are disturbances modeled by stochastic noise in the simulations which

introduce uncertainty in the results.

Moreover, we have studied the importance of communicating optimal input tra-
jectories of LMPC 2 of Egs. 4.10-4.15 to LMPC 1 of Egs. 4.16-4.21. We have carried

out a set of simulations in which both LMPC controllers operate in a decentralized
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Figure 4.7: Input trajectories of the reactor-separator process of Egs. 3.52-3.63 under
the DMPC of Eqs. 4.10-4.21 without communication between the two LMPCs (solid
lines) and with communication between the two LMPCs (dashed lines)

manner; that is, LMPC 2 does not send its optimal input trajectory to LMPC 1 each
sampling time (there is no communication between the two LMPCs). In order to
evaluate its control input, LMPC 1 assumes that LMPC 2 applies the steady-state
input Fygg; that is us = 0. The same parameters as in previous sets of simulations are
used for the controllers. Figures 4.6 and 4.7 show the results under this decentralized
LMPC scheme. From Figure 4.6, we can see that for this particular example, this
control scheme can not stabilize the system at the required steady-state. This result
is expected because when there is no communication between the two distributed
controllers, they can not coordinate their control actions and each controller views
the input of the other controller as a disturbance that has to be rejected.

We have also carried out a set of simulations to compare the computation time
needed to evaluate the distributed LMPCs (i.e., LMPC 1 of Egs. 4.16-4.21 and
LMPC 2 of Egs. 4.10-4.15) with that of the centralized LMPC of Eqs. 4.35-4.40.
The simulations have been carried out using MATLAB® in a PENTIUM® 3.20 GHz

processor. The optimization problems have been solved using the built-in function
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fmincom of MATLAB®. To solve the ordinary differential equations in the process
model, an Euler method with a fixed integration time of 0.001 h has been imple-
mented in C programming language. For 50 evaluations, the mean time to solve
the centralized LMPC of Eqs. 4.35-4.40 is 9.40 s; the mean times to solve LMPC 1
of Egs. 4.16-4.21 and LMPC 2 of Egs. 4.10-4.15 are 3.19 s and 4.53 s, respectively.
From this set of simulations, we see that the computation time needed to solve the
centralized LMPC of Egs. 4.35-4.40 is larger than the sum of the values for LMPC 1
of Egs. 4.16-4.21 and LMPC 2 of Egs. 4.10-4.15 even though the closed-loop perfor-
mance in terms of the total performance cost is comparable to the one of the DMPC
of Eqgs. 4.10-4.21. This is because the centralized LMPC of Eqgs. 4.35-4.40 has to
optimize both the inputs u; and us in one optimization problem and the DMPC of
Egs. 4.10-4.21 has to solve two smaller (in terms of decision variables) optimization
problems.

Following Remark 4.6, we have also carried out a set of simulations to illustrate
that the optimization processes of LMPC 1 of Egs. 4.16-4.21 and LMPC 2 of Eqgs. 4.10-
4.15 can be terminated at any time to get sub-optimal solutions without loss of
the closed-loop stability. In this set of simulations, we assume that the allowable
evaluation times of LMPC 1 and LMPC 2 at each sampling time are 1 s and 2 s,
and we terminate the two optimization processes when they have been carried out
for 1 s and 2 s, respectively. The closed-loop state and input trajectories under the
DMPC of Egs. 4.10-4.21 with limited and unconstrained computation time are shown
in Figures 4.8 and 4.9. From Figure 4.8, we see that the DMPC of Eqgs. 4.10-4.21 with
limited evaluation time can stabilize the closed-loop system but the state responses
are slower, leading to a higher cost (57778) compared with the one (47117) obtained

under the DMPC of Eqs. 4.10-4.21 with unconstrained computation time.
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Figure 4.8: State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Egs. 4.10-4.21 with limited (solid lines) and unconstrained (dashed
lines) evaluation time
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Figure 4.9: Input trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Egs. 4.10-4.21 with limited (solid lines) and unconstrained (dashed
lines) evaluation time
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4.5 DMPC with Asynchronous Measurements

In this section, we design DMPC for the system of Eq. 4.1 subject to asynchronous
measurements. In Section 4.6, we will extend the results to systems subject to delayed

measurements.

4.5.1 Modeling of Asynchronous Measurements

We assume that the state of the system of Eq. 2.1, z(t), is available asynchronously
at time instants ¢, where {f,>0} is a random increasing sequence and the interval
between two consecutive time instants is bounded by 7;,; that is, the time sequence
satisfies the condition of Eq. 2.22. This assumption is reasonable from a process

control point of view.

4.5.2 DMPC Formulation

In Section 4.4, we introduced a DMPC design under the assumption of continu-
ous, synchronous measurements. It was proved that the proposed control scheme
guarantees practical stability of the closed-loop system and has the potential to
maintain the closed-loop stability and performance in the face of new or failing
controllers/actuators and to reduce computational burden in the evaluation of the
optimal manipulated inputs compared with a centralized LMPC controller. However,
when asynchronous measurements are present, the results obtained in Section 4.4 no
longer hold. In order to simplify (but without loss of generality) the notations and
description of the DMPC for system subject to asynchronous measurements (as well
as asynchronous and delayed measurements discussed in Section 4.6), we will adopt

the same strategy used in Section 4.4, that is, to design two LMPCs and coordinate
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Figure 4.10: DMPC design for systems subject to asynchronous measurements

their actions. The LMPC controllers computing the input trajectories of u; and us are
still referred to as LMPC 1 and LMPC 2, respectively. In this section, we extend the
results of Section 4.4 to take into account asynchronous measurements explicitly, both
in the constraints imposed on the LMPC designs and in the implementation strategy.
A schematic diagram of the considered closed-loop system is shown in Figure 4.10.
In the presence of asynchronous measurements, the controllers need to operate in
open-loop between successive state measurements. We take advantage of the MPC
scheme to update the inputs based on a prediction obtained by the model. This is
achieved by having the control actuators to store and implement the last computed

optimal input trajectories. The implementation strategy is as follows:

1. When a measurement is available at ¢t,, LMPC 2 computes the optimal input

trajectory of wus.

2. LMPC 2 sends the entire optimal input trajectory to its actuators and also

sends the entire optimal input trajectory to LMPC 1.

3. Once LMPC 1 receives the entire optimal input trajectory for us, it evaluates

the optimal input trajectory of u;.
4. LMPC 1 sends the entire optimal input trajectory to its actuators.

5. When a new measurement is received (a <— a + 1), go to Step 1.
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We first design the optimization problem of LMPC 2 for systems subject to asyn-
chronous measurements. This optimization problem depends on the latest state mea-
surement z(t,). In order to make a decision, LMPC 2 must assume LMPC 1 applies
the nonlinear control law u; = h(z). The LMPC 2 is based on the following opti-

mization problem:

s [ B0+ el + )l o (149
st 2(t) = f(Z(1), ui(t), us(t),0) (4.50)
up(t) = h(Z(ty + jA)),Vt € [ta + jA ta + (F + 1)A) (4.51)

us(t) € Uy (4.52)

z(t) = (&), h(Z(te + jA)),0,0),Vt € [ta + JA, ta + (5 + 1)A) (4.53)
j(ta) = jj(ta) - x(ta) (454)

V(E(t)) < V(i(t), Yt € [ta, ta + NpA) (4.55)

where 7 is the predicted trajectory of the nominal system with us being the input
trajectory computed by the LMPC of Egs. 4.49-4.55 (i.e., LMPC 2) and u; being the
nonlinear control law h(z) applied in a sample-and-hold fashion with j =0,..., N —1,
% is the predicted trajectory of the nominal system with u; being h(z) applied in
a sample-and-hold fashion and u, = 0, and Ng is the smallest integer that satisfies
the inequality 7T,, < NrA. To take full advantage of the nominal model in the
computation of the control action, we take N > Ng. The optimal solution to this
optimization problem is denoted by wu},(t|t,) which is defined for ¢ € [t,,t, + NA).

Once the optimal input trajectory of us is available, it is sent to LMPC 1 as well as
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to its corresponding control actuators.

Note that the constraints of Eqs. 4.53-4.54 generate a reference state trajectory
(i.e., a reference Lyapunov function trajectory) of the closed-loop system; and the
constraint of Eq. 4.55 ensures that the predicted decrease of the Lyapunov function
from t, to t, + NgA, if u; = h(z) and uy = ul,(t|t,) are applied, is at least equal
to the one obtained from the constraint of Eq. (4.53). By imposing the constraint
of Eq. 4.55 (as well as the constraint of Eq. 4.62), we can prove that the distributed
control system inherits the stability properties of the nonlinear control law h(z) when
it is implemented in a sample-and-hold fashion. Note also that we have considered
input constraints (see Eq. 4.52).

The optimization problem of LMPC 1 for systems subject to asynchronous mea-
surements depends on xz(t,) and the decision taken by LMPC 2 of Eqgs. 4.49-4.55 (i.e.,
uts(t|ts)). This allows LMPC 1 to compute a u; such that the closed-loop performance
is optimized, while guaranteeing that the stability properties of the nonlinear control
law h(x) are preserved. Specifically, LMPC 1 is based on the following optimization

problem:

Q. T (Mg, + llua(7)llg,, | d7 (4.56)

ta+NA
min / [I12(7)
ta

ul ES(A)

st. () = f(2(t), ur(t), us(t),0) (4.57)

2(t) = f(@(t), h(E(ta + JA)), ua(t), 0),

Vt € [ta+ 70 te + (5 + 1)A) (4.58)
uz(t) = tgy(tlta) (4.59)
uy(t) € Uy (4.60)
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#(ta) = F(ta) = x(ta) (4.61)

V(&(t)) < V(2(t)),Vt € [ta,ta + NrA) (4.62)

where & is the predicted trajectory of the nominal system if us = u},(t|t,) and
up computed by the LMPC 1 of Eqs. 4.56-4.62 are applied, and Z is the predicted
trajectory of the nominal system if uy = wu’,(t|t,) and the nonlinear control law
h(x) are applied in a sample-and-hold fashion with j = 0,..., N — 1. The optimal
solution to this optimization problem is denoted by w},(t|t,) which is defined for
t € [ta,ta + NA). The constraint of Eq. 4.62 guarantees that the predicted decrease
of the Lyapunov function from ¢, to t, + NgA, if uy = u}, (t|t,) and us = u’,(t|t,) are
applied, is at least equal to the one obtained when u; = h(x) and uy = u},(t|t,) are
applied. Note that the trajectory Z(¢) predicted by the constraint of Eq. 4.58 is the
same as the optimal trajectory predicted by LMPC 2 of Egs. 4.49-4.55. This trajectory
will be used in the proof of the closed-loop stability properties of the controller. The
manipulated inputs of the distributed control scheme of Eqs. 4.49-4.62 are defined as

follows:

w(t) = W (tta), VE € [ta, tusr) (4.63)

Ug(t) = U22<t|ta)7vt€ [ta7ta+1). (464)

Note that, as explained before, the actuators apply the last evaluated optimal input

trajectories between two successive state measurements.
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4.5.3 Stability Properties

In this subsection, we prove that the distributed control scheme of Eqs. 4.49-4.62
inherits the stability properties of the nonlinear control law h(z) implemented in a

sample-and-hold fashion. This property is presented in Theorem 4.2 below.

Theorem 4.2 Consider the system of Eq. 4.1 in closed-loop with x available at asyn-
chronous sampling time instants {t,>o}, satisfying the condition of Eq. 2.22, under
the DMPC' of Eqs. 4.49-4.62 based on a control law uy, = h(x) that satisfies the con-
ditions of Eqs. 4.3-4.6. Let Ajes > 0, p > pmin > 0, p > ps >0 and N > N > 1

satisfy the condition of Eq. 2.31 and the following inequality:

— Nges + fo(fw (NrA)) < 0 (4.65)

with fy(-) and fw () defined in Eqs. 2.49 and 2.43, respectively, and Ng being the
smallest integer satisfying NpA > T,,. If z(ty) € Q,, then x(t) is ultimately bounded
in §,, € Q, where:

Pa = Puin + Jv (fw(NrA)) (4.66)

with pmin defined in Eq. 4.25.

Proof: In order to prove that the closed-loop system is ultimately bounded in a
region that contains the origin, we prove that V(z(t,)) is a decreasing sequence of
values with a lower bound.

Part 1: In this part, we prove that the stability results stated in Theorem 4.2 hold
in the case that t,.; —t, = 1), for all a and T,, = NrA. This case corresponds to
the worst possible situation in the sense that LMPC 1 of Eqgs. 4.56-4.62 and LMPC 2

of Eqs. 4.49-4.55 need to operate in open-loop for the maximum possible amount of
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time. In order to simplify the notation, we assume that all the variables used in
this proof refer to the different optimization variables of the problems solved at time
step t,; that is, Z(t,41) is obtained from the nominal closed-loop trajectory of the
system of Eq. 4.1 under the Lyapunov-based controller u; = h(z) implemented in a
sample-and-hold fashion and uy = 0 starting from x(t¢,). By Proposition 2.1 and the

fact that t,.1 = t, + NgA, the following inequality can be obtained:

V(#(tar1)) < max{V(Z(t,)) — Ngrés, pmin }- (4.67)

From the constraints of Eqgs. 4.55 and 4.62 in LMPC 2 and LMPC 1, the following

inequality can be written:

V(E(t) < V(E(t) < V(@(t), VE € [t ta + NpA). (4.68)

From inequalities of Egs. 4.67 and 4.68 and taking into account that &(t,) = Z(t,) =

Z(t,) = x(t,), the following inequality is obtained:

V(Z(ter1)) < max{V(x(t,)) — Ngés, Pmin}- (4.69)

When z(t) € Q, for all times (this point will be proved below), we can apply Propo-

sition 2.3 to obtain the following inequality:

Vi((tarr)) < VI(#(tat1)) + fr(12(tata) — (tara) [D)- (4.70)

Applying Proposition 2.2 we obtain the following upper bound on the deviation of
Z(t) from xz(t):

[#(ter1) — E(era) || < fw (NrA). (4.71)

193



From the inequalities of Eqgs. 4.70 and 4.71, the following upper bound on V' (z(t41))

can be written:

V((tat1)) < V(E(tat)) + fv (fw (NrA)). (4.72)

Using the inequality of Eq. 4.69, we can re-write the inequality of Eq. 4.72 as follows:

V(z(tar1)) < max{V(z(t,)) — Nges, pmint + fv (fr (NgA)). (4.73)

If the condition of Eq. 4.65 is satisfied, from the inequality of Eq. 4.73, we know that

there exists €, > 0 such that the following inequality holds:

V(@(tar1)) < max{V(z(ta)) — €w, pa} (4.74)

which implies that if z(t,) € Q,/Q,,, then V(z(tet1)) < V(z(t,)), and if z(t,) € Q,,,
then V(x(tes1)) < pa-

Because the upper bound on the difference between the Lyapunov function of the
actual trajectory x and the nominal trajectory & is a strictly increasing function of
time (see Proposition 2.2 and Proposition 2.3 for the expressions of fy () and fy (+)),

the inequality of Eq. 4.74 also implies that:

V(z(t)) < max{V(z(tn)), pa}, ¥t € [ta,tar1)- (4.75)

Using the inequality of Eq. 4.75 recursively, it can be proved that if x(ty) € €2, then
the closed-loop trajectories of the system of Eq. 4.1 under the DMPC of Egs. 4.49-
4.62 stay in €, for all times (i.e., z(t) € Q,, Vt). Moreover, using the inequality of

Eq. 4.74 recursively, it can be proved that if () € €2,, the closed-loop trajectories
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of the system of Eq. 4.1 under the DMPC of Eqs. 4.49-4.62 satisfy:

limsup V' (z(t)) < pq. (4.76)

t—o0

This proves that z(t) € Q, for all times and z(¢) is ultimately bounded in €2, for the
case when t,,y — t, = T,, for all a and T,, = NgA.

Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, t,41 — t, < T, for all a and T;,, < NgA which implies that t,.1 —t, < NgA.
Because fy () and fyy(+) are strictly increasing functions of their arguments and fy ()
is convex, following similar steps as in Part 1, it can be shown that the inequality of
Eq. 4.73 still holds. This proves that the stability results stated in Theorem 4.2 hold.
[

4.5.4 Application to a Reactor-separator Process

Consider the reactor-separator process of Eqgs. 3.52-3.63 described in Section 1.2.3
with the parameter values given in Table 3.3. As in the simulations carried out in
Section 4.4.3, in this section, the process was also numerically simulated using a
standard Euler integration method, and bounded process noise was added to all the
simulations to simulate disturbances/model uncertainty. The manipulated inputs to
the system are the heat inputs, ()1, Q)2 and ()3, and the feed stream flow rate to vessel
2, Fyy. For each set of steady-state inputs Q15, Q2s, @35 and Fog4 corresponding to a
different operating condition, the process has one stable steady-state x,. The control

objective is to steer the process from the initial state:

«7 =1[0.890.11 388.7 0.11 386.3 0.75 0.25 390.6] (4.77)
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to the steady-state:

2T = [0.61 0.39 425.9 0.61 0.39 422.6 0.35 0.63 427.3] (4.78)

which is the steady-state corresponding to the operating condition: @1, = 12.6 x 10°
KJ/h, Q3s = 11.88 x 10° KJ/h, Qos = 13.32 x 10° K J/h and Fyy, = 5.04 m?/h.

The process belongs to the following class of nonlinear systems:

() = f(x(t) + gr(x(t))us(t) + g2 (2(t))uz(t) + w(t) (4.79)

where o = [21 w9 w3 24 T35 26 7 T3 T9] = [Ta1 — Ta1s 1 — w15 T — Ths Taz —
Ta2s Tpoa—Tpas To—Ths Tas—Ta3s Tp3—Tpss T5—T5) is the state, uf = [ugy up us] =
[Q1 — Q15 Q2 — Qa5 Q3 — Q3] and uy = Fyy — Fyys are the manipulated inputs which
are subject to the constraints |uy| < 10° KJ/h (i = 1,2,3) and |us| < 3 m3/h, and
w is a bounded noise.

We use the same design of h(x) as in Eq. 4.44, and we consider the same Lyapunov
function V(z) = 27 Px with P = diag (5.2 x 10"2[44107* 44 107* 44 107%]) as in
Section 4.4.3.

For the simulations carried out in this section, it is assumed that the state mea-
surements of the process are available asynchronously at time instants {t,>o} with
an upper bound 7,, = 3A on the maximum interval between two successive asyn-
chronous state measurements, where A is the controller and sensor sampling time
and is chosen to be A = 0.02 h = 1.2 min. Based on the Lyapunov-based controller
h(z), we design LMPC 1 and LMPC 2. The prediction horizons of both LMPC 1 of
Eqgs. 4.56-4.62 and LMPC 2 of Eqs. 4.49-4.55 are chosen to be N = 6 and Ng is chosen

to be 3 so that NgA > T,,. The weighting matrices for the LMPCs are chosen in a
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Figure 4.11: Asynchronous measurement sampling times {t,>0} with 7,,, = 3A: the
x-axis indicates {t,>0} and the y-axis indicates the size of the interval between ¢, and
tafl

way such that the DMPC of Eqgs. 4.10-4.21 presented in Section 4.4 and the DMPC
of Eqgs. 4.49-4.62 can both stabilize the closed-loop system with state measurements
obtained at each sampling time. Specifically, the weighting matrices are chosen as
follows:

Q. = diag (10°[2 2 0.0025 2 2 0.0025 2 2 0.0025]) , (4.80)

Ry = diag ([6 x 107125 x 10712 5 x 107%]) and R, = 100.

To model the time sequence {t,>¢}, we use an upper bounded random Poisson pro-
cess. The Poisson process is defined by the number of events per unit time W. The
interval between two successive concentration sampling times (events of the Pois-
son process) is given by A, = min{—Inx/W,T,,}, where x is a random variable
with uniform probability distribution between 0 and 1. This generation ensures that
mgx{taﬂ —t,} < T,,. In this example, W is chosen to be W = 20. The generated
time sequence {t,>0} for a simulation length of 1.0 A is shown in Figure 4.11 and the
average time interval between two successive time instants is 0.046 h.

In this set of simulations, when the system operates in open-loop, all the control
designs to be tested use their last evaluated optimal input trajectories. The state and

input trajectories of the process of Eqs. 3.52-3.63 in closed-loop under the DMPC
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Figure 4.12: State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Eqgs. 4.49-4.62 (solid lines) and the DMPC of Eqs. 4.10-4.21 (dashed
lines) in the presence of asynchronous measurements

of Eqs. 4.49-4.62 taking into account asynchronous measurements explicitly and the
DMPC of Egs. 4.10-4.21 are shown in Figures 4.12 and 4.13. In Figure 4.12, it can
be seen that the DMPC of Eqgs. 4.49-4.62 provides a better performance and is able
to stabilize the process at the desired steady state in about 0.5 h; the DMPC of
Eqgs. 4.10-4.21 fails to drive the state of the process to the desired steady state within

1 h because it does not account for the asynchronous measurements.

4.6 DMPC with Delayed Measurements

In this section, we consider DMPC of systems subject to asynchronous measurements

involving time-varying delays.
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Figure 4.13: Input trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Eqs. 4.49-4.62 (solid lines) and the DMPC of Eqs. 4.10-4.21 (dashed

lines) in the presence of asynchronous measurements
4.6.1 Modeling of Delayed Measurements

We assume that the state of the system of Eq. 4.1 is received by the controllers at
asynchronous time instants ¢, where {t,>0} is a random increasing sequence of times
and that there exists an upper bound 7, on the interval between two successive
measurements. In order to model delays in measurements, another auxiliary variable
d, is introduced to indicate the delay corresponding to the measurement received at
time ¢,, that is, at time ¢,, the measurement x(¢, — d,) is received. We assume that
the delays associated with the measurements are smaller than an upper bound D. As
explained in Section 2.8.1, the maximum amount of time the system might operate
in open-loop following t, is D + T,, — d,; please also see Figure 2.6 for a possible
sequence of delayed measurements. This upper bound will be used in the formulation

of the DMPC design for systems subject to delayed measurements below.
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Figure 4.14: DMPC design for systems subject to delayed measurements
4.6.2 DMPC Formulation

As in Sections 2.8 and 3.6, we take advantage of the system model both to estimate
the current system state from a delayed measurement and to control the system
in open-loop when new information is not available. Specifically, when a delayed
measurement is received, the controllers use the system model and the manipulated
inputs that have been applied to the system to get an estimate of the current state
and then an MPC optimization problem is solved in order to decide the optimal future
input trajectory that will be applied until new measurements are received. However,
in the distributed schemes previously presented (see Figure 4.10), LMPC 2 does not
know the input trajectory which has been implemented by LMPC 1 because there
is only one-directional communication from LMPC 2 to LMPC 1. In order to get a
good estimate of the current state from a delayed measurement, the DMPC structure
shown in Figure 4.10 needs to be modified to have bi-directional communication so
that LMPC 1 can send its optimal input trajectory to LMPC 2. A schematic of
the DMPC scheme for systems subject to asynchronous and delayed measurements
considered in this section is shown in Figure 4.14. When at t,, a delayed measurement
x(ty —d,) is received, the information sent from LMPC 1 to LMPC 2 allows LMPC 2

to estimate the current state by using the system model of Eq. 4.1 and the input
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trajectories uy(t) (which has received from LMPC 1) and us(t) (which LMPC 2 has
stored in memory) applied in ¢ € [t, — d,,t,). The implementation strategy in the

presence of delayed measurements is as follows:

1. When a measurement x(t, — d,) is available at ¢,, LMPC 2 checks whether the
measurement provides new information. If t, — d, > max;.,t; — d;, go to Step
2. Else the measurement does not contain new information and is discarded, go

to Step 6.

2. LMPC 2 estimates the current state of the system Z(¢,) and computes the

optimal input trajectory of us based on Z(%,).

3. LMPC 2 sends its entire optimal input trajectory to its actuators and also sends

Z(t,) and its entire optimal input trajectory to LMPC 1.

4. Once LMPC 1 receives Z(t,) and the entire optimal input trajectory for us, it

evaluates the optimal input trajectory of u; based on Z(¢,).
5. LMPC 1 sends its entire optimal input trajectory to its actuators and LMPC 2.
6. When a new measurement is received (a < a + 1), go to Step 1.
The LMPC 2 for systems subject to delayed measurements is based on the follow-

ing optimization problem:

ta+NA
B A [ OT A PG T P TP EL T

st. 2(t) = f(2(t),ur(t), us(t),0),Vt € [ta — da, ta + NA) (4.82)
ui(t) = uly (£),Vt € [ta — da, to) (4.83)

U (t) = uy(t),Vt € [to — da, ta) (4.84)
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ur(t) = h(@(ta + JA)),VEE [ta + jAta+ ( +1)A)  (4.85)
us(t) € Uy (4.86)
T(te — da) = 2(ta — da) (4.87)

‘%(t) = f(j;(t)a h<i’(ta +jA))7070)7

Vt € [ty + A ta+ (5 +1)A) (4.88)
E(ta) = Z(ta) (4.89)
V(Z(t) < V(&(t)),Vt € [tasta + NpaA) (4.90)

where j = 0,..., N — 1, and Np, is the smallest integer satisfying Np ,A > T, +
D —d, and u}, (t), u}s(t) are the latest input trajectories sent by the controllers to the
actuators. The optimal solution to this optimization problem is denoted by u},(t|t,)
which is defined for t € [t,,t, + NA). Once this optimal input trajectory of usy is
available, it is sent to the control actuators controlled by LMPC 2 and to LMPC 1
together with the estimate of the current state Z(¢,).

There are two types of calculations in the optimization problem of Eqs. 4.81-4.90.
The first type of calculation is to estimate the current state Z(t,) based on the delayed
measurement z(t, —d,) and input values that have applied to the system from ¢, —d,
to t, (the constraints of Eqs. 4.82, 4.83, 4.84 and 4.87). The second type of calculation
is to evaluate the optimal input trajectory of uy based on Z(t,) while satisfying the
input constraint of Eq. 4.86 and the constraint of Eq. 4.90. The constraint of Eq. 4.90
is required to ensure the practical closed-loop stability. Note that the length of the
constraint Np, depends on the current delay d,, so it may have different values at

different time instants and has to be updated before solving the optimization problem
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of Egs. 4.81-4.90.

The LMPC 1 for systems subject to delayed measurements depends on Z(t,) and

uls(t|ta). Specifically, it is based on the following optimization problem:

ta+NA
win [ [la)
ta

min, o+ lus(7)

st 2(t) = f(2(t), h(E(te + jA)), us(t),0),
Vt € [ta + 70 te + (5 + 1)A)
B(t) = f(E(t), ur(t), ua(t), 0)

us(t) = ugy(t]ta)

V(z(t)) < V(2(t)),Vt € [ta,ta + NpoA)

Aoy T 1w2(7) |5, | d7

(4.91)

(4.92)
(4.93)
(4.94)
(4.95)
(4.96)

(4.97)

The optimal solution to the optimization problem of Eqs. 4.91-4.97 is denoted as

ul(t|ty) which is defined for ¢ € [t,,t, + NA) and it is sent to the control actuators

controlled by LMPC 1 and LMPC 2. Note that LMPC 1 gets #(t,) from LMPC 2,

so it does not need to estimate the current state and only needs to evaluate the

optimal input trajectory of u; based on Z(t,) while satisfying the input constraint

of Eq. 4.95 and the constraint of Eq. 4.97. The constraint of Eq. 4.97 is required to

ensure closed-loop practical stability.
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The manipulated inputs of the DMPC of Eq. 4.81-4.97 for systems subject to

asynchronous and delayed measurements are defined as follows:

ur(t) = uy(tlta),Vt € [ta, tati) (4.98)

us(t) = wip(tlta), Vt € [ta tiss)- (4.99)

for all ¢, such that t, — d, > max;.,t; — d; and for a given t,, the variable ¢ denotes

the smallest integer that satisfies t,; — dqii > tq — dg-

4.6.3 Stability Properties

In this subsection, we present the stability property of the distributed control scheme

of Eqs. 4.81-4.97. This property is presented in Theorem 4.3 below.

Theorem 4.3 Consider the system of Eq. 4.1 in closed-loop with x available at
asynchronous sampling time instants {t,>0} involving time-varying delays such that
d, < D for all a > 0, satisfying the condition of Eq. 2.22, under the DMPC of
Eqs. 4.81-4.97 based on a control law u; = h(z) that satisfies the conditions of
Eqs. 4.3-4.6. Let Ajes > 0, p > pum >0, p > ps >0, N> 1 and D > 0 sat-

isfy the condition of Eq. 2.31 and the following inequality:

—Nges + fv(fw(NpA)) + fv(fw(D)) <0 (4.100)

with fv(-) and fw(-) defined in Eqs. 2.49 and 2.43, respectively, Np the smallest
integer satisfying NpA > T, 4+ D, and Ng the smallest integer satisfying NgRA > T,,.

If N > Np, z(ty) € Q, and dy = 0, then z(t) is ultimately bounded in Q,, C Q,
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where:

pd = Pmin + fv (fw(NpA)) + fv(fw(D)) (4.101)

with pmin defined in Eq. 4.25.

Proof: We assume that at t,, a delayed measurement containing new information
x(t, — d,) is received, and that the next measurement with new state information is
not received until ¢,,;. This implies that t,,; — d,; > t, — d, and that the DMPC
of Egs. 4.81-4.90 is evaluated at t, and the optimal input trajectories u}, (t|t,) and
ul,(t|t,) are applied from ¢, to t,4; (see the input trajectories defined in Eqs. 4.98-
4.99). We follow a similar approach as before; that is, to prove that V(z(t,)) is a
decreasing sequence of values with a lower bound.

Part 1: In this part we prove that the stability results stated in Theorem 4.3 hold
for tori —to = NpoA and all d, < D. By Proposition 2.1, the following inequality

can be obtained:

V(i(ta-&-i)) < maX{V(i"(ta)) - ND,aesapmin}- (4-102)

From the constraints of Eqs. 4.90 and 4.97 in LMPC 2 of Eq. 4.90 and LMPC 1 of

Eq. 4.97, the following inequality can be written:

V(E(1) < V(E(t)) < V(£(t)),VE € [ta, ta + NpoA). (4.103)

From the inequalities of Eqgs. 4.102, 4.103 and taking into account that z(t,) = Z(t,) =

Z(t,), the following inequality is obtained:

V(E(tats)) < max{V(Z(ts)) — Np.a€s, Pmin}- (4.104)

205



When z(t) € Q, for all times (this point will be proved below), we can apply Propo-

sition 2.3 to obtain the following inequalities:

V(E(ta) < Vi(e(ta)) + fr(llz(ta) = (L)) (4.105)

Vie(tar)) < V(@(tars) + fr(lo(tasi) — 2(tayi)l])- (4.106)

Applying Proposition 2.2 we obtain the following bounds on the deviation of Z(t) and

Z(t) from xz(t):

[2(ta) = 2(ta) | < fw(da) (4.107)

[#(tari) — E(tara)ll < fw(NDA). (4.108)

Note that Proposition 2.2 can be applied because the constraints of Eqs. 4.82, 4.83,
4.84, 4.87 and the implementation procedure guarantee that Z(t,) and Z(t,.;) have
been estimated using the same inputs applied to the system. We have also taken
into account that NpA > Np, + d, for all d,. Using the inequalities of Eqgs. 4.104,

4.105-4.106 and 4.107-4.108, the following upper bound on V' (z(t,;)) is obtained:

V(2(tass)) < max{V(z(ts)) — Npats, pmin} + fv (fir(NoA)) + frr(fr(da)). (4.109)

In order to prove that the Lyapunov function is decreasing between two consecutive

new measurements, the following inequality must hold:

Np.a€s > fv(fw(NpA)) + fv(fw(da)) (4.110)
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for all possible 0 < d, < D. Taking into account that fi/(-) and fy () are strictly
increasing functions of their arguments, that Np , is a decreasing function of the delay
d, and that if d, = D then Np, = Ng, if the condition of Eq. 4.100 is satisfied, the
condition of Eq. 4.110 holds for all possible d, and there exists ¢, > 0 such that the

following inequality holds:

V(x(teri)) < max{V(z(t,)) — €w, pa} (4.111)

which implies that if z(¢,) € €,/Q,,, then V(x(t.4,)) < V(2(t,)), and if z(t,) € Q,,,
then V(z(tat:)) < pa-

Because the upper bound on the difference between the Lyapunov function of the
actual trajectory x and the nominal trajectory & is a strictly increasing function of

time, the inequality of Eq. 4.111 also implies that:

V(2(t)) < max{V (@(ta)), pa}, Yt € [tartars): (4.112)

Using the inequality of Eq. 4.112 recursively, it can be proved that if z(ty) € €2, then
the closed-loop trajectories of the system of Eq. 4.1 under the DMPC of Eqgs. 4.81-
4.97 stay in €, for all times (i.e., z(t) € Q,, Vt). Moreover, using the inequality of
Eq. 4.111 recursively, it can be proved that if z(to) € €2, the closed-loop trajectories
of the system of Eq. 4.1 under the DMPC of Eqs. 4.81-4.97 satisfy:

limsup V(z(t)) < pq. (4.113)

t—o00

This proves that z(t) € Q, for all times and that z(¢) is ultimately bounded in ©,,

when t,4; —t, = Np A for all a.
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Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, t,4; — ta < Np,A. Taking into account that fy(-) and fy(-) are strictly
increasing functions of their arguments and following similar steps in Part 1, it is
easy to prove that the inequality of Eq. 4.110 holds for all possible d, < D and
tori —ta < NpoA. Using this inequality and following the same line of argument as

in the previous part, the stability results stated in Theorem 4.3 can be proved. B

Remark 4.14 The sufficient conditions presented in Theorem 4.3 state that in or-
der to guarantee practical stability, V (z(t,)) must be a decreasing sequence of values
with a lower bound for the worst possible case from a feedback control point of view;
that is, the measurements are receiwed every T,, (mazimum time between successive

measurements) with a delay equal to the mazimum delay D.

Remark 4.15 In this section, we do not explicitly consider delays introduced in the
system by the communication network or by the time needed to solve each of the LMPC
optimization problems. Such delays are usually small (particularly in the context of
DMPC) compared to the measurement delays and can be modeled as part of an overall

measurement delay.

4.6.4 Application to a Reactor-separator Process

We consider the reactor-separator process of Eqgs. 3.52-3.63 described in Section 1.2.3
with the parameter values given in Table 3.3. In this subsection, we compare the
performance of the DMPC of Eqgs. 4.81-4.97 with that of the DMPC of Eqs. 4.49-
4.62 in the case where the delayed state measurements of the process are available
asynchronously at time instants {f,>o}. The same sampling time A and weighting

matrices )., R. and R, used in Section 4.5.4 are used. The prediction horizons of
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Figure 4.15: Asynchronous time sequence {t,>o} and corresponding delay sequence
{du>0} with T,,, = 0.04 h and D = 0.12 h: (a) the z-axis indicates {t,>o} and the
y-axis indicates the size of d,; (b) the upper axis indicates {t,>0}, the lower axis
indicates t, — d,, each arrow points from ¢, — d, to corresponding ¢, and the dashed
arrows indicate the measurements which do not contain new information

both LMPC 1 and LMPC 2 are chosen to be N = 8 in this set of simulations so that
the horizon covers the maximum possible open-loop operation interval. Note that the
same estimated current state is used to evaluate both of the controllers.

The Poisson process used in Section 4.5.4 is used to generate {t,>o} with W = 30
and T}, = 0.04 h and another random process is used to generate the associated delay
sequence {d,>o} with D = 0.12 h. Figure 4.15 shows the time instants when new
state measurements are received, the associated delay sizes and the instants when
the received measurements do not contain new information (which are discarded).
The average time interval between two successive sampling times is 0.035 A and the

average time delay is 0.057 h.

The state and input trajectories of the process of Eqgs. 3.52-3.63 in closed-loop
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Figure 4.16: State trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Eqgs. 4.81-4.97 (solid lines) and the DMPC of Eqs. 4.49-4.62 (dashed
lines) in the presence of asynchronous and delayed measurements

under the DMPC of Egs. 4.81-4.97 and the DMPC of Eqs. 4.49-4.62 are shown in
Figures 4.16 and 4.17. In Figure 4.16, we see that the DMPC of Eqs. 4.81-4.97 is able
to stabilize the process at the desired steady state in about 0.6 h, but the control
design of Eqgs. 4.49-4.62 which does not account for measurement delays fails to drive

the state to the desired steady state within 1 h.

Remark 4.16 We have also carried out simulations to evaluate the computational
time of the LMPCs. The simulations have been carried out using MATLAB® in a
PENTIUM® 3.20 GHz processor. The optimization problems have been solved using
the built-in nonlinear programming function fmincom of MATLAB®. For 50 evalua-
tions, the mean time to solve LMPC 2 of Eqs. 4.49-4.55 and LMPC' 1 of Eqs. 4.56-4.62

are 5.52 seconds and 2.90 seconds, respectively, with the prediction horizon N = 6;
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Figure 4.17: Input trajectories of the reactor-separator process of Eqgs. 3.52-3.63 under
the DMPC of Eqs. 4.81-4.97 (solid lines) and the DMPC of Eqs. 4.49-4.62 (dashed
lines) in the presence of asynchronous and delayed measurements

the mean time to solve LMPC 2 of Eqs. 4.81-4.90 and LMPC 1 of Eqs. 4.91-4.97
are 13.95 seconds and 6.83 seconds, respectively, with the prediction horizon N = 8.

These computational times can be reduced significantly by using a compiled nonlinear

programming solver implemented in C or other programming languages.

4.7 Conclusions

In this chapter, we focused on a class of nonlinear control problems that arise when
new control systems which may use networked sensors and/or actuators are added
to already operating control loops to improve closed-loop performance. To address
this control problem, a DMPC method was introduced where both the pre-existing
control system and the new control system are designed via LMPC theory. The pre-
sented DMPC design stabilizes the closed-loop system, improves the closed-loop per-
formance and allows handling input constraints. In addition, the distributed control

design requires reduced communication between the two distributed controllers since
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it requires that these controllers communicate only once at each sampling time and
is computationally more efficient compared to the corresponding centralized model
predictive control design. In addition, the DMPC method is also extended to include
nonlinear systems subject to asynchronous and delayed measurements. Extensive
simulations using a chemical plant network example, described by a nonlinear model,

demonstrated the applicability and effectiveness of the DMPC designs.
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Chapter 5

Distributed Model Predictive
Control: Multiple-controller

Cooperation

5.1 Introduction

In Chapter 4, we presented a DMPC architecture with one-directional communica-
tion for a very broad class of nonlinear systems. In this architecture, two separate
controllers designed via LMPC were considered, in which one LMPC was used to
guarantee the stability of the closed-loop system and the other LMPC was used to
improve the closed-loop performance. In this chapter, we focus on DMPC of large-
scale nonlinear systems in which several distinct sets of manipulated inputs are used
to regulate the system. For each set of manipulated inputs, a different model pre-
dictive controller, which is able to communicate with the rest of the controllers in

making its decisions, is used to compute the control actions. Specifically, under the
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assumption that feedback of the state of the process is available to all the distributed
controllers at each sampling time and that a model of the plant is available, we present
two different DMPC architectures designed via LMPC techniques. In the first archi-
tecture, the distributed controllers use a one-directional communication strategy, are
evaluated in sequence and each controller is evaluated only once at each sampling
time; in the second architecture, the distributed controllers utilize a bi-directional
communication strategy, are evaluated in parallel and iterate to improve closed-loop
performance. In order to ensure the stability of the closed-loop system, each model
predictive controller in both architectures incorporates a stability constraint which
is based on a suitable nonlinear control law which can stabilize the closed-loop sys-
tem. We prove that the two DMPC architectures enforce practical stability in the

closed-loop system while improving performance.

Moreover, the DMPC designs will be also extended to include nonlinear systems
subject to asynchronous and delayed state feedback. In the case of asynchronous
feedback, under the assumption that there is an upper bound on the maximum in-
terval between two consecutive measurements, we first extend both the DMPC ar-
chitectures to take explicitly into account asynchronous feedback. Subsequently, we
design a DMPC scheme using bi-directional communication for systems subject to
asynchronous measurements that also involve time-delays under the assumption that
there exists an upper bound on the maximum feedback delay. Sufficient conditions
under which the proposed distributed control designs guarantee that the states of the
closed-loop system are ultimately bounded in regions that contain the origin are pro-
vided. The theoretical results are illustrated through a catalytic alkylation of benzene

process example. The results of this chapter were first presented in [49, 9, 48, 50].
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5.2 System Description

In this chapter, we consider nonlinear systems described by the following state-space

model:
B(t) = f(a(t) + Y gil@(t)ui(t) + k(z(t))w(t) (5.1)
i=1
where z(t) € R™ denotes the vector of state variables, u;(t) € R™,i=1,...,m, are m

sets of control (manipulated) inputs and w(t) € R* denotes the vector of disturbance
variables. The m sets of inputs are restricted to be in m nonempty convex sets

U; CR™i, i=1,...,m, which are defined as follows:

Up=A{u; € R™ : ||| <u™}i=1,....,m (5.2)

max
7 )

where u 1 = 1,...,m, are the magnitudes of the input constraints. The distur-

bance vector is bounded, i.e., w(t) € W where:

W= {we R |jw| < 0,0 > 0} (5.3)

with 6 being a known positive real number.

We assume that f, g;, 7 =1,...,m, and k are locally Lipschitz vector, matrix and
matrix functions, respectively, and that the origin is an equilibrium of the unforced
nominal system (i.e., the system of Eq. 5.1 with u;(¢) =0,i=1,...,m, w(t) =0 for
all t) which implies that f(0) = 0.

Remark 5.1 In this chapter, in order to account for DMPC designs in which the
distributed controllers are evaluated in parallel, we consider nonlinear systems with
control inputs entering the system dynamics in an affine fashion. We note that the

results presented in Sections 5.4.1 and 5.5.2 can be extended to more general nonlinear
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systems, for example, systems described by the following state-space model:

5.3 Lyapunov-based Control

We assume that there exists a nonlinear control law h(z) = [h(2)T --- hm(x)T]T
with u; = hy(x), i = 1,...,m, which renders (under continuous state feedback) the
origin of the nominal closed-loop system asymptotically stable while satisfying the
input constraints for all the states = inside a given stability region. Using converse
Lyapunov theorems, this assumption implies that there exist functions o;(-), i =
1,2, 3,4 of class K and a continuously differentiable Lyapunov function V(x) for the

nominal closed-loop system that satisfy the following inequalities:

ar([lz]) < V(z) < as(flz]]) (5.5)

o (fu) n ng)hi(x)) < —as(]la]) (5.6)

1252 < el 5.7
hi(x) € Uii=1,....m (5.8)

for all x € O C R™ where O is an open neighborhood of the origin. We denote the
region (2, C O as the stability region of the closed-loop system under the nonlinear
control law h(z).

By continuity, the local Lipschitz property assumed for the vector fields f(z),

gi(x),i=1,...,m, and k(x) and taking into account that the manipulated inputs u,,
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1 =1,...,m, and the disturbance w are bounded in convex sets,

constants M, M,,, L,, L,, and L,, (i =1,...,m) such that:

Hf(x) + Zgz(x)uz + k(x)w|| < M

1 (x) = f(2)]] < L [l — 2|
lgi(z) — gi(a')| < Lo, lz =2/, i =1,...,m

[E@)]| < Lu

there exist positive

(5.10)
(5.11)
(5.12)

(5.13)

for all z,2" € Q,, u; € U;,; i =1,...,m, and w € W. In addition, by the continuous

differentiable property of the Lyapunov function V' (z), there exist positive constants

L,, L,,i=1,...,m, and L, such that:

Hagi@gi(m)_agix/)gi(x/) < Ly le—2, i=
8V($) /
P s -

forall z,2' € Q,, u; €U, i=1,...,m,and w e W.
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1,...,m (5.15)

(5.16)



5.4 Sequential and Iterative DMPC Designs with
Synchronous Measurements

The objective of this section is to design DMPC architectures including multiple
MPCs for large-scale nonlinear process systems with continuous, synchronous state
feedback. Specifically, we will discuss two different DMPC architectures. The first
DMPC architecture is a direct extension of the DMPC presented in Section 4.4 in
which different MPC controllers are evaluated in sequence, only once at each sampling
time and require only one-directional communication between consecutive distributed
controllers (i.e., the distributed controllers are connected by pairs). In the second ar-
chitecture, different MPCs are evaluated in parallel, once or more than once at each
sampling time depending on the number of iterations, and bi-directional communi-
cation among all the distributed controllers (i.e., the distributed controllers are all

interconnected) is used.

In each DMPC architecture, we will design m LMPCs to compute u;, i = 1,...,m,
and refer to the LMPC computing the input trajectories of u; as LMPC 7. In addition,
we assume that the state x of the system of Eq. 5.1 is sampled synchronously and
the time instants at which we have state measurement samplings are indicated by the
time sequence {t;>o} with t;, =9+ kA, kK =0,1,... where t; is the initial time and
A is the sampling time. The results will be extended to include systems subject to

asynchronous and delayed measurements in Sections 5.5 and 5.6.

5.4.1 Sequential DMPC

A schematic of the architecture considered in this subsection is shown in Fig. 5.1.
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Figure 5.1: Sequential DMPC architecture
Sequential DMPC Formulation

We first present the implementation strategy of this DMPC architecture and then
design the corresponding LMPCs. The implementation strategy of this DMPC archi-

tecture is as follows:

1. At t, all the LMPCs receive the state measurement x(t;) from the sensors.
2. Forj=mtol

2.1. LMPC j receives the entire future input trajectories of u;, i =m,...,j+1,
from LMPC j +1 and evaluates the future input trajectory of u; based on

z(tx) and the received future input trajectories.

2.2. LMPC j sends the first step input value of u; to its actuators and the

entire future input trajectories of w;, 1 =m,...,j, to LMPC 5 — 1.

3. When a new measurement is received (k <— k + 1), go to Step 1.

In this architecture, each LMPC only sends its future input trajectory and the

future input trajectories it received to the next LMPC (i.e., LMPC j sends input
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trajectories to LMPC j — 1). This implies that LMPC j, j = m,...,2, does not
have any information about the values that u;, i = j — 1,...,1 will take when the
optimization problems of the LMPCs are designed. In order to make a decision,
LMPC j, 7 = m,...,2 must assume trajectories for u;, : = 7 — 1,...,1, along the
prediction horizon. To this end, the nonlinear control law h(x) is used. In order
to inherit the stability properties of the controller h(z), each control input w;, i =
1,...,m must satisfy a constraint that guarantees a given minimum contribution to
the decrease rate of the Lyapunov function V' (z). Specifically, the design of LMPC j,
j=1,...,m, is based on the following optimization problem:

' been | m
N I [T SYTHCT I (.17
b i=1

’U,jES(A

st Z(t) = f@(t) + Y gil@(t)u (5.18)

U/l<t) = hz(i‘<tk+l))7l = 17 s 7.j - 17

Vt € [tyats torisn), L =0,.., N — 1 (5.19)
wilt) = ut (tte), i = j+1,...,m (5.20)
u;(t) € U (5.21)
F(ty) = 2(ty) (5.22)
OV (x(te)) OV (x(tr))

gi(w(tr))u;(ty) < gi(x(tr)h(x(te))  (5.23)

Ox ox

In the optimization problem of Eqs. 5.17-5.23, u ;(f|tx) denotes the optimal future
input trajectory of u; obtained by LMPC ¢ of the form of Eqgs. 5.17-5.23 evaluated

before LMPC j, z is the predicted trajectory of the nominal system with w; = s,
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i=7+1,...,m u;,i=1,...,7— 1, the corresponding elements of h(z) applied in a
sample-and-hold fashion and u; predicted by LMPC j of Egs. 5.17-5.23. The optimal
solution to the optimization problem of Eqs. 5.17-5.23 is denoted as uj ;(t[t) which
is defined for ¢ € [tg, trin).

The constraint of Eq. 5.18 is the nominal model of the system of Eq. 5.1, which
is used to predict the future evolution of the system; the constraint of Eq. 5.19
defines the value of the inputs evaluated after u; (i.e., u; with i = 1,...,7 — 1); the
constraint of Eq. 5.20 defines the value of the inputs evaluated before u; (i.e., u; with
i =7+ 1,...,m); the constraint of Eq. 5.21 is the constraint on the manipulated
input u;; the constraint of Eq. 5.22 sets the initial state for the optimization problem;
the constraint of Eq. 5.23 guarantees that the contribution of input u; to the decrease
rate of the time derivative of the Lyapunov function V'(z) at the initial evaluation
time (i.e., at t3), if u; = u;(tx|ty) is applied, is bigger than or equal to the value
obtained when u; = h;(z(ty)) is applied. This constraint allows proving the closed-

loop stability properties of this DMPC.

The manipulated inputs of the system of Eq. 5.1 under the DMPC are defined as
follows:

ui(t) = ug,; (tte), i =1,...,m,Vt € [ty tpy1). (5.24)
In what follows, we refer to this DMPC architecture as the sequential DMPC.

Remark 5.2 Note that, in order to simplify the description of the implementation
strateqy presented above in this subsection, we do not distinguish LMPC m and
LMPC 1 from the others. We note that LMPC m does not receive any informa-
tion from the other controllers and LMPC'1 does not have to send information to any

other controller.
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Remark 5.3 Note also that the assumption that the full state x of the system is
sampled synchronously is a widely used assumption in the control system design. The
control system designs presented in this section can be extended to the case where only
part of the state x is measurable by designing an observer to estimate the whole state
vector from output measurements and by designing the control system based on the
measured and estimated states. In this case, the stability properties of the resulting
output feedback control systems are affected by the convergence of the observer and

need to be carefully studied.

Stability Properties

The sequential DMPC of Egs. 5.17-5.24 computes the inputs u;, 2 = 1,...,m, applied
to the system of Eq. 5.1 in a way such that in the closed-loop system, the value of
the Lyapunov function at time instant ¢, (i.e., V(z(tx))) is a decreasing sequence of
values with a lower bound. Following Lyapunov arguments, this property guarantees
practical stability of the closed-loop system. This is achieved due to the constraint

of Eq. 5.23. This property is presented in Theorem 5.1 below.

Theorem 5.1 Consider the system of Eq. 5.1 in closed-loop under the sequential
DMPC of Eqs. 5.17-5.24 based on a nonlinear control law h(x) that satisfies the
condition of Eqs. 5.5-5.8 with class KC functions «;(-), i = 1,2,3,4. Let ¢, > 0,

A >0 and p > ps > 0 satisfy the following constraint:

—as(ayt(ps)) + L* < —ep/A (5.25)

where L* = (L, + Y7 L, w)M + L0 with M, L, L, (i =1,...,m) and L,

)
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defined in Eqs. 5.9-5.16. For any N > 1, if x(to) € Q, and if pmin < p where:

pmin = max{V (z(t + A)) : V(z(t)) < ps}, (5.26)

then the state x(t) of the closed-loop system is ultimately bounded in

Pmin *

Proof: The proof consists of two parts. We first prove that the optimization
problem of Eqs. 5.17-5.23 is feasible for all j = 1,...,m and = € €,. Then we
prove that, under the DMPC of Eqs. 5.17-5.24, the state of the system of Eq. 5.1 is
ultimately bounded in €2, . . Note that the constraint of Eq. 5.23 of each distributed
controller is independent from the decisions that the rest of the distributed controllers
make.

Part 1: In order to prove the feasibility of the optimization problem of Eqs. 5.17-
5.23, we only have to prove that there exists a u,;(t;) which satisfies the input con-
straint of Eq. 5.21 and the constraint of Eq. 5.23. This is because the constraint of
Eq. 5.23 is only enforced on the first prediction step of u;(t) and does not depend
on the values of the inputs chosen by the rest of the controllers (see Remark 5.9).
In the prediction time t € [t 1,k n), the input constraint of Eq. 5.24 can be easily
satisfied with u;(7) being any value in the convex set U;.

We assume that z(t) € €, (2(t) is bounded in €2, which will be proved in Part
2). It is easy to verify that the value of u; such that u;(t;) = h;(z(t;)) satisfies
the input constraint of Eq. 5.21 (assumed property of h(z) for x € ,) and the
constraint of Eq. 5.23, thus, the feasibility of the optimization problem of LMPC j

of Eqgs. 5.17-5.23, j = 1,...,m, is guaranteed.
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Part 2: From the condition of Eq. 5.6 and the constraint of Eq. 5.23, if z(t;) € €,

it follows that:
w ( z(tr)) + Zgz () tk|tk)>
< ett) (f(x(tk» - ;gxm(tk))hi(x(tk)))

< —as([|lz(t)))- (5.27)

The time derivative of the Lyapunov function V' along the actual state trajectory x(t)

of the system of Eq. 5.1 in ¢ € [t, tx+1) is given by:

m(t)):%< +Zgz (1) + (a0 <t>>. (5.28)

Oz

into account Eq. 5.27, we obtain the following 1nequahty

oV (z(t
Adding and subtracting M x(tgy)) + Zgl tk\tk)> and taking

V(e(t) < —as(llat)])

+w ( +Zg@ uy (telte) + k(z(t))w (t)>

—W ( x(tr)) + Zgz () tk|tk)> : (5.29)
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Taking into account Egs. 5.5 and 5.9, the following inequality if obtained for all
x(ty) € Q,/Q,, from Eq. 5.29:

V(a(t) < —as (a3 (ps)) + (L& > L;Zvu:,i(tk“k)) l2(t) = x(te) | + L, [lw(®)]]
i=1
(5.30)
Taking into account Eq. 5.9 and the continuity of x(t¢), the following bound can be

written for all ¢ € [ty, tgr1):
|lz(t) — x(tr)|| < MA. (5.31)

Using this expression, the bounds on the disturbance w(t) and the inputs w;, i =
1,...,m, and Eq. 5.30, we obtain the following bound on the time derivative of the

Lyapunov function for ¢ € [t, tx41), for all initial states z(tx) € ,/Q,,:

i=1

V() < —az (a3 (ps)) + <L; + Zm:L;iu?laX> M+L.,6. (5.32)

If the condition of Eq. 5.25 is satisfied, then there exists €, > 0 such that the following

inequality holds for z(tx) € Q,/Q,,:
V(z(t) < —€u/A (5.33)

for t € [tg,tre1). Integrating the inequality of Eq. 5.33 on t € [ty,trs1), we obtain

that:

Viz(ten) < V(e(t) — cu (5.34)

Viz(t)) < V(x(tr)), Yt € [tr,trs1) (5.35)
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for all z(tx) € Q,/Q,,. Using Eqs. 5.34 and 5.35 recursively it can be proved that,
if x(ty) € Q,/€,,, the state converges to €, in a finite number of sampling times
without leaving the stability region. Once the state converges to 2, C €, it
remains inside €2, . for all times. This statement holds because of the definition
of puin. This proves that the closed-loop system under the sequential DMPC of

Eqgs. 5.17-5.24 is ultimately bounded in §2 ]

Pmin *

Remark 5.4 The sequential DMPC'" approach can be applied to more general non-
linear systems as described in Eq. 5.4 (see Remark 5.1)by a proper redesign of the
Lyapunov-based constraints of Eqs. 5.23 (7 = 1,...,m) following the method used in

the design of the constraints of Eq. 4.15 and .21, see Section 4.4.1.

5.4.2 Iterative DMPC

An alternative architecture to the sequential DMPC architecture presented in the
previous subsection is to evaluate all the distributed LMPCs in parallel and iterate to
improve closed-loop performance. A schematic of this control architecture is shown

in Figure 5.2.

Iterative DMPC Formulation

In this architecture, each distributed LMPC must be able to communicate with all
the other controllers (i.e., the distributed controllers are all interconnected). More
specifically, when a new state measurement is available at a sampling time, each
distributed LMPC controller evaluates and obtains its future input trajectory; and
then each LMPC controller broadcasts its latest obtained future input trajectory to
all the other controllers. Based on the newly received input trajectories, each LMPC

controller evaluates its future input trajectory again and this process is repeated until
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Figure 5.2: Iterative DMPC architecture

a certain termination condition is satisfied. Specifically, the implementation strategy

is as follows:

1. At tg, all the LMPCs receive the state measurement z(t) from the sensors and
then evaluate their future input trajectories in an iterative fashion with initial

input guesses generated by h(-).
2. At iteration ¢ (¢ > 1):

2.1. Each LMPC evaluates its own future input trajectory based on x(t;) and
the latest received input trajectories of all the other LMPCs (when ¢ = 1,

initial input guesses generated by h(-) are used).

2.2. The controllers exchange their future input trajectories. Based on all the
input trajectories, each controller calculates and stores the value of the

cost function.

3. If a termination condition is satisfied, each controller sends its entire future
input trajectory corresponding to the smallest value of the cost function to its

actuators; if the termination condition is not satisfied, go to Step 2 (¢ +— ¢+ 1).
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4. When a new measurement is received, go to Step 1 (k < k + 1).

Note that at the initial iteration, all the LMPCs use h(z) to estimate the input
trajectories of all the other controllers. Note also that the number of iterations c
can be variable and it does not affect the closed-loop stability of the DMPC archi-
tecture presented in this subsection; a point that will be made clear below. For the
iterations in this DMPC architecture, there are different choices of the termination
condition. For example, the number of iterations ¢ may be restricted to be smaller
than a maximum iteration number .y (i-€., ¢ < ¢nax) and/or the iterations may
be terminated when the difference of the performance or the solution between two
consecutive iterations is smaller than a threshold value and/or the iterations maybe
terminated when a maximum computational time is reached.

In order to proceed, we define &(t|t) for t € [ty,tx+n) as the nominal sampled
trajectory of the system of Eq. 5.1 associated with the feedback control law h(z) and
sampling time A starting from xz(t;). This nominal sampled trajectory is obtained

by integrating recursively the following differential equation:

2(tlte) = (R0 + ) gi(@ () hi(E(tinltn)),

i=1

V1 € [tk+l,tk+l+1>al = O,...,N— 1. (536)
Based on Z(t|tx), we can define the following variable:

Ung(tlte) = hi(E(terilte)), g = 1,...,m,

VT € [tk+l7tk}+l+1)7l =0,...,N—1. (537)

which will be used as the initial guess of the trajectory of u;.
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The design of the LMPC j, j = 1,...,m, at iteration c is based on the following

optimization problem:

thrN
min + w; (T dr 5.38
ujeS(A) /tk HQ Z I ”Rm ( )

st B0 = F@0) + Y gl (5.39)

wit) = wys (ttn), Vi # (5.40)
OV (x(ty)) OV (z(tx))

o gj(ﬂf(tk))uj(tk)Sng(i’?(tk))hj(ﬂf(tk)) (5.43)

where 7 is the predicted trajectory of the nominal system with uy, the input trajectory,
computed by the LMPCs of Egs. 5.38-5.43 and all the other inputs are the optimal
input trajectories at iteration c—1 of the rest of distributed controllers (i.e., u);~ (t[tr)
for @ # j). The optimal solution to the optimization problem of Eqs. 5.38-5.43 is
denoted as w,;(t|tx) which is defined for ¢ € [ty,lr4n). Accordingly, we define the
final optimal input trajectory of LMPC j (that is, the optimal trajectories computed
at the last iteration) as uj ;(t[t) which is also defined for t € [ty, txy ).

Note that in the first iteration of each distributed LMPC, the input trajectory
defined in Eq. 5.37 is used as the initial input trajectory guess; that is, u (t]tk) =

Up j(tlty) withi =1,...,m
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The manipulated inputs of the system of Eq. 5.1 under this DMPC design with
LMPCs of Egs. 5.38-5.43 are defined as follows:

wilt) = S ()i =1, m, VE € [, trga). (5.44)

In what follows, we refer to this DMPC architecture as the iterative DMPC. The

stability properties of the iterative DMPC are stated in the following Theorem 5.2.

Remark 5.5 In general, there is no guaranteed convergence of the optimal cost or
solution of an iterated DMPC' to the optimal cost or solution of a centralized MPC
for general nonlinear constrained systems because of the non-convexity of the MPC
optimization problems and the fact that the DMPC does not solve the centralized
LMPC in a distributed fashion due to the way the Lyapunov-based constraint of the
centralized LMPC is broken down into constraints imposed on the indiwvidual LMPCs;
please also see Remark 5.12 below. However, with the implementation strategqy of
the iterative DMPC' presented in this section, it is guaranteed that the optimal cost
of the distributed optimization of FEqs. 5.38-5.43 is upper bounded by the cost of the

Lyapunov-based controller h(-) at each sampling time.

Remark 5.6 Note that in the case of linear systems, the constraint of Eq. 5.5/ is lin-
ear with respect to u; and it can be verified that the optimization problem of Eqs. 5.50-
5.54 is convex. The input given by LMPC j of Eqs. 5.50-5.54 at each iteration may be
defined as a convexr combination of the current optimal input solution and the previous

one, for example,

m,iFj

© (tlty) = sz Lt + wiu S (tty) (5.45)
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where Z w; =1 with0 < w; <1, u;k,;: 18 the current solution given by the optimization
pmble;l:lof Eqs. 5.50-5.54 and uz’_jl 1s the convex combination of the solutions obtained
at iteration ¢ — 1. By doing this, it is possible to proved that the optimal cost of
the distributed LMPC of Egs. 5.50-5.54 converges to the one of the corresponding
centralized control system [5, 95]. This property is summarized in Corollary 5.1 in
Section 5.4.2. We also note that in the case of linear systems, the convexity of the
distributed optimization problem also holds for all the other DMPC' designs presented
in this chapter. In addition to Corollary 5.1, the reader may also refer to [8, 90, 5, 95]
for more discussions on the conditions under which convergence of the solution of a

distributed linear or convex MPC' design to the solution of a centralized MPC or a

Pareto optimal solution is ensured in the context of linear systems.

Stability Properties

Theorem 5.2 Consider the system of Eq. 5.1 in closed-loop under the sequential
DMPC of Eqs. 5.38-5.44 based on a nonlinear control law h(z) that satisfies the
condition of FEqs. 5.5-5.8 with class KC functions o;(+), i = 1,2,3,4. Let €, > 0,
A >0 and p > ps > 0 satisfy the constraint of Fq. 5.25. For any N > 1 and ¢ > 1,
if z(ty) € Q, and if puwin < p where puin is defined as in Eq. 5.26, then the state x(t)

of the closed-loop system is ultimately bounded in 2, , .

Proof: Similar to the proof of Theorem 5.1, the proof of Theorem 5.2 also consists
of two parts. We first prove that the optimization problem of Eqs. 5.38-5.43 is feasible
for each iteration ¢ and x € ,. Then we prove that, under the DMPC architecture
of Egs. 5.38-5.44, the state of the system of Eq. 5.1 is ultimately bounded in €, . .

Part 1: In order to prove the feasibility of the optimization problem of Egs. 5.38-

5.43, we only have to prove that there exists a u;(t;) which satisfies the input con-
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straint of Eq. 5.41 and the constraint of Eq. 5.43. This is because the constraint of
Eq. 5.43 is only enforced on the first prediction step of u;(tx) and in the prediction
time t € [ty41,tk+n), the input constraint of Eq. 5.44 can be easily satisfied with u;(t)
being any value in the convex set U;.

We assume that z(t) € €, (z(t) is bounded in €2, which will be proved in Part
2). It is easy to verify that the value of u; such that u;(t;) = h;(z(t;)) satisfies
the input constraint of Eq. 5.41 (assumed property of h(z) for x € €,) and the
constraint of Eq. 5.43 for all possible ¢, thus, the feasibility of LMPC j of Egs. 5.38-
5.43, 5 =1,...,m, is guaranteed.

Part 2: By adding the constraint of Eq. 5.43 of each LMPC together, we have:

OV (2(tr))

Z —av(gfk))gj(x(tk))uz’;jj(tkﬁk) < Z ng(x@k))hj(x(tk))‘ (5.46)

It follows from the above inequality and condition of Eq. 5.5 that:

w (f($(tk:)) +Y gj(x(tk))u;;;(tkm)

j=1

< Mett) (f(x(tk» + ng:v(tk»hj(x(tk)))

j=1

< —as([lz(te))- (5.47)

Following the same approach as in the proof of Theorem 5.1, we know that if the
condition of Eq. 5.25 is satisfied, then the state of the closed-loop system can be proved
to be maintained in €2, . under the iterative DMPC architecture of Eqs. 5.38-5.44.
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Corollary 5.1 Consider a class of linear time-invariant systems:

where A and B; are constant matrices with appropriate dimensions. If we define
the inputs of the distributed LMPC of Eqs. 5.38-5.48 at iteration ¢ as in Eq. 5.45,
then at a sampling time ty, as the iteration number ¢ — oo, the optimal cost of the
distributed optimization problem of Eqs. 5.38-5.43 converges to the optimal cost of the

corresponding centralized control system.

Proof: Taking into account that x(tx) and h(z(t)) are known at ¢, the constraint

of Eq. 5.43 can be written in the following linear form:
Cla(te))u;(tr) < D(x(tr)) (5.49)

where C'(z(t;)) and D(z(tx)) are constants at each t; and only depend on x(ty).
This implies that the constraint of Eq. 5.43 is linear with respect to u;. For a linear
system, it is also easy to verify that the constraints of Eqs. 5.38-5.42 are convex.
Therefore, the optimization problem of Eqs. 5.38-5.43 is convex. If the inputs of
the distributed controllers at each iteration ¢ are defined as in Eq. 5.45, then the
convergence of the cost given by the distributed optimization problem of Eqs. 5.38-
5.43 to the corresponding centralized control system can be proved following similar

strategies used in [5, 95] for time ¢;. W

Remark 5.7 Note that the DMPC designs have the same stability region 1, as the
one of the nonlinear control law h(x). When the stability of the nonlinear control law

h(z) is global (i.e., the stability region is the entire state space), then the stability of
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the DMPC designs is also global. Note also that for any initial condition in 2,, the

DMPC designs are proved to be feasible.

Remark 5.8 The choice of the horizon of the DMPC' designs does not affect the
stability of the closed-loop system. For any horizon length N > 1, the closed-loop
stability is guaranteed by the constraints of Eqs. 5.23 and 5.43. However, the choice

of the horizon does affect the performance of the DMPC' designs.

Remark 5.9 Note that because the manipulated inputs enter the dynamics of the sys-
tem of Fq. 5.1 in an affine manner, the constraints designed in the LMPC optimiza-
tion problems of Eqs. 5.17-5.23 and 5.38-5.43 to guarantee the closed-loop stability

can be decoupled for different distributed controllers as in Fqs. 5.23 and 5.43.

Remark 5.10 In the sequential DMPC' architecture presented in Section 5.4.1, the
distributed controllers are evaluated in sequence, which implies that the minimal time
to obtain a set of solutions to all the LMPCs is the sum of the evaluation times of all
the LMPCs; whereas in the iterative DMPC'" architecture presented in Section 5.4.2,
the distributed controllers are evaluated in parallel, which implies that the minimal
time to obtain a set of solutions to all the LMPCs in each ileration is the largest

evaluation time among all the LMPCs.

Remark 5.11 An alternative to the DMPC' designs is to design a centralized MPC
to compute all the inputs. A centralized LMPC' design for the system of Eq. 5.1 based

on the nonlinear control law h(x) is as follows (please also see Section 2.6):

ut...um€S(A)

_ tkr N ~ m
min / 15g, + > sl | dr (5.50)
2 i=1

st (1) = FE0) + Y a0 (5.51)

234



w(t) €Ui=1,...,m (5.52)

2(te) = 2(tr) (5.53)
) avgagtk))gl@(tk))uz(tk)

where T is the predicted trajectory of the nominal system with u;, i = 1,...,m, the
iput trajectory computed by this centralized LMPC. The optimal solution to this
optimization problem is denoted by u’(t|ty), i = 1,...,m, which is defined for t €
[tk,tern). The manipulated inputs of the closed-loop system of Eq. 5.1 under this
centralized LMPC are defined as follows:

wilt) = wh ()i = 1, ... m, V€ [t test)- (5.55)

In what follows, we refer to this controller as the centralized LMPC.

Remark 5.12 Note that the sequential (or iterative) DMPC' is not a direct decompo-
sition of the centralized LMPC' because the set of constraints of Eq. 5.23 (or Eq. 5.43)
for 3 =1,...,m in the DMPC formulation of Eqs. 5.17-5.23 (or Eq. 5.38-5.48) im-
poses a different feasibility region from the one of the centralized LMPC of Eqs. 5.50-

5.54 which has a single constraint (Eq. 5.54).

Remark 5.13 Note also that for general nonlinear systems, there is no guarantee
that the closed-loop performance of one (centralized or distributed) MPC' architecture
discussed in this section should be superior than the others since the solutions provided
by these MPC' architectures are proved to be feasible and stabilizing but the superi-

ority of the performance of one MPC" architecture over another is not established.
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Separator

N

Figure 5.3: Process flow diagram of alkylation of benzene

This is because the MPC' designs are implemented in a receding horizon scheme and
the prediction horizon is finite; and also because the different MPC' designs are not
equivalent as we discussed in Remark 5.12 and because of the non-convezity property
as we discussed in Remark 5.5. In applications of these MPC architectures, espe-
cially for chemical process control in which non-convex problems is a very common
occurrence, simulations should be conducted before making decisions as to which ar-

chitecture should be used.
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5.4.3 Application to an Alkylation of Benzene Process

The process of alkylation of benzene with ethylene to produce ethylbenzene is widely
used in the petrochemical industry. Dehydration of the product produces styrene,
which is the precursor to polystyrene and many copolymers. Over the last two
decades, several methods and simulation results of alkylation of benzene with cat-
alysts have been reported in the literature. The process model developed in this
section is based on these references [22, 42, 81, 114]. More specifically, the process
considered in this work consists of four CSTRs and a flash tank separator, as shown in
Figure 5.3. The CSTR-1, CSTR-2 and CSTR-3 are in series and involve the alkylation
of benzene with ethylene. Pure benzene is fed from stream F; and pure ethylene is fed
from streams Fy, Fy and Fgz. Two catalytic reactions take place in CSTR-1, CSTR-2
and CSTR-3. Benzene (A) reacts with ethylene (B) and produces the desired product
ethylbenzene (C) (reaction 1); ethylbenzene can further react with ethylene to form
1,3-diethylbenzene (D) (reaction 2) which is the byproduct. The effluent of CSTR-3,
including the products and leftover reactants, is fed to a flash tank separator, in which
most of benzene is separated overhead by vaporization and condensation techniques
and recycled back to the plant and the bottom product stream is removed. A portion
of the recycle stream F,5 is fed back to CSTR-1 and another portion of the recycle
stream F}q is fed to CSTR-4 together with an additional feed stream Fjy which con-
tains 1,3-diethylbenzene from further distillation process that we do not consider in
this example. In CSTR-4, reaction 2 and catalyzed transalkylation reaction in which
1,3-diethylbenzene reacts with benzene to produce ethylbenzene (reaction 3) takes
place. All chemicals left from CSTR-4 eventually pass into the separator. All the
materials in the reactions are in liquid phase due to high pressure and their molar

volumes are assumed to be constants. The dynamic equations describing the behav-
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ior of the process, obtained through material and energy balances under standard

modeling assumptions, are given below:

FC FoCy — F3C
dCa; 1C a0 + £20 4 3Car (T, Cat, Ct) (5.56)
dt Vi
dC F,Cpo + FoCg, — F3C
Bl 250 ke el —r1(T1,Ca1,Cp1) — r2(T1, Cp1, Cer) (5.57)
dt Vi
dC F5Ceq, — F3C,
dCl 2-C heCE +T1(T17CA1aCBl) - TQ(ThCBl)CCl) (558)
t Vi
dC FoCp, — F3C
b 2D 3 D1 + 7”2(T1, Cpi, 001) (5-59)
dt i
dT Q1+ F1CaoH A(Ta0) + FoCpoHp(Tpo)
dt A,B,C.D
Z CinCpiVh
A,B,C,D
Z (F2CiHi(Ty) — F3Ca Hi(Th))
+ A,B,C,D
Z CiCpiVi
—AHrlﬁ(Th CAla 031) - AHr2T2(T1, CBla 001)
+ AB.CD (5.60)
Z CiCpi
d FCy — F5C
Ca2 30 a1 5Ca2 r1(Ty, Caz, Clio) (5.61)
dt Vs
dC FsCgy + F,Cpy — F5C
== BB B (Ty, Cag, Ca) — 1a(T, Oz, Cea) (5.62)
dt Va
dC FCo — F5C,
=2 P2 L (Ty, Cas, o) — 12(Ta, Ca, Ceon) (5.63)
dt Vs
dC FCp, — F5C
b2 SUDL TSR | (T, Cpa, Cos) (5.64)
dt Vs
dTs Q2 + F1CpoHp(Tso)
dt A,B,C,D

Z CinCpiVa
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A,B,C,D
Yo (F3CaH(Th) — F5CioH (1))

7

- A,B,C,D

Z CioCpiVa

i —AH, 7 (TQ, CA2> 032) - AHr27“2(T2, CAQa CBZ)

TECD (5.65)
Z CiaChi
dC FCy — FC
d;g > A2V A3 — 7"1(T3, CA3, 033) (566)
3
dC FCgy + FsCpy — FC
b3 B Shetel B 7’1(T370A37033> - TQ(T3,CB3,CC3) (5-67)
dt Vs
dC FCpoo — F5C,
s e e + 7“1(T3, CA37 CBS) - TZ(T?)) CB37 003) (5-68)
dt Vs
d F — F
CD3 5CD2 7CD3 + T2 (Tg, CBg, ch) (569)
dt Vs
dTs Qs + FsCpoHp(Tso)
dt A,B,C,D
> CaCriVs
A,B,C,D
> (FCpH(Ts) — FrCHi(T3))
+ A,B,C,D
Z CisCpiVs
—AHnTl (T3, CA37 033) - AHT2T2(T3, OB37 003)
+ AB.CD (5.70)
Z CisChi
dC a4 FrCys + FoCus — Fr.Cyr — FsCay (5.71)
dt Vi ’
dCpy F;Cps + FyCps — F,.Cp, — F3Cpy (5.72)
dt Vi '
dCey F;Ces + FoCes — F,.Cop — F3Ceu (5.73)
dt Vi '
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dCpa F;Cps + FyCps — F,.Cp, — F5sCpa

dt Vi

A,B,C,D
i Qu+ X (FrCisH(13) + FoCisHi(T5))
a A,B,C.D

Z Ci4 Cp’i ‘/4

A,B,C,.D
Z (_Msz(T4) - F8014HZ(T4> - MiHvapi)

7

+ A,B,C,D

Z CisCpi Vi

dC F.Cy — FyC
augge A oA —r3(T5,Cas, Cps)

dt Vs
dC F.Cp, — FoC

dtB5 = B Vv i 7’2(T57CB5,CC5)
dC F1Ceqp — FoC,

dtC5 = e Ve CCUR 7“2(T57035,CC5)

+2r3(T5, Cas, Cps)

dCps F..1Cpr + F1oCpo — FyChps
dt Vs

+73(T5, Cps, Ces) — 13(15, Cas, Cps)

dTs Qs + F1oCpoHp(Tpo)
dt A,B,C,D
> CsChiVh

AB,C,D
Y (FnCypHi(Ty) — FyCisHi(T5))

i

+

A,B,C,D
Yo CisCiVs
7

4 _AHTQTQ(T& Cps, 005) - AHT37”3(T5, Cas, CD5)

A,B,C,D

Z Ci5 Opi
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where r{, ro and 73 are the reaction rates of reactions 1, 2 and 3 respectively and H;,
1=A, B, C, D, are the enthalpies of the reactants. The reaction rates are related

to the concentrations of the reactants and the temperature in each reactor as follows:

—9502 2 15
r(T,C4x,Cp) = 0.0840e” RT CY*2C} (5.81)

—20643
0.0850¢” RT (C?%5C9%°
T.Cg,Co) = B —C 5.82
T2< y VB C) (1+kEB2CD> ( )

—61280
66.1¢” R CL%18C
r3(T,Ca,Cp) = (1+kEBSACA> D (5.83)

where:

—3933

kEBQ = 0.152e¢ RT (584)
—50870

kEB?) = 0.490e RT . (585)

The heat capacities of the species are assumed to be constants and the molar

enthalpies have a linear dependence on temperature as follows:

Hy(T) = Hypey + Cpi(T — Tyey),i = A, B,C, D (5.86)

where C;, t = A, B, C, D are heat capacities.
The model of the flash tank separator is developed under the assumption that the
relative volatility of each species has a linear correlation with the temperature of the

vessel within the operating temperature range of the flash tank, as shown below:

as = 0.0449T) + 10 (5.87)
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ap = 0.0260Ty + 10 (5.88)
ac = 0.0065T; + 0.5 (5.89)

ap = 0.0058T; +0.25 (5.90)

where a;, 2 = A, B, C, D, represent the relative volatilities. It has also been assumed
that there is a negligible amount of reaction taking place in the separator and a
fraction of the total condensed overhead flow is recycled back to the reactors. The
following algebraic equations model the composition of the overhead stream relative

to the composition of the liquid holdup in the flash tank:

A,B,C,D
a;(F7Cis + FoCis) Z (F7Cjs + FyCjs)
j

M, =k

A.B,C,D ,i=A,B,C,D (5.91)

Z Oéj(F7Cj3 + Fngg,)

J
where M;, i = A, B, C, D are the molar flow rates of the overhead reactants and
k is the fraction of condensed overhead flow recycled to the reactors. Based on M;,

1=A, B, C, D, we can calculate the concentration of the reactants in the recycle

streams as follows:
M;
" AB,C,D

S M/Cyo
J

C ,i=AB,C,D (5.92)
where Cjo, j = A, B, C, D, are the mole densities of pure reactants. The condensation
of vapor takes place overhead, and a portion of the condensed liquid is purged back to
separator to keep the flow rate of the recycle stream at a fixed value. The temperature
of the condensed liquid is assumed to be the same as the temperature of the vessel.
The definitions for the variables used in the above model can be found in Table 5.1,

with the parameter values given in Table 5.2.
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Table 5.1: Process variables of the alkylation of benzene process of Eqgs. 5.56-5.80

Ca1, Cp1, Ce1, Cpy
Caz, Cp2, Ccz ,Cpo
Cas, Cps, Ces, Cps
Cas, Cpa, Ceu, Cpy
Cas, Cps, Ccs, Cps
Car, Cgr, Cor, Cpy
Ty, Ty, Ty, Ty, Ts
They

F3, F5, Fr7, Fg, Iy
Fi, Fy, Fy, Fg, Fio
F., Fr, Fro

Hyopa, Hyaps, Hyapcs Hyapp
Havef, Hprefs Horefs Hprey
AH,y, AH,5, AH,3
Vi, Vo, V3, Vi, Vs
Q1, Q2, @3, Q4, Qs
Coa, Cpi, Cpey Cop
&a, &g, Qc, &p
Ca0, Cpo, Cco, Cpo
Ta0, TBo, Tpo

k

Concentrations of A, B, C, D in CSTR-1
Concentrations of A, B, C, D in CSTR-2
Concentrations of A, B, C, D in CSTR-3
Concentrations of A, B, C, D in separator
Concentrations of A, B, C, D in CSTR-4
Concentrations of A, B, C, D in F,, F,1, F,o
Temperatures in each vessel

Reference temperature

Effluent flow rates from each vessel

Feed flow rates to each vessel

Recycle flow rates

Enthalpies of vaporization of A, B, C, D
Enthalpies of A, B, C, D at T,y

Heat of reactions 1, 2 and 3

Volume of each vessel

External heat/coolant inputs to each vessel
Heat capacity of A, B, C, D at liquid phase
Relative volatilities of A, B, C, D

Molar densities of pure A, B, C, D

Feed temperatures of pure A, B, D

Fraction of overhead flow recycled to the reactors
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Table 5.2: Parameter values of the alkylation of benzene process of Egs. 5.56-5.80

7.1 x 1073 [m3/s]
8.697 x 1074 [m?/s]
0.006 [m3/s]

2.31 x 1073 [m3/s]
3.073 x 10* [J/mole]
1.35 x 10* [J/mole]
4.226 x 10* [J/mole]
4.55 x 10* [J/mole]
7.44 x 10* [J/mole]
2.02 x 10* [J/mole]
—1.536 x 10° [J/mole]
—1.118 x 10° [J/mole]
4.141 x 105 [J/mole]
1.126 x 10* [mole/m?]
2.028 x 10* [mole/m3]
8174 [mole/m?]

6485 [mole/m?]

0.8

E,
Frl
Vi
Vs
Vs
Vi

184.6 [J/mole - K|
5.91 x 10* [J/mole]
—2.89 x 10* [J/mole]
59.1 [J/mole - K|
247 [J/mole - K]
301.3 [J/mole - K]
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Table 5.3: Steady-state input values for x, of the alkylation of benzene process of
Eqgs. 5.56-5.80

Qs -4.4x10° [J/s] Qa5 -4.6x10° [J/s]
Qss  -4.7x10° [J/s] Qus  9.2x10° [J/s]
Qs 5.9x10° [J/s] Fy,  8.697x107* [m?/s]

Fys 8.697x107* [m3/s]

Each of the tanks has an external heat/coolant input. The manipulated inputs to
the process are the heat injected to or removed from the five vessels, @)1, @2, @3, Q4
and @5, and the feed stream flow rates to CSTR-2 and CSTR-3, F, and Fj.

The states of the process consist of the concentrations of A, B, C'; D in each
of the five vessels and the temperatures of the vessels. The state of the process is
assumed to be available continuously to the controllers. We consider a stable steady
state (operating point), x,, of the process which is defined by the steady-state inputs
Q1s, Qas, Q3s, Qus, Qss, Fus and Fgs which are shown in Table 5.3 with corresponding
steady-state values shown in Table 5.4.

The control objective is to regulate the system from an initial state to the steady
state. The initial state values are shown in Table 5.6.

The first distributed controller (LMPC 1) will be designed to decide the values
of @1, Q2 and Q3, the second distributed controller (LMPC 2) will be designed to
decide the values of Q4 and ()5, and the third distributed controller (LMPC 3) will
be designed to decide the values of F; and Fy. Taking this into account, the process

model of Egs. 5.56-5.80 belongs to the following class of nonlinear systems:

i(t) = f(z) + g1(v)usr(t) + gal)ua(t) + gs(x)us(t) (5.93)
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Table 5.4: Steady-state values for x4 of the alkylation of benzene process of Eqgs. 5.56-
5.80

Ca1 9.101 x 10% [mole/m?] Caz  7.548 x 10° [mole/m3]
Cp1 2215 [mole/m?] Cpy  23.46 [mole/m?]

Cor 1.120 x 103 [mole/m3] Cor  1.908 x 103 [mole/m?]
Cp1  2.120 x 10% [mole/m3] Cps  3.731 x 10% [mole/m?]

T, 4772 x 10% [K] T, 477 x 102 [K]
Caz  6.163 x 103 [mole/m3] Cas  1.723 x 103 [mole/m?]
Cps  24.84 [mole/m?] Cps  13.67 [mole/m3]

Coz  2.616 x 103 [mole/m?] Cos 5473 x 10° [mole/m?]
Cps  5.058 x 10% [mole/m?] Cps  T7.044 x 10% [mole/m?]

[
Ty, 4735 x 10% [K] T, 4706 x 10? [K]
Cas  5.747 x 103 [mole/m3] Cps  1.537 x 10% [mole/m?]
Cgs  3.995 [mole/m3] Ts 4.783 x 10% [K]

Cos  3.830 x 103 [mole/m3]

Table 5.5: Manipulated input constraints of the alkylation of benzene process of
Eqgs. 5.56-5.80

lugs| < 7.5 x 10° [J/s] |urz| <5 x 10° [J/s]
lugs| < 5 x 10° [J/s] |ug1| < 6 x 10° [J/s]

s < 5 x 10° [J/s] |ug:| < 4.93 x 1077 [m? /5]
uzz| < 4.93 x 1075 [m?/s]
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Table 5.6: Initial state values of the alkylation of benzene process of Egs. 5.56-5.80

Ca1
CBI
Cer
CDI
Tl

Cas
Cps

9.112 x 103 [mole/m3]
25.09 [mole/m?]
1.113 x 103 [mole/m?]
2.186 x 102 [mole/m3]
4.430 x 107 [K]
6.170 x 103 [mole/m3]
29.45 [mole/m?]
2.617 x 103 [mole/m3]
5.001 x 10% [mole/m3]
4,284 x 102 [K]
5.889 x 103 [mole/m3]
5.733 [mole/m?]
3.566 x 103 [mole/m3]

Caz
CBQ
Cca
CD2
T2

Cas
Cpa
Cca
C’D4

7.557 x 103 [mole/m?]
27.16 [mole/m?]
1.905 x 10® [mole/m?]
3.695 x 10% [mole/m?]
4.371 x 102 [K]
1.800 x 10® [mole/m?]
16.35 [mole/m3]
5.321 x 103 [mole/m?]
7.790 x 10% [mole/m?]
4.331 x 102 [K]
2.790 x 10% [mole/m?]
4.576 x 102 [K]
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where the state x is the deviation of the state of the process from the steady state,
Uf = [u11 wig w13 = [Q1— Q15 Q2— Qs Q3— Q3] u%’ = [ug1 U] = [Q4—Qus Q5—Cs4)
and ul = [uz) uss] = [Fy — Fys Fs — Fg,] are the manipulated inputs which are subject
to the constraints shown in Table 5.5.

In the control of the process, u; and us are necessary to keep the stability of the
closed-loop system, while uz can be used as an extra manipulated input to improve
the closed-loop performance. To illustrate the theoretical results, we first design the
nonlinear control law h(x) = [hi(z) ho(x) hs(x)]T. Specifically, hi(z) and ho(z) are

designed as follows [94]:

L;V LV + (L, V)?
hi(z) = (Lg. V) (5.94)
0 if L,V =0

where i = 1,2, L;V = aa—vf(x) and L,V = g—vgz(x) denote the Lie derivatives of
T T

the scalar function V' with respect to f and ¢; (i = 1, 2), respectively. The controller
hz(z) is chosen to be hs(x) = [0 0]7 because the input set uz is not needed to stabilize
the process. We consider a Lyapunov function V(z) = z” Pz with P being the

following weight matrix:
P=diag([111110111110111110111110111110]). (5.95)

The weights in P are chosen by a trail-and-error procedure. The basic idea behind
this procedure is that more weight should be put on the temperatures of the five
vessels because temperatures have more significant effect on the overall control per-
formance, and the controller h(z) should be able to stabilize the closed-loop system

asymptotically with continuous feedback and actuation.
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Figure 5.4: Trajectories of the Lyapunov function V(z) of the alkylation of benzene
process of Egs. 5.56-5.80 under the controller h(x) of Eq. 5.94 implemented in a
sample-and-hold fashion (solid line), the centralized LMPC of Egs. 5.50-5.54 (dashed
line), the sequential DMPC of Eqs. 5.17-5.23 (dash-dotted line) and the iterative
DMPC of Egs. 5.38-5.43 with ¢ = 1 (dotted line)

Based on h(z), we design the centralized LMPC of Eqgs. 5.50-5.54, the sequential
DMPC of Egs. 5.17-5.23 and the iterative DMPC of Eqs. 5.38-5.43. The sampling

time used is A = 30 s and the weight matrices:
Q.=diag ([111110°111110°1010101010*111110°111110°]) (5.96)

and R, = diag ([1078 1078 107%]), R, = diag ([107® 107%]) and R.3 = diag ([1 1]).
First, we carried out a set of simulations which demonstrate that the nonlinear
control law h(x) and the different schemes of LMPCs can all stabilize the closed-loop
system asymptotically. Figure 5.4 shows the trajectories of the Lyapunov function
V(z) under the different control schemes. Note that because of the constraints of
Eqgs. 5.54, 5.23 and 5.43, the trajectories of the Lyapunov function of the closed-loop
system under the centralized LMPC, the sequential DMPC and the iterative DMPC
are guaranteed to be bounded by the corresponding Lyapunov function trajectory
under the controller h(z) implemented in a sample-and-hold fashion with the sampling

time A until V' (x) converges to a small region around the origin (i.e., €2, . ). This
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Table 5.7: Mean evaluation time of different LMPC optimization problems for 100
evaluations

N=1(s) N=3(s) N=6(s)

Centralized LMPC 2.192 8.694 27.890
LMPC 1 0.472 2.358 6.515

Sequential LMPC 2 0.497 1.700 4.493
LMPC 3 0.365 1.453 3.991
LMPC 1 0.484 2.371 6.280

Iterative LMPC 2 0.426 1.716 4.413
LMPC 3 0.185 0.854 2.355

point is also illustrated in Figure 5.4.

Next, we compare the mean evaluation times of the centralized LMPC optimiza-
tion problem and the sequential and iterative DMPC optimization problems. Each
LMPC optimization problem was evaluated 100 times at different conditions. Differ-
ent prediction horizons were considered in this set of simulations. The simulations
were carried out using JAVA™ programming language in a PENTIUM® 3.20 GHz
computer. The optimization problems were solved using the open source interior
point optimizer Ipopt [106]. The results are shown in Table 5.7. From Table 5.7,
we can see that in all cases, the time needed to solve the centralized LMPC is much
larger than the time needed to solve the sequential or iterative DMPCs. This is be-
cause the centralized LMPC has to solve a much larger (in terms of decision variables)
optimization problem than the DMPCs. We can also see that the evaluation time of
the centralized LMPC is even larger than the sum of evaluation times of LMPC 1,
LMPC 2 and LMPC 3 in the sequential DMPC, and the times needed to solve the
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Figure 5.5: Total performance costs along the closed-loop trajectories of the alkylation
of benzene process of Egs. 5.56-5.80 under centralized LMPC of Egs. 5.50-5.54 (dashed
line), sequential DMPC of Egs. 5.17-5.23 (dash-dotted line) and iterative DMPC of
Eqgs. 5.38-5.43 (solid line)
DMPCs in both sequential and iterative distributed schemes are of the same order of
magnitude.

In the following set of simulations, we compare the centralized LMPC and the two
DMPC schemes from a performance index point of view. In this set of simulations,
the prediction horizon is N = 1. To carry out this comparison, the same initial

condition and parameters were used for the different control schemes and the total

cost under each control scheme was computed as follows:

J = / w [Hxﬁ)HQC + [Jur () g, + luz(T)l g, + Hug(T)uch] dr (5.97)

to

where tg = 0 is the initial time of the simulations and ¢;; = 1000 s is the end of the
simulations. Table 5.8 shows the total cost along the closed-loop system trajectories
(trajectories I) under the different control schemes. For the iterative DMPC design,
different maximum number of iterations, cay, are used. From Table 5.8, we can see

that in this set of simulations, the centralized LMPC gives the lowest performance
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Table 5.8: Total performance costs along the closed-loop trajectories I of the alkyla-
tion of benzene process of Egs. 5.56-5.80

J (x107)
Centralized 1.8858
Sequential 1.8891
Crmax 1 3 5 7 9 11 13 15

Iterative 1.8955 1.8883 1.8867 1.8863 1.8862 1.8859 1.8858 1.8858

cost, the sequential DMPC gives lower cost than the iterative DMPC when there is no
iteration (cpax = 1). However, as the iteration number ¢ increases, the performance
cost given by the iterative DMPC decreases and converges to the cost of the one

corresponding to the centralized LMPC. This point is also shown in Figure 5.5.

Note that the above set of simulations only represents one case of many possible
cases. As we discussed in Remarks 5.5 and 5.13, there is no guaranteed convergence
of the performance of distributed MPC to the performance of a centralized MPC and
there is also no guaranteed superiority of the performance of one DMPC scheme over
the others. In the following, we show two sets of simulations to illustrate these points.
In both sets of simulations, we chose different matrices R.; and R, and all the other
parameters (Q., Re3, A, N) remained the same as the previous set of simulations. In
the first set of simulations, we picked R, = diag([5 x 107> 5 x 107> 5 x 107°]), Ry =
diag([5 x 107> 5 x 107°]). The total performance cost along the closed-loop system
trajectories (trajectories II) under this simulation setting are shown in Table 5.9.
From Table 5.9, we can see that the centralized LMPC provides a much lower cost

than both the sequential and iterative distributed LMPCs. We can also see that
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Table 5.9: Total performance costs along the closed-loop trajectories II of the alky-
lation of benzene process of Eqgs. 5.56-5.80

J (x107)
Centralized 5.052
Sequential 7.039
Cmax 1 3 5 6

[terative 7.2286 7.2241 7.2240 7.2240

Table 5.10: Total performance costs along the closed-loop trajectories I1I of the alky-
lation of benzene process of Eqs. 5.56-5.80

J (x107)
Centralized 3.8564
Sequential 3.6755
Cmax 1 3 4

Iterative 3.6663 3.6639 3.6639
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as the number of iterations increases, the iterative distributed LMPC converges to
a value which is different from the one obtained by the centralized LMPC. In the
second set of simulations, we picked R. = diag([l x 107* 1 x 107* 1 x 107%)),
Rey = diag([1 x 107* 1 x 107]) and the total performance cost along the closed-loop
system trajectories (trajectories III) are shown in Table 5.10 from which we can see

that the centralized LMPC provides a higher cost than both distributed LMPCs.

5.5 Sequential and Iterative DMPC Designs with

Asynchronous Measurements

In this section, we design sequential and iterative DMPC schemes, taking into ac-
count asynchronous measurements explicitly in their designs, that provide determin-
istic closed-loop stability properties. Similarly, in each DMPC architecture, we will
design m LMPCs to compute u;, i = 1, ..., m, and refer to the LMPC computing the
input trajectories of u; as LMPC 7. Schematic diagrams of the sequential and itera-
tive DMPC designs for systems subject to asynchronous measurements are shown in

Figs. 5.6 and 5.7.

5.5.1 Modeling of Asynchronous Measurements

We assume that the state of the system of Eq. 5.1, x(t), is available asynchronously
at time instants ¢, where {f,>o} is a random increasing sequence of times. We also
assume that there exists an upper bound 7,, on the interval between two successive

measurements, that is, the sequence satisfies the condition of Eq. 2.22.
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5.5.2 Sequential DMPC with Asynchronous Measurements
Sequential DMPC Formulation

For the design of the sequential DMPC for systems subject to asynchronous measure-
ments (see Figure 5.6), we take advantage of the MPC scheme when feedback is lost
to update the control inputs based on a state prediction obtained by the model and
to have the control actuators store and implement the last computed optimal input

trajectories. Specifically, the implementation strategy is as follows:

1. When a new measurement is available at t,, all the LMPCs receive the state

measurement z(t,) from the sensors.
2. Forj=mtol

2.1. LMPC j receives the entire future input trajectories of u;, i =m, ..., 741,
from LMPC j + 1 and evaluates the future input trajectory of u; based on

x(t,) and the received future input trajectories.

2.2. LMPC j sends the entire input trajectories of u; to its actuators and the

entire input trajectories of u;, i =m,...,J, to LMPC j — 1.
1. When a new measurement is received (a <— a + 1), go to Step 1.

In order to make a decision, LMPC 7, j = m,...,2 must assume trajectories for
u;, © = j — 1,...,1, along the prediction horizon since the communication is one-
directional. To this end, the controller h(z) is used. In order to inherit the stability
properties of the controller h(z), each control input w;, i = 1,...,m must satisfy a
set of constraints that guarantee a given minimum contribution to the decrease rate
of the Lyapunov function V' (z) in the case of asynchronous measurements. To this

end, the input trajectories, u,;(t[t,) (i =1,...,m), defined in Eq. 5.37 are used.
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Specifically, the design of LMPC j, 7 = 1,...,m, is based on the following opti-

mization problem:

ta+NA
PN A CETARS ST P

a

st @) =f(F @)+ Z gi (77 (1)) wi(t)

V(1) <V (&(1)),Vt € [ta, ta + NrA)

(5.102)
(5.103)
(5.104)

(5.105)

where Ny is the smallest integer satisfying T,, < NgA. The vector 77 is the predicted

trajectory of the nominal system with u; computed by the above optimization problem

(i.e., LMPC j) and the other control inputs defined by Egs. 5.101-5.102. The vector

27 is the predicted trajectory of the nominal system with u; = w, ;(¢|t,) and the other

control inputs defined by Egs. 5.101-5.102. In order to fully take advantage of the

prediction, we choose N > Npg. The optimal solution to this optimization problem is

denoted ug’; (t[t,) and is defined for ¢ € [tq, 1, + NA).

The constraint of Eq. 5.99 is the nominal model of the system, which is used to

generate the trajectory #7; the constraint of Eq. 5.100 defines a reference trajectory
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of the nominal system (i.e., 27) when the input u; is defined by wu, ;(t|t,); the con-
straint of Eq. 5.101 defines the value of the inputs evaluated after u; (i.e., w; with
i=1,...,7—1); the constraint of Eq. 5.102 defines the value of the inputs evaluated
before u; (i.e., u; with i = j+1,...,m); the constraint of Eq. 5.103 is the constraint
on the manipulated input u;; the constraint of Eq. 5.104 sets the initial state for the
optimization problem; and the constraint of Eq. 5.105 guarantees that the contribu-
tion of input u; to the decrease rate of the time derivative of the Lyapunov function
from ¢, to t, + NgA, if u; = ug7 (t[t.), t € [ta,ta+ NrA) is applied, is bigger or equal
to the value obtained when u; = wu,, ;(t|t.), t € [ta,ta + NgA) is applied. This con-
straint guarantees that the sequential DMPC design of Egs. 5.98-5.105 maintains the
stability of the nonlinear control law h(x) implemented in a sample-and-hold fashion
and with open-loop state estimation in the presence of asynchronous measurements.

The manipulated inputs of the closed-loop system under the above sequential

DMPC are defined as follows:

wi(t) = ugy (ttr), i =1,...,m,Vt € [to, tor1). (5.106)

Stability Properties

The sequential DMPC design of Egs. 5.98-5.98 maintains the closed-loop stability
properties of the nonlinear control law hA(x) implemented in a sample-and-hold fashion
and with open-loop state estimation in the presence of asynchronous measurements.
This property is presented in Theorem 5.3 below. To state this theorem, we need the
following corollaries.

From Proposition 2.1, we can obtain the following corollary for systems with

m sets of control inputs, entering the dynamics of the system in an affine fashion,
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which ensures that if the nominal system of Eq. 5.1 under the control u; = h;(z)
(1 =1,...,m) implemented in a sample-and-hold fashion with state feedback every

sampling time starts in €2, then it is ultimately bounded in €2

Pmin *

Corollary 5.2 Consider the nominal sampled trajectory & of the system of Fq. 5.1
in closed-loop with a nonlinear control law u; = hy(x) (i = 1,...,m), satisfying
the conditions of Eqs. 5.5-5.8 and applied in a sample-and-hold fashion, obtained by

solving recursively the following equation:
() = f(&(t) + Zm: gi(E()hi(2(ta)), t € [th, thia) (5.107)
i=1
where ty =tg+ kA, k=0,1,.... Let A,es > 0 and p > ps > 0 satisfy:
—as(ay ' (ps)) + L'M < —e,/A (5.108)

with L' = L, 4+ Y77 | Ll w™>. Then, if pmin < p where pui, is defined as in Eq. 5.26

)

and z(0) € Q,, the following inequality holds:

V(E() < V(@) VEE [t tir), (5.109)

V(z(ty)) < max{V(&(ty)) — kés, Pmin}- (5.110)

Proof: Following the definition of #(t) in Eq. 5.107, the time derivative of the
Lyapunov function V(x) along the trajectory Z(¢) of the system 5.1 in t € [tg, txi1)

is given by:

V(a(t) = - (f(ff(t)) + Zgi(ff(t))hi(i'(tk))> : (5.111)
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Adding and subtracting GVT fx(ty)) —i—ZgZ(:B(tk))hz(i(tk))) and taking

into account Eq. 5.6, we obtain:
V) < —a(lal) + L) <f(rir(t)> + Zgi@(t))m(:e(tk)))

_w (f(x(tk» +Zgi<$(tk>)hi@(tk>)) : (5.112)

From the Lipschitz property of Eqgs. 5.14-5.15, the fact that the control inputs are

bounded in convex sets and the above inequality of Eq. 5.112, we have that:

V(i) < —as(az (o) + (L; + ZL;iu;“aX) () — (8] (5.113)

for all z(t) € 2,/€2,,. Taking into account the Lipschitz property of Eq. 5.9 and the

continuity of Z(t), the following bound can be written for all t € [tg, tx41):
|2(t) — Z(tx)|| < MA. (5.114)

Using the expression of Eq. 5.114, we obtain the following bound on the time deriva-

tive of the Lyapunov function for ¢ € [t, tx11), for all initial states Z(t)) € ,/8,,:
V(i(t) < —az (a3t (ps)) + L'MA (5.115)

where L' = L + > " L, u>. If the condition of Eq. 5.108 is satisfied, then

V(i(t)) < —e,/A. Integrating this bound on t € [ty, t;41) we obtain that the inequal-
ity of Eq. 5.109 holds. Using Eq. 5.109 recursively, it is proved that, if z(¢y) € ©,/9Q,,,
the state converges to €2, in a finite number of sampling times without leaving the

stability region. Once the state converges to €2, C €2, . . it remains inside €, , for
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all times. This statement holds because of the definition of p,;, as in Eq. 5.26. B

From Proposition 2.2, we can have the following Corollary 5.3 to get an upper
bound on the deviation of the state trajectory obtained using the nominal model of
Eq. 5.1, from the real-state trajectory when the same control actions are applied for
systems with m sets of control inputs entering the dynamics of the system in an affine

fashion.

Corollary 5.3 Consider the systems:

To(t) = f(xa(t))+zgi(%(t))ui(t)+k($a(t))w(t)) (5.116)

oy(t) = f(xb(t))+zgi($b(t))ui(t) (5.117)

where initial states xq(to), Tp(to) € 2, with xy(ty) = z4(to) +ny and ||ng|| < 6,. There

exists a function fw(-,-) such that:
[2a(t) = zo(t)]] < S (0a,t = to), (5.118)
for all z,(t), xp(t) € Q, and all w(t) € W with:

fw 0z, 7) = (% + 61> (eL”T — 1) (5.119)

m
" o__ max
where L' = L, + E Ly, u;™.
i=1

Proof: Define the error vector as e(t) = x,(t) — x(t). The time derivative of the
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error is given by:
é(t) = f(xa(t)) = Fl2o(2(t)) + Y (gi(wa(t)) = giles(8)))us(t) + k(xa(t) w0 (t). (5.120)

i=1

From the Lipschitz property of Eq. 5.11-5.13 and the fact that the control inputs are

bounded in convex sets, the following inequality holds:

le@l < Lfolfa(t)—flfb(t)lHZLui a(t) = 2p(0)| Loy [l (@)

< (Lx + ZLW> W |le(t)|| + Lyf (5.121)
i=1

for all z,(t), zp(t) € Q, and w(t) € W. Integrating ||é(¢)| with initial condition
le(to)|| = ||n.|| and that ||n.| < 6., the following bound on the norm of the error

vector is obtained:

L0 e
le@®)] < < T +9x) (eL (t=to) _ 1) (5.122)

where L” = L, + ", L,,u>. This implies that the inequality of Eq. 5.118 holds

for:

fw(r) = (LL‘f,e + 0w> (eL”T - 1) (5.123)

which proves this corollary.

In Theorem 5.3 below, we provide sufficient conditions under which the DMPC
of Egs. 5.98-5.106 guarantees that the state of the closed-loop system is ultimately

bounded in a region that contains the origin.

Theorem 5.3 Consider the system of Eq. 5.1 in closed-loop with x available at asyn-
chronous sampling time instants {t,>o}, satisfying the condition of Eq. 2.22, under

the DMPC' design of Eqs. 5.98-5.106 based on a control law h(x) that satisfies the

262



conditions of Eqs. 4.3-5.8. Let Ajes >0, p > puin >0, p>ps >0 and N > N > 1

satisfy the conditions of Eqs. 5.108 and the following inequality:

—NRES + fv(fw(o, NRA)) <0 (5124)

with fy defined in Eq. 2.49 and fw defined in Eq. 5.119, and Ng being the smallest
integer satisfying NrA > T,,. If the initial state of the closed-loop system x(ty) € Q,,

then x(t) is ultimately bounded in §2,, C €, where:

Pa = pmin + fv(fw (0, NrA)) (5.125)

with pmin defined in Eq. 5.26.

Proof: In order to prove that the state of the closed-loop system is ultimately
bounded in a region that contains the origin, we prove that V(z(t,)) is a decreasing
sequence of values with a lower bound. Specifically, we focus on the time interval
t € [ta,tar1) and prove that V(z(t.41)) is reduced compared with V(x(t,)) or is
maintained in an invariant set containing the origin.

To simplify the notation, we assume that all the signals used in this proof refer to
the different optimization problems solved at t, with the initial condition z(¢,), and
the trajectory #/(t), j = 1,...,m, is corresponding to the optimal input ug7,  ([t,).
We also note that the predicted trajectories 27+ (¢) and #7(t) generated in the opti-
mization problems of LMPC j + 1 and LMPC j are identical. This property will be
used in the proof.

Part 1: In this part, we prove that the stability results stated in Theorem 5.3
hold in the case that t,,; —t, = T}, for all @ and T,, = NrA. This case corresponds

to the worst situation in the sense that the controllers need to operate in open-
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loop for the maximum possible amount of time. By Corollary 5.2 and the fact that

tar1 = ta + NgA, the following inequality is obtained:

V(i(tas1)) < max{V(i(ts)) — Npes, pruin}- (5.126)

From the constraints of Eq. 5.105 in the LMPCs, the following inequality can be
written:

V(E () <V(2(t), j=1,...,m, Vt € [ta,ta + NrA). (5.127)

By the fact that 7771(¢) and 47(t) are identical, the following equations can be written:

V(27 (1) = V(ZTH), j=1,...,m—1, Vt € [te, t, + NrA). (5.128)

From the inequalities of Eqs. 5.127 and 5.128, the following inequalities are obtained:

V(EW) < ... < V(@E @) < ... < V(@E™(H) < V(@™(t)), VEE [t ta + NrA).
(5.129)
Note that the trajectory z! is the nominal trajectory (i.e., Z) of the closed-loop
system under the control of the sequential DMPC of Eqs. 5.98-5.106. Note also that
the trajectory 2™ is the nominal sampled trajectory (i.e., &) of the closed-loop system

defined in Eq. 5.107. Therefore, the following trajectory can be written:

V(z(t)) < V(2(t)),Vt € [ta, ta + NrA). (5.130)

From the inequalities of Eq. 5.126 and 5.130 and the fact that #(t,) = x(t,), the

following inequality is obtained:

V(2(tar1)) < max{V(xz(t,)) — Ngrés, pmin }- (5.131)
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When z(t) € Q, for all times (this point will be proved below), we can apply Propo-

sition 2.3 to obtain the following inequality:

V((tar1)) < V(Z(tat1)) + fv([[2(tars) = z(tara)]])- (5.132)

Applying Corollary 5.3 we obtain the following upper bound on the deviation of Z()
from x(t):

[ (tats) = E(tara) || < fw (0, NrA). (5.133)

From the inequalities of Egs. 5.132 and 5.133, the following upper bound on V' (z(¢,41))

can be written:

V(x(ter1)) < V(T(tarr)) + fr(fw (0, NrA)). (5.134)

Using the inequality of Eq. 5.131, we can re-write the inequality of Eq. 5.134 as

follows:

V(z(ter1)) < max{V(x(t,)) — Nrés, pmin} + fv (fw (0, NrA)). (5.135)

If the condition of Eq. 5.124 is satisfied, from the inequality of Eq. 5.135, we know

that there exists ¢, > 0 such that the following inequality holds:

V(z(ter1)) < max{V(z(ty)) — €w, Pa} (5.136)

which implies that if z(t,) € Q,/Q,,, then V(x(tet1)) < V(z(t,)), and if z(,) € Q,,,
then V(x(tes1)) < pa-

Because the upper bound on the difference between the Lyapunov function of the
actual trajectory o and the nominal trajectory z is a strictly increasing function of

time (see Corollary 5.3 and Proposition 2.3 for the expressions of fy(-) and fi (+)),
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the inequality of Eq. 5.136 also implies that

V(z(t)) < max{V(x(t.)), pa}, Vt € [ta,tar1)- (5.137)

Using the inequality of Eq. 5.137 recursively, it can be proved that if z(t) € Q,, then
the closed-loop trajectories of the system of Eq. 5.1 under the sequential DMPC of
Eqgs. 5.98-5.106 stay in Q, for all times (i.e., z(t) € §2,, Vt). Moreover, using the
inequality of Eq. 5.137 recursively, it can be proved that if z(ty) € €2, the closed-loop
trajectories of the system of Eq. 5.1 under the sequential DMPC of Eqs. 5.98-5.106
satisfy

limsup V(z(t)) < pq. (5.138)

t—o0
This proves that z(t) € Q, for all times and z(¢) is ultimately bounded in €2, for the
case when t,,y —t, = T,, for all a and T,, = NgA.

Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, t,411 —t, < T, for all a and T;,, < NgA which implies that t,.1 —t, < NgA.
Because fy/(-) and fy(+) are strictly increasing functions of time and fy/(-) is convex,
following similar steps as in Part 1, it can be shown that the inequality of Eq. 5.135

still holds. This proves that the stability results stated in Theorem 5.3 hold. B

Remark 5.14 Note that the stability results stated in Theorem 5.3 also hold when
the sequential DMPC of Fqs. 5.98-5.105 is applied to a nonlinear system described by
Eq. 5.4.
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5.5.3 Iterative DMPC with Asynchronous Measurements
Iterative DMPC Formulation

In contrast to the one-directional communication of the sequential DMPC architec-
ture, the iterative DMPC architecture utilizes a bi-directional communication strategy
in which all the distributed controllers are able to share their future input trajecto-
ries information after each iteration. In the presence of asynchronous measurements,
the iterative DMPC of Eqgs. 5.38-5.44 presented in Section 5.4.2 cannot guarantee
closed-loop stability. In this subsection, we modify the implementation strategy and
the formulation of the distributed controllers to take into account asynchronous mea-

surements (see Figure 5.7). The implementation strategy is as follows:

1. When a new measurement is available at t,, all the LMPCs receive the state
measurement x(t,) from the sensors and then evaluate their future input tra-

jectories in an iterative fashion with initial input guesses generated by h(-).
2. At iteration ¢ (¢ > 1):

2.1. Each LMPC evaluates its own future input trajectory based on x(t,) and
the latest received input trajectories of all the other LMPCs (when ¢ = 1,

initial input guesses generated by h(-) are used).

2.2. The controllers exchange their future input trajectories. Based on all the
input trajectories, each controller calculates and stores the value of the

cost function.

3. If a termination condition is satisfied, each LMPC sends its entire future in-
put trajectory corresponding to the smallest value of the cost function to its

actuators; if the termination condition is not satisfied, go to Step 2 (¢ +— ¢+1).
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4. When a new measurement is received (a < a + 1), go to Step 1.

The design of the LMPC j, j = 1,...,m, at iteration c is based on the following

optimization problem:

min /t:ﬁNA [Hféj(T)” . +i (7)1 | (5.139)
st () = f(@(t) + Zm;gi(jj(t))ui (5.140)
ui(t) = s (tta), Vi # j (5.141)
[ (t) — wrs ™ (tta) || < Auy,VE € [ta, ta + NrA) (5.142)
u;(t) € U; (5.143)
T (t,) = z(ty) (5.144)
WD (L oy + @ 01sto)
< W (%f(i(t!ta)) +gj(i(t|ta))un,j(t|ta)) :
Yt € [to, ta + NA) (5.145)

where 77 is the predicted trajectory of the nominal system of Eq. 5.1 with u; computed
by this LMPC and all the other inputs are the optimal input trajectories at iteration
¢ — 1 of the rest of the distributed controllers, #(t|t,) and w, ;(t|t,) (i =1,...,m) are
defined in Eqgs. 5.36 and 5.37, respectively. The optimal solution to this optimization
problem is denoted g (t|t,) which is defined for ¢ € [t,,t, + NA). Accordingly, we
define the final optimal input trajectory of LMPC j of Egs. 5.139-5.145 as ug:j(t]ta)

which is also defined for t € [t,,t, + NA).
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Similar to the iterative DMPC with continuous measurements, for the first iter-
ation of each distributed LMPC, the input trajectories defined in Eq. 5.37 based on
the trajectory generated in Eq. 5.36 are used as the initial input trajectory guesses;
that is, u;jg = Up,; withi=1,...,m.

The constraint of Eq. 5.142 puts a limit on the input change in two consecutive
iterations. This constraint allows LMPC j of Egs. 5.139-5.145 to take advantage of
the input trajectories received in the last iteration (i.e., u;f*l, Vi # j) to predict the
future evolution of the system state without introducing big errors. For LMPC j (i.e.,
u;), the magnitude of input change in two consecutive iterations is restricted to be
smaller than a positive constant Au;. Note that this constraint does not restrict the
input to be in a small region and as the iteration number increases, the final optimal
input could be quite different from the initial guess. The constraint of Eq. 5.145 is
used to guarantee the closed-loop stability.

The manipulated inputs of the closed-loop system under the above iterative DMPC

are defined as follows:
wi(t) = uyi (tta), i =1,...,m,Vt € [ty tar1). (5.146)

Stability Properties

The iterative DMPC design of Eqs. 5.139-5.146 takes into account asynchronous mea-
surements explicitly in the controller design and the implementation strategy. It
maintains the closed-loop stability properties of the nonlinear control law h(z) im-
plemented in a sample-and-hold fashion and with open-loop state estimation. This
property is presented in Theorem 5.4. To state this theorem, we need another propo-

sition.
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Proposition 5.1 Consider the systems:
Fa(t) = flaa(t) + ) gilaa(t))us(t) (5.147)
i=1

(t) = Flan(®) + D gilwa(t))us (t) + g;(a(t))us(t) (5.148)

with initial states x4(to), xs(to) € Q, such that zp(to) = xa(to) + 1y and |ng|| < 60,.

There exists a function fx ;(-,-) such that:
24 (t) — ()| < fxj(0nst —to) (5.149)

(]

for all z,(t), xp(t) € Q,, and uS(t), ust € U; and ||[ué(t) —us ()| < Au; (i =
14 ) 1 7

1,...,m) with:
_ (2 Cryr
fxg(r) = =2 +0, ) (77 = 1) (5.150)
Cl,]
m, i#j m, i#j
where C j = Ly + Z Lg,ui™ and Cy; = Z M, Au;.
i=1 i=1

Proof: Define the error vector as e(t) = x,(t) — x(t). The time derivative of the

m, i#j m, i
6(t) = F(aalt) = Flanl) + Y glaal®)ui®) = > ailw®)ui (@) (G151

m, i#j

Adding and subtracting Z gi(zp(t))usi(t) to/from the right-hand-side of the above

i=1
equation, we obtain the following equation:

e(t) = flza(t) = flan(®) + D (gilwa(®))us(t) — gilws(t))ui(t))

=1
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m, i£]j

+ Z gi(o(t))us (t) — gilo(t))ui ™" (1)) (5.152)

From the Lipschitz properties of Egs. 5.10-5.12, the fact that the manipulated inputs
are bounded in convex sets and the difference between u$(t) and u$ ' (¢) is bounded,

the following inequality can be obtained:

m, i#j

eI < La[lza(t) — zo()] + Z Loy, [|za(t) — xo(@)]] ui ($)]]

m, i#j

+ 2 Mgl luit) — w0

m, i#j m, i£j
< Lelle@l+ D Luu™ el + Y My Au;. (5.153)
i=1 i=1
m, 1#£j m, i#j
Denoting C; = L, + Z Lgu;"™ and Cy; = Z Mg, Au;, we can obtain:
=1 =1
le@)] < Cujlle@)]] + Cay (5.154)

Integrating ||é(t)|| with initial condition ||e(to)|| = ||n.|| (recall that xy(to) = x4 (to) +
n,) and taking into account that ||n.| < 6,, the following bound on the norm of the

error vector is obtained:

C’ .
el < (g +6. ) (e ). (5.155)

This implies that Eq. 5.149 holds for:

fxj(0z,7) = (— + Hz) (e99m —1). (5.156)
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Proposition 5.1 bounds the difference between the nominal state trajectory under
the optimized control inputs and the predicted nominal state trajectory generated in

each LMPC optimization problem. To simplify the proof of Theorem 5.4, we define

a new function fx(7) based on fx,;, i =1,...,m, as follows:
1 1 Ca
= — L + Ly J0,7) — =27 ). 5.157
) =3 (Gt st (o g2tr) (5.15)

It is easy to verify that fx(7) is a strictly increasing and convex function of its
argument. In Theorem 5.4 below, we provide sufficient conditions under which the it-
erative DMPC of Eqs. 5.139-5.146 guarantees that the state of the closed-loop system

is ultimately bounded in a region that contains the origin.

Theorem 5.4 Consider the system of Eq. 5.1 in closed-loop with x available at asyn-
chronous sampling time instants {t,>o}, satisfying the condition of Eq. 2.22, under
the DMPC design of Eqs. 5.139-5.146 based on a control law h(z) that satisfies the
conditions of Eqs. 4.3-5.8. Let Ajeg >0, p > pmin >0, p>ps >0 and N > Ng > 1

satisfy the conditions of Eqs. 5.108 and the following inequality:

—Npeg + fx(NRA) + fv(fw(o, NRA)) <0 (5158)

with fx defined in Eq. 5.157, fy defined in Eq. 2.49, fw defined in Eq. 5.119, and Ng
being the smallest integer satisfying NrA > T,,. If the initial state of the closed-loop

system x(to) € Q,, then x(t) is ultimately bounded in Q,, C 2, where:

Pb = Pmin + [x (NrA) + fv(fw (0, NrA)) (5.159)
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with pmin defined in Eq. 5.26.

Proof: We follow a similar strategy to the one in the proof of Theorem 5.3. In
order to simplify the notation, we assume that all the signals used in this proof refer
to the different optimization variables of the problems solved at t, with the initial
condition x(t,). This proof also includes two parts.

Part I: In this part, we prove that the stability results stated in Theorem 5.4 hold
in the case that t,.; —t, = T, for all a and T,, = NrA. The derivative of the
Lyapunov function of the nominal system of Eq. 5.1 under the control of the iterative

DMPC of Egs. 5.139-5.146 from t, to t,.; is expressed as follows:

V(i) = 200 (f(i(t)) ¥ Zgi@(t))u;;;‘(twa)) WVt € [furta + N). (5.160)

Adding the above equation and the constraints of Eq. 5.145 in each LMPC together,

we can obtain the following inequality for ¢ € [t,,t, + NpA):
o oV (z(t N TN as
Vi) < 200 (f(w(t)) £ a0 <t|ta>)

+W< 2(t[ta) +Zgz (t]ta) Um“”)

VE) Ly + o o)
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Reworking the above inequality, the following inequality can be obtained for ¢ &

[ta, ta + NRA)Z

V(E(t) < W(f(i’(t]ta))+Zgi(i(t|ta))un,i(t]ta)>

O —

J2VHE) (%f(:i(t)) +91<9?>u2:1‘<t!ta>)

_%;(t)) (%f(i;l(t)) +a (a’él(t))uz,’f(ﬂta))

L (5.162)
L) (%f(i(t)) + gm<f>uz:;<t!ta>)

__§§C%§;£Ql <?%f(£m(ﬂ)%gm(fm(ﬂ)uﬁ;(ﬂnﬁ) . (5.163)

By the continuity and locally Lipschitz properties of Eqgs. 5.14-5.15, the following

inequality can be obtained for ¢ € [t,,t, + NrA):
o o 1 - y :
V(Z(t) < V(z(tt.) + (EL; +L;1up;1(t|ta)) |z(t) — 2 @)|| + -
1 !/ !/ a,*x ~, ~m
+ EL“” + L, ug (tlta) | |2(t) — 3™ (t)]]. (5.164)

Applying Proposition 5.1 to the above inequality of Eq. 5.164, we obtain the following

inequality:
) . 1
V(z(t) < V(&(tta)) + (EL; + Lglu‘fa") Ix1(0,t —tg) + -

1
+<E%+L%ﬁﬁ)hmm¢—m. (5.165)
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Integrating the inequality of Eq. 5.165 from ¢t = t, to t = t,+ = NrA and taking
into account that z(t,) = z(t,) and t,41 —t, = NgA, the following inequality can be

obtained:

1 1 Caa

— L+ L u™™ | — 0, NgA) — ——=NgA
+(m x_l_ u1u1 )(Ol,lfx’l( ) 1VR ) Cl,l R )+

1 1 Co

— L + L u» m(0, NpA) — == NpA | .(5.166
b (ot L) (a0, Nad) = G2 NA ) (5,100

From the definition of fx(-), we have
V(E(tar1)) < V(#(tat1)) + fx (NRA). (5.167)

By Corollaries 5.2 and 5.3 and following similar calculations to the ones in the proof

of Theorem 5.3, we obtain the following inequality

V(2(tasr)) < max{V(z(ta)) — Nres, pmin} + Fx(NrA) + fir (fiw (0, NgA)). (5.168)

If the condition of Eq. 5.158 is satisfied, we know that there exists ¢, > 0 such that

the following inequality holds:

V(z(ter1)) < max{V(z(t,)) — €w, po} (5.169)

which implies that if z(¢,) € ©,/Q,,, then V(z(t,11)) < V(2(t,)), and if z(t,) € Q,,,
then V(z(tas1)) < pp.
Because the upper bound on the difference between the Lyapunov function of the

actual trajectory x and the nominal trajectory Z is a strictly increasing function of
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time, the inequality of Eq. 5.169 also implies that:
V(z(t)) < max{V(x(ty)) — €w, po}, Vt € [ta, tar1]- (5.170)

Using the inequality of Eq. 5.170 recursively, it can be proved that if z(ty) € €,
then the closed-loop trajectories of the system of Eq. 5.1 under the iterative DMPC
design stay in , for all times (i.e., z(t) € Q, for all t). Moreover, if z(ty) € €2,, the
closed-loop trajectories of the system of Eq. 5.1 under the iterative DMPC design
satisfy:

limsup V(z(t)) < pp. (5.171)

t—o0

This proves that z(t) € Q, for all times and x(t) is ultimately bounded in €, for the

case when t,,, —t, =T, for all a and T,, = NgA.

Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, t,41 — t, < T, for all a and T,,, < NgA which implies that t,,1 — t, < NgA.
Because fy, fw and fx are strictly increasing functions of time and fx, fi are convex,
following similar steps as in Part 1, it can be shown that the inequality of Eq. 5.168

still holds. This proves that the stability results stated in Theorem 5.4 hold. l

Remark 5.15 Referring to the design of the LMPC of Eqs. 5.139, the constraint
of Eq. 5.142 ensures that the deviation of the predicted future state evolution (using
input trajectories obtained in the last iteration) from the actual system state evolution
15 bounded. It also ensures that the results stated in Theorem 5.4 do not depend on
the iteration number ¢ which means the iterations of the DMPC can be terminated
at any iteration and the stability properties stated in Theorem 5.4 continue to hold.
The constraint of Eq. 5.142 can be also imposed as the termination condition of the

iterative DMPC; that is, the DMPC' stops iterating when Hum(t) — u“"?_l(ﬂta)H <

p7l

276



Aug, i = 1,...,m, for all t € [to,t, + NgA). In this case, however, the stability
properties stated in Theorem 5.4 have dependance on the iteration number ¢ in a way

that they hold only after the termination condition of Eq. 5.142 is satisfied.

5.5.4 Application to an Alkylation of Benzene Process

Consider the alkylation of benzene with ethylene process of Eqgs. 5.56-5.80 described
in Section 5.4.3. The control objective is to drive the system from the initial condi-
tion as shown in Table 5.6 to the desired steady-state as shown in Table 5.4. The
manipulated inputs are the heat injected to or removed from the five vessels, 1, @2,
@3, Q4 and )5, and the feed stream flow rates to CSTR-2 and CSTR-3, F; and Fg,
whose steady-state input values are shown in Table 5.3. We design three distributed
LMPCs to manipulate the 7 inputs. Similarly, the first distributed controller (LMPC
1) will be designed to decide the values of @1, Q2 and @3, the second distributed
controller (LMPC 2) will be designed to decide the values of )4 and @5, and the
third distributed controller (LMPC 3) will be designed to decide the values of Fy and
Fs. The deviations of these inputs from their corresponding steady-state values are
subject to the constraints shown in Table 5.5. We use the same design of h(x) as in
Section 5.4.3 with a quadratic Lyapunov function V(z) = 27 Pz with P being the

following weight matrix:
P=diag(1111111111111111111111111]). (5.172)

Based on h(z), we design the sequential DMPC of Eqgs. 5.98-5.106 and the iterative

DMPC of Egs. 5.139-5.146 with the following weighting matrices:

Qc=diag ([111110°111110°101010103000111110°111110%) (5.173)
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and R, = diag ([1 x 10781 x 1078 1 x 1078]), Re = diag ([1 x 1078 1 x 1078]) and
R = diag ([10 10]). The sampling time of the LMPCs is chosen to be A = 30 sec.
For the iterative DMPC of Eqgs. 5.139-5.146, Au; is chosen to be 0.25u*** for all the
distributed LMPCs and maximum iteration numbers (i.e., ¢ < ¢yayx) are applied as
the termination conditions. In all the simulations, bounded process noise is added
to the right hand side of the ordinary differential equations of the process model to

simulate disturbances/model uncertainty.

We consider that the state of the process of Eqgs. 5.56-5.80 is sampled asyn-
chronously and that the maximum interval between two consecutive measurements
is T,, = 75 s. The asynchronous nature of the measurements is introduced by the
measurement difficulties of the full state given the presence of several species con-
centration measurements. We will compare the sequential and iterative DMPC for
systems subject to asynchronous measurements with a centralized LMPC which takes
into account asynchronous measurements explicitly as presented in Section 2.7. The
centralized LMPC uses the same weighting matrices, sampling time and prediction
horizon as used in the DMPCs. To model the time sequence {t,>0}, we apply an upper
bounded random Poisson process. The Poisson process is defined by the number of
events per unit time W. The interval between two successive state sampling times is
given by A, = min{—Inyx /W, T,,}, where x is a random variable with uniform proba-
bility distribution between 0 and 1. This generation ensures that m(?x{taﬂ —to} < T
In the simulations, W is chosen to be 30 and the time sequence generated by this
bounded Poisson process is shown in Figure 5.8. For this set of simulations, we choose
the prediction horizon of all the LMPCs to be N = 3 and choose Ng = N so that
NrA > T,,.

We first compare the DMPC designs for systems subject to asynchronous mea-
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Figure 5.8: Asynchronous measurement sampling times {t,>o} with T;, = 75 s: the
x—axis indicates {t,>0} and the y—axis indicates the size of the interval between t,
and t,_1

surements with the centralized LMPC from a stability point of view. Figure 5.9 shows
the trajectory of the Lyapunov function V' (z) under these control designs. From Fig-
ure 5.9, we see that the DMPC designs as well as the centralized LMPC design are
able to drive the system state to a region very close to the desired steady state. From
Figure 5.9, we can also see that the sequential DMPC, the centralized LMPC and the
iterative DMPC with .y = 5 give very similar trajectories of V(z). Another impor-
tant aspect we can see from Figure 5.9(b) is that at the early stage of the closed-loop
system simulation, because of the strong driving force related to the difference be-
tween the set-point and the initial condition, the process noise/disturbance has small
influence on the process dynamics, even though the controller(s) has/have to operate
in the presence of asynchronous measurements. When the states are getting close
to the set-point, the Lyapunov function starts to fluctuate due to the domination of
noise/disturbance over the vanishing driving force. However, the DMPC designs are
able to maintain practical stability of the closed-loop system and keep the trajectory
of the Lyapunov function in a bounded region (V' (z) < 250) very close to the steady

state.

Next, we compare the evaluation times of the LMPCs in these control designs.
The simulations are carried out by JAVA™ programming language in a PENTIUM®

3.20 GHz computer. The optimization problems are solved by the open source interior
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Figure 5.9: Trajectories of the Lyapunov function of the alkylation of benzene process
of Egs. 5.56-5.80 under the nonlinear control law h(x) implemented in a sample-and-
hold fashion and with open-loop state estimation, the iterative DMPC of Eqs. 5.139-
5.146 with cphae = 1 and cnaxe = 5, the sequential DMPC of Eqs. 5.98-5.106 and
the centralized LMPC accounting for asynchronous measurements: (a) V(x); (b)
Log(V (z))
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point optimizer Ipopt [106]. We evaluate the LMPC optimization problems for 100
runs. The mean evaluation time of the centralized LMPC is about 23.7 sec. The mean
evaluation time for the sequential DMPC scheme, which is the sum of the evaluation
times (1.9 sec, 3.6 sec and 3.2 sec) of the three LMPCs, is about 8.7 sec. The mean
evaluation time of the iterative DMPC scheme with one iteration is 6.3 sec which is
the largest evaluation time among the evaluation times (1.6 sec, 6.3 sec and 4.3 sec)
of the three LMPCs. The mean evaluation time of the iterative DMPC architecture
with four iterations is 18.7 sec with the evaluation times of the three LMPCs being
6.9 sec, 18.7 sec and 14.0 sec. From this set of simulations, we see that the DMPC
designs lead to a significant reduction in the controller evaluation time compared with

a centralized LMPC design though they provide a very similar performance.

5.6 Iterative DMPC Design with Delayed Mea-

surements

In this section, we consider the design of DMPC for systems subject to delayed mea-
surements. In Chapter 4, we pointed out that in order to obtain a good estimate of the
current system state from a delayed state measurement, a DMPC design should have
bi-directional communication among the distributed controllers. Consequently, we
focus on the design of DMPC for nonlinear systems subject to delayed measurements

in an iterative DMPC framework.

5.6.1 Modeling of Delayed Measurements

We assume that the state of the system of Eq. 5.1 is received by the controllers at

asynchronous time instants ¢, where {t,>0} is a random increasing sequence of times
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Figure 5.10: Iterative DMPC for nonlinear systems subject to delayed measurements

and that there exists an upper bound 7, on the interval between two successive
measurements. We also assume that there are delays in the measurements received
by the controllers due to delays in the sampling process and data transmission. In
order to model delays in measurements, another auxiliary variable d, is introduced
to indicate the delay corresponding to the measurement received at time ¢,, that is,
at time t,, the measurement x(t, — d,) is received. In order to study the stability
properties in a deterministic framework, we assume that the delays associated with

the measurements are smaller than an upper bound D.

5.6.2 Iterative DMPC Formulation

As in the DMPC designs for systems subject to asynchronous measurements, we take
advantage of the system model both to estimate the current system state from a
delayed measurement and to control the system in open-loop when new information
is not available. To this end, when a delayed measurement is received, the distributed
controllers use the system model and the input trajectories that have been applied to

the system to get an estimate of the current state and then based on the estimate,
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MPC optimization problems are solved to compute the optimal future input trajectory
that will be applied until new measurements are received. A schematic of the iterative
DMPC for systems subject to delayed measurements is shown in Figure 5.10. The

implementation strategy for the iterative DMPC design is as follows:

1. When a measurement z(t, — d,) is available at t,, all the distributed controllers
receive the state measurement and check whether the measurement provides new
information. If t, — d, > max;-,t; — d;, go to Step 2. Else the measurement

does not contain new information and is discarded, go to Step 3.

2. All the distributed controllers estimate the current state of the system z¢(¢,)
and then evaluate their future input trajectories in an iterative fashion with

initial input guesses generated by h(-).
3. At iteration ¢ (¢ > 1):

3.1. Each controller evaluates its own future input trajectory based on x(t,)
and the latest received input trajectories of all the other distributed con-

trollers (when ¢ = 1, initial input guesses generated by h(-) are used).

3.2. The controllers exchange their future input trajectories. Based on all the
input trajectories, each controller calculates and stores the value of the

cost function.

4. If a termination condition is satisfied, each controller sends its entire future
input trajectory corresponding to the smallest value of the cost function to its

actuators; if the termination condition is not satisfied, go to Step 3 (¢ < c+1).

1. When a new measurement is received (a < a + 1), go to Step 1.
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In order to estimate the current system state z¢(¢,) based on a delayed measure-
ment x(t, — d,), the distributed controllers take advantage of the input trajectories
that have been applied to the system from ¢, — d, to t, and the system model of

Eq. 5.1. Let us denote the input trajectories that have been applied to the system

as uj,(t), i = 1,...,m. Therefore, x(t,) is evaluated by integrating the following
equation:
B(L) = f(2(t)) + > gi(a(£))ug; (1), Vt € [ta — da, ta) (5.174)
i=1

with x°(t, — da) = x(t, — da).

Before going to the design of the iterative DMPC, we need to define another
nominal sampled trajectory Z(t|t,) for t € [t,,t,+NA), which is obtained by replacing
Z(t|ty) with z(t|t,) in Eq. 5.36 and then integrating the equation with Z(t,|t,) =

x¢(t,). Based on Z(t|t,), we define a new input trajectory as follows:

uf (tta) = hy(E(ta +1AL)), 5 =1,...,m,

Vi € [ty + 1A tg+ (I +1)A),1=0,...,N -1 (5.175)

which will be used in the design of the LMPC to construct the stability constraint

and used as the initial input guess for iteration 1 (i.e., ufl? =uj,,; fori=1,...,m).
Specifically, the design of LMPC 5, 7 = 1,...,m, at iteration c is based on the
following optimization problem:

ta+NA ‘ m
min /t [HJ:J(T)HQC + ) (), | dr (5.176)
a =1

UjES(A)

st. ()= fE@0) + Z gi (@7 (t) )ug(t) (5.177)
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wit) = uyy ' (tlta), Vi # j (5.178)

i (1) — wys (tta)]] < Auy, V7 € [t ta + Npul) (5.179)
u;(1) € Uj (5.180)
T (t,) = 2°(t,) (5.181)
PO Loy + 0@ o))

< IV (z(t]ta)) (1 ) |

<—2; — (2 (t]ta)) + g5 (2(tlta) Jur ;(tlta)

VT € [ta, ta + NpoA) (5.182)

where Np, is the smallest integer satistying Np ,A > T,, + D — d,. The optimal
solution to this optimization problem is denoted u,’(alt,) which is defined for ¢ €
[ta,ta + NA). Accordingly, we define the final optimal input trajectory of LMPC j
of Egs. 5.176-5.182 as uj ;(t|tx) which is also defined for ¢ € [t,, 1, + NA). Note again
that the length of the constraint Np, depends on the current delay d,, so it may
have different values at different time instants and has to be updated before solving
the optimization problems.

The manipulated inputs of the closed-loop system under the above iterative DMPC

for systems subject to delayed measurements are defined as follows:
wi(t) = uy,;(tta), i =1,...,m,Vt € [to,tatq) (5.183)

for all ¢, such that ¢, — d, > max;., t; — d; and for a given t,, the variable ¢ denotes

the smallest integer that satisfies t44q — dgyq > ta — dq.
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5.6.3 Stability Properties

The stability properties of the iterative DMPC of Eqgs. 5.176-5.183 are stated in the

following theorem.

Theorem 5.5 Consider the system of Eq. 5.1 in closed-loop with x available at
asynchronous sampling time instants {t,>o} involving time-varying delays such that
d, < D for all a > 0, satisfying the condition of Eq. 2.22, under the iterative DMPC
of Eqs. 5.176-5.183 based on a control law uw = h(x) that satisfies the conditions of
Eqs. 5.5-5.8. Let Ajes >0, p> puin >0, p>ps >0, N > 1 and D > 0 satisfy the

condition of Eq. 5.108 and the following inequality:

—NRES + fX(NDA) + fv(fw(o, NDA)) + fv(fw(o, D)) <0 (5184)

with fy defined in Eq. 2.49, fw defined in FEq. 5.119, Np being the smallest integer
satisfying NpA > T,,, + D and Ny being the smallest integer satisfying NgA > T,,.
If the initial state of the closed-loop system xz(ty) € Q,, N > Np and dy = 0, then

x(t) is ultimately bounded in 2,, C 2, where:

Pd = Pmin + [x(NpA) + fv(fw (0, NpA)) + fv(fw(0, D)) (5.185)

with pmin defined in Eq. 5.26.

Proof: We assume that at ¢,, a delayed measurement x(t, — d,) containing new
information is received, and that the next measurement with new state information
is not received until ¢,,,;. This implies that t,; —d,; > t, —d, and that the iterative
DMPC of Egs. 5.176-5.183 is solved at ¢, and the optimal input trajectories uj ,(t|ta),

i = 1,...,m, are applied from ¢, to t,y;. In this proof, we will refer to Z(t) for
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t € [ta,tari) as the state trajectory of the nominal system of Eq. 5.1 under the control
of the iterative DMPC of Eqgs. 5.176-5.183 with Z(t,) = 2°(t,).

Part I: In this part, we prove that the stability results stated in Theorem 5.5 hold
for t,1; —to = Np.A and all d, < D. By Corollary 5.2 and taking into account that

Z(ty) = x°(t,), the following inequality can be obtained:

V(i(tass)) < max{V (2(ta)) — Np.o€s, prain}- (5.186)

By Corollary 5.3 and taking into account that x°(t, — d,) = z(t, — d,), T(t.) = x°(ta)

and NpA > Np ,A + d,, the following inequalities can be obtained:

[2(ta) = x(ta)l < Sw(0,da) (5.187)

[Z(tati) = 2(tasi)| < Sfw (0, NpA). (5.188)

When z(t) € Q, for all times (this point will be proved below), we can apply Propo-

sition 2.3 to obtain the following inequalities:

V(a(ta)) < V(z(ta)) + fr(fw(0,da)), V(z(tasi))

< V(E(tass) + fr(fw (0, NpA)). (5.189)

From Egs. 5.186 and 5.189, the following inequality is obtained:

V(&(tar:)) < max{V(z(ta)) — Npats, pmin} + fv(fw (0, da)). (5.190)
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By Proposition 5.1 and following similar steps as in the proof of Theorem 5.4, the

following inequality can be obtained:

V('%@a-i-i)) S V(f(ta-ﬁ—i)) + fX(ND@A)' (5191)

From Egs. 5.189, 5.190 and 5.191, the following inequality is obtained:

V(z(tars) < max{V(x(t.)) — Np q€s, Pmin} + fv(fw(0,da))

+fv(fw(0, NpA)) + fx(NpaA). (5.192)

In order to prove that the Lyapunov function is decreasing between two consecutive

new measurements, the following inequality must hold:

NDﬂES > fv<fw(0, da)> + fv(fw(o, NDA)) + fX(ND,aA) (5193)

for all possible 0 < d, < D. Taking into account that fy,, fiy and fx are strictly
increasing functions of time, Np , is a decreasing function of the delay d, and that if
d, = D then Np, = Ng, then if the condition of Eq. 5.184 is satisfied, the condition
of Eq. 5.193 holds for all possible d, and there exists €, > 0 such that the following
inequality holds:

V(z(teri)) < max{V(xz(ts)) — €w, pa} (5.194)

which implies that if z(t,) € ,/9Q,,, then V(x(t,4s)) < V(z(t,)), and if z(t,) € Q,,,
then V(x(te14)) < pa-
Because the upper bound on the difference between the Lyapunov function of the

actual trajectory x and the nominal trajectory z is a strictly increasing function of
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time, the inequality of Eq. 5.194 also implies that:

V(z(t)) < max{V(x(ta)), pa}, Vt € [ta,tari)- (5.195)

Using the inequality of Eq. 5.195 recursively, it can be proved that if z(ty) € €,
then the closed-loop trajectories of the system of Eq. 5.1 under the iterative DMPC
of Egs. 5.176-5.183 stay in 2, for all times (i.e., z(t) € §2,,Vt). Moreover, using the
inequality of Eq. 5.195 recursively, it can be proved that if z(ty) € €2, the closed-loop
trajectories of the system of Eq. 5.1 under the iterative DMPC of Eqgs. 5.176-5.183
satisfy:

limsup V(z(t)) < pq. (5.196)

t—o0
This proves that z(t) € €2, for all times and x(t) is ultimately bounded in €2,, when
tati —ta = NpoA.

Part 2: In this part, we extend the results proved in Part 1 to the general case, that
is, tori —ta < NpA. Taking into account that fy, fw and fx are strictly increasing
functions of time and following similar steps as in Part 1, it can be readily proved
that the inequality of Eq. 5.193 holds for all possible d, < D and tq4; —t, < NpA.
Using this inequality and following the same line of argument as in the previous part,

the stability results stated in Theorem 5.5 can be proved.

5.6.4 Application to an Alkylation of Benzene Process

Consider the alkylation of benzene with ethylene process of Eqgs. 5.56-5.80 described

in Section 5.4.3. We set up the simulations as described in Section 5.5.4.

We consider that the state of the process of Eqgs. 5.56-5.80 is sampled at asyn-

chronous time instants {t,>0} with an upper bound 7,, = 50 s on the interval between
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Figure 5.11: Asynchronous time sequence {t,>0} and corresponding delay sequence
{da>0} with T;, = 50 s and D = 40 s: the z—axis indicates {t,>0} and the y—axis
indicates the size of d,

two successive measurements. Moreover, we consider that there are delays involved in
the measurement samplings and the upper bound on the maximum delay is D = 40 s.
The delays in measurements can naturally arise in the context of species concentra-
tion measurements. We will compare the iterative DMPC of Eqgs. 5.176-5.183 with
a centralized LMPC which takes into account delayed measurements explicitly as
presented in Section 2.8. The centralized LMPC uses the same weighting matrices,
sampling time and prediction horizon as used in the DMPC. In order to model the
sampling time instants, the same Poisson process as used in Section 5.5.4 is used to
generate {t,>o} with W = 30 and T}, = 50 s and another random process is used to
generate the associated delay sequence {d,>o} with D = 40 s. For this set of simu-
lations, we also choose the prediction horizon of all the LMPCs to be N = 3 so that
the horizon covers the maximum possible open-loop operation interval. Figure 5.11
shows the time instants when new state measurements are received and the associated
delay sizes. Note that for all the control designs considered in this subsection, the

same state estimation strategy shown in Eq. 5.174 is used.

Figure 5.12 shows the trajectory of the Lyapunov function V(x) under different
control designs. From Figure 5.12, we see that both the iterative DMPC for systems

subject to delayed measurements and the centralized LMPC accounting for delays
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Figure 5.12: Trajectories of the Lyapunov function of the alkylation of benzene
process of Egs. 5.56-5.80 under the nonlinear control law A(z) implemented in a
sample-and-hold fashion and with open-loop state estimation, the iterative DMPC of
Eqgs. 5.176-5.183 with cpax = 1 and cpax = 5 and the centralized LMPC accounting

for delays: (a) V(z); (b) Log(V(x))
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Figure 5.13: Total performance costs along the closed-loop trajectories of the alkyla-
tion of benzene process of Egs. 5.56-5.80 under the centralized LMPC accounting for
delays (dashed line) and iterative DMPC of Egs. 5.176-5.183 (solid line)
are able to drive the system state to a region very close to the desired steady state
(V(z) < 250); the trajectories of V(z) generated by the iterative DMPC design are
bounded by the corresponding trajectory of V(z) under the nonlinear control law
h(z) implemented in a sample-and-hold fashion and with open-loop state estimation.
From Figure 5.12, we can also see that the centralized LMPC and the iterative DMPC
with cpax = 5 give very similar trajectories of V (z).

In the final set of simulations, we compare the centralized LMPC and the iterative
DMPC from a performance index point of view. To carry out this comparison, the
same initial condition and parameters were used for the different control schemes and

the total cost under each control scheme was computed as follows:

7= [ [Ietr)

where ty = 1500 s is the final simulation time. Figure 5.13 shows the total cost along

Q. T lua(m) |, + [lua(7)]

Ry T lus(T)l g, | dT (5.197)

the closed-loop system trajectories under the iterative DMPC of Egs. 5.176-5.183 and
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the centralized LMPC accounting for delays. For the iterative DMPC design, differ-
ent maximum numbers of iterations, c¢pa.y, are used. From Figure 5.13, we can see
that as the iteration number ¢ increases, the performance cost given by the iterative
DMPC design decreases and converges to a value which is very close to the cost of
the one corresponding to the centralized LMPC. However, we note that there is no
guaranteed convergence of the performance of iterative DMPC design to the perfor-
mance of a centralized MPC because of the non-convexity of the LMPC optimization
problems, and the different stability constraints imposed in the centralized LMPC

and the iterative DMPC design.

5.7 Conclusions

In this chapter, we designed sequential and iterative DMPC schemes for large-scale
nonlinear systems. In the sequential DMPC architecture, the distributed controllers
adopt a one-directional communication strategy and are evaluated in sequence and
once at each sampling time; in the iterative DMPC architecture, the distributed con-
trollers utilize a bi-directional communication strategy, are evaluated in parallel and
iterate to improve closed-loop performance. We considered three cases for the design
of the sequential and iterative DMPC schemes: systems with continuous, synchronous
state measurements, systems with asynchronous measurements and systems with de-
layed measurements. For all the three cases, appropriate implementation strategies,
suitable Lyapunov-based stability constraints and sufficient conditions under which
practical closed-loop stability is ensured, were provided. Extensive simulations using
a catalytic alkylation of benzene process example were carried out to compare the
DMPC architectures with existing centralized LMPC algorithms from computational

time and closed-loop performance points of view.
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Chapter 6

Conclusions

This dissertation presented approaches to networked and distributed predictive con-
trol of nonlinear process systems via model predictive control and Lyapunov-based
control techniques. Following an introduction to the motivation and objectives of this
dissertation, Lyapunov-based predictive control methods for nonlinear systems which
provide an explicit characterization for the closed-loop stability region and account for
the effect of asynchronous feedback and time-varying measurement delays were first
developed. Then, a two-tier framework for the design of networked predictive control
systems for nonlinear processes that naturally augment dedicated control systems
with networked control systems was presented. Subsequently, distributed predictive
control methods for large-scale nonlinear process networks taking into account asyn-
chronous measurements and time-varying delays as well as different sampling rates
of measurements were presented. Throughout the dissertation, the effectiveness and
performance of the control approaches were illustrated via applications to nonlinear

process networks and wind-solar energy generation systems.

Specifically, in Chapter 2, two LMPC designs for nonlinear systems subject to

data losses and time-varying measurement delays were presented. In order to pro-
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vide guaranteed closed-loop stability results in the presence of data losses and/or
time-varying measurement delays, the constraints that define the LMPC optimiza-
tion problems as well as the implementation procedures were modified to account
for data losses/asynchronous measurements and time-varying measurement delays.
The presented LMPCs possess an explicit characterization of the closed-loop system
stability regions. Using a nonlinear CSTR example, it was demonstrated that the

presented LMPC approaches are robust to data losses and measurement delays.

In Chapter 3, a two-tier networked control architecture, which naturally aug-
ments pre-existing, point-to-point control systems with networked control systems,
was presented. The two-tier networked control architecture is a decentralized control
architecture which is able to take advantage of asynchronous and delayed measure-
ments and additional actuation capabilities provided by real-time wired or wireless
sensor and actuator networks. Using a nonlinear CSTR example and a nonlinear
reactor-separator example, the two-tier control architecture was demonstrated to be
more optimal compared with conventional control systems and to be more robust
compared with centralized predictive control systems. The two-tier control archi-
tecture was also applied to the problem of optimal management and operation of a
standalone wind-solar energy generation system.

In Chapter 4, a DMPC design involving two controllers was presented where the
pre-existing LCS and the new NCS were redesigned /designed via LMPC. This DMPC
design uses a hierarchical control architecture in the sense that the LCS stabilizes
the closed-loop system and the NCS takes advantage of additional control inputs to
improve the closed-loop performance and provide the potential of maintaining the de-
sired closed-loop stability and performance levels in the face of new/failing actuators.

The extensions of this DMPC architecture to account for asynchronous and delayed
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measurements were also discussed. Using a nonlinear reactor-separator example, the

stability, performance and robustness of the DMPC designs were illustrated.

In Chapter 5, sequential and iterative DMPC designs for large-scale nonlinear
systems in which several distinct sets of manipulated inputs are used to regulate the
overall system were presented. In the sequential DMPC architecture, the distributed
controllers communicate via a one-directional communication network and are eval-
uated in sequence; in the iterative DMPC architecture, the distributed controllers
communicate via a bi-directional communication network, are evaluated in parallel
and iterate to improve closed-loop performance. Sequential and iterative DMPC de-
signs accounting for asynchronous and delayed measurements were also considered. In
addition, an approach to handle communication disruptions and data losses between
the distributed controllers was discussed in the framework of the hierarchical DMPC
architecture of Chapter 4. Using a nonlinear catalytic alkylation of benzene process
example, the DMPC designs were compared with the corresponding centralized MPC
designs from stability, evaluation time, and convergence points of view.

Future research in networked and distributed predictive process control as well as
related areas includes the development of general methods for the handling of broad
types of communication disruptions between distributed controllers, the design of
distributed state estimation systems which provide fast and guaranteed convergence
and the development of distributed plant monitoring and fault-tolerant control sys-
tems. The reader may refer to [11, 89, 92] for more discussions on the related open

problems.
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