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1 | INTRODUCTION

| Panagiotis D. Christofides'*

Abstract

In this paper, we propose a control Lyapunov-barrier function-based model predic-
tive control method utilizing a feed-forward neural network specified control barrier
function (CBF) and a recurrent neural network (RNN) predictive model to stabilize
nonlinear processes with input constraints, and to guarantee that safety require-
ments are met for all times. The nonlinear system is first modeled using RNN tech-
niques, and a CBF is characterized by constructing a feed-forward neural network
(FNN) model with unique structures and properties. The FNN model for the CBF is
trained based on data samples collected from safe and unsafe operating regions, and
the resulting FNN model is verified to demonstrate that the safety properties of the
CBEF are satisfied. Given sufficiently small bounded modeling errors for both the FNN
and the RNN models, the proposed control system is able to guarantee closed-loop
stability while preventing the closed-loop states from entering unsafe regions in
state-space under sample-and-hold control action implementation. We provide the
theoretical analysis for bounded unsafe sets in state-space, and demonstrate the
effectiveness of the proposed control strategy using a nonlinear chemical process

example with a bounded unsafe region.

KEYWORDS
control Lyapunov-barrier functions, neural networks, nonlinear model predictive control,
process safety

considered. Hence, MPC has been proposed as an advanced control

methodology to account for multivariable interactions, variable and

The severity of potential hazards involved and the close interaction
between human lives and environment make safety a top priority in any
industrial plant operations. The catastrophic outcomes of these incidents
alarm us of the importance of maintaining, designing, and implementing
stricter and more robust process and operational safety measures.! One
way to ensure this is by designing a comprehensive and robust process
control system that not only maintains stable production and economic
optimality, but also handles unexpected production scenarios that could
lead to unsafe operating conditions and environmental hazards. In addi-
tion to configuring alarming thresholds on process variables, the interac-
tions between multiple process variables in a large-scale complex plant
and their impact on the operational safety of the system should also be

safety constraints, and nonlinearities in industrial plants.

Amongst many MPC formulations, Lyapunov-based MPC (LMPC)
ensures feasibility and stabilizability within an explicitly defined stabil-
ity region using a Lyapunov-based stabilizing control law.?2 Previ-
ously, safety considerations have been incorporated in the design of
LMPC algorithms to specify unsafe regions of operation in state space
characterized by the relative safeness of process states,* as well as to
ensure that unsafe regions are avoided at all times by utilizing a con-
trol Lyapunov-barrier function (CLBF).>¢ CLBFs are developed from
the combination of a control Lyapunov function (CLF) and a control
barrier function (CBF), and can be used in control algorithms to

account for both stability and safety, respectively.””® Unsafe regions
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can be characterized by CBFs, which were proposed in many litera-
ture works!®~12 to ensure closed-loop safe performance. Amongst the
many advanced control methods, CLBF has been included as part of
the MPC formulation in Wu et al.'® to account for input constraints,
safety considerations, and the stability of the closed-loop system.

One challenge of implementing CLBF-based controllers is whether
the unsafe operating region can be explicitly and accurately represented
in closed form as a function of process states. While this may be possi-
ble to do for simple shapes or patterns of the unsafe region, it is practi-
cally difficult to express such a barrier function for real industrial
processes with complex unsafe regions that cannot be readily described
with common explicit functions. To this end, feed-forward neural net-
works (FNNs) can be used to model barrier functions based on data
samples collected from the safe and the unsafe operating regions.

Neural networks (NNs) have a proven record of success in solving
both classification and regression problems, whether it be via super-
vised or unsupervised approaches. According to the universal approxi-
mation theorem, NNs with sufficient number of neurons are able to
approximate any nonlinear functions on compact subsets of the state
space.1*1> Many previous works have been developed to incorporate
various machine learning modeling approaches with the design of
MPC.2¢"18 |n this work, in addition to using a recurrent neural network
(RNN) as the prediction model in the MPC, we also characterize the
CLBF using an FNN model. Provided with extensive training data which
are labeled, NN models can be constructed with strategically chosen
architectures, activation and objective functions, and evaluation met-
rics, and ultimately trained with supervision to approximate the barrier
function. The FNN-specified barrier function can be proven to satisfy
all required conditions of a barrier function, and can then be applied to
the CLBF-based controllers. In our study, we consider a CLBF-MPC,
where the barrier function is found using FNN structures.

The remaining paper is organized as follows. Preliminaries on the
class of systems considered, the stabilizability assumptions and safety
considerations given by CLBF are described in Section 2. We introduce
the structure and the development of the NN model in Section 3, along
with proofs of its efficacy when applied in the CLBF-based controllers.
In Section 4, the formulation of the CLBF-MPC with NN-specified BF is
presented, where the proof for recursive feasibility of the optimization
problem, as well as the boundedness and convergence of the closed-
loop state while always avoiding the unsafe region is shown, given
bounded modeling error of the NN-BF, sample-and-hold implementa-
tion of control actions, and a well-characterized set of initial conditions.
Lastly, in Section 5, the control method proposed in this work is applied

to a chemical process example to illustrate its effectiveness.

2 | PRELIMINARIES

21 | Notation

We use |-| to denote the Euclidean norm of a vector. LfV(X)::%f(X)

denotes the standard Lie derivative. Furthermore, a scalar continuous

function V:R" — R is proper if for all kR, the set {xeR" |V(x) <k} is
T Bg(e):=
{xeR"|x—e| < |} is an open ball around & with radius of g, with posi-

a compact set. x' denotes the transpose of x.
tive real numbers 8 and e. Set subtraction is denoted by “\”, that is,
A\B:={xeR" | x€A,x¢B}. 0 signifies the null set. Lastly, a function

f(-) is of class Ctif it is continuously differentiable.

2.2 | Class of systems
The class of continuous-time nonlinear systems considered is
described by the following state-space form:

x=F(x) +g(x)u+h(x)w, x(to) =xo, (1)

where xeR" represents the state vector, u€R™ represents the input
vector, and weW s the bounded disturbance vector, where
W:= {we R'||w|<6,0> O}. The input control actions are constrained
by their lower and upper bounds, u € U:={Umin S U <Umax} CR™. f(-),
g(-), and h(-) are vector and matrix functions of dimensions nx 1,
nxm, and n x |, respectively, and we assume that they are sufficiently
smooth. Without loss of generality, we take the initial time ty to be
zero, that is, to=0. It is assumed that f(0) =0. Thus, the system of
Equation (1) with w(t) =0 has a steady state at the origin. Addition-
ally, it is assumed the feedback measurement of x(t) is available at

synchronous sampling times, tj.

2.3 | Stabilizability assumptions expressed via
Lyapunov-based control

For the nominal system of Equation (1) with w(t) =0, we assume that
there exists a positive definite and proper CLF, V, that satisfies the

small control property as well as the following conditions:
L¢V(x) <0,vxe {zeR™\{0} | L;V(z) =0}. (2)

The small control property states that for every >0, 3§>0,
st. VxeBs(0), there
LV (x) +LgV(x) -u< 0 The existence of such CLF implies that there
exists a stabilizing feedback control law ®(x) € U for the nominal sys-

exists u that satisfies |u|<e and

tem of Equation (1) such that Equation (2) holds for u=®(x) e U, and
the origin of the closed-loop system is rendered asymptotically stable
for all x in a neighborhood around the origin under u=®(x)eU. A
candidate of a stabilizing feedback control law is shown in Lin and
Sontag.?° We can characterize a region ¢, where the time derivative
of V(x) is rendered negative using u=®(x)eU as: ¢,=
{xe R™ | V(x) = LiV(x) 4+ LgV(x) -u < O,u = ®(x) € U} U{O}. Within this
region ¢,, we define a level set of V(x), Qp:={x€¢, | V(x)<b,b>0},
which is a forward invariant set such that the closed-loop trajectory
x(t),t 20 of the nominal system of Equation (1) with w(t)=0 under

u=®(x) € U remains in Qp, for any initial condition xo € €.
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24 | Process modeled using RNN

When first-principles models of a process are not available or may not
be accurate, one way to model the process is to use data-based
machine-learning methods. A RNN is an effective algorithm that is
capable of modeling the dynamics of the nonlinear system of Equa-

tion (1), and its general formulation is shown as follows:
X =Fon(%,u):=AX+ Oy, 3)
where X€R" is the state vector of the RNN model and ueR"

is the y= [Y1,myYmYnH,-‘-,YHm] =
[6(X1),.,6(Xn), U1, ..., Um] € R™™ is a vector that contains both the net-

manipulated input vector.
work state X and the input u, where () is the nonlinear activation

function. A is a diagonal coefficient matrix, that s,
A=diag{—ay,..,—an} €R™", and ©=[0s,....0,] € RMMXN \yith
0;=b; [w,-1,...,w,«(m+n>], i=1,..,n. a; and b; are constants. w;; represents
the weight connecting the jth input to the ith neuron where i=1,...,n
and j=1,...,(m-+n). g; is assumed to be positive for each state X; to be
bounded-input bounded-state stable. For the remainder of the manu-
script, x will be used to denote the state of the nonlinear system of
Equation (1), and x will be used to denote the state of the RNN model
of Equation (3).

As the RNN model of Equation (3) is an input-affine system, it can
be also written in the form that is similar to the general nonlinear

system of Equation (1):
x=Ff(x) +3(x)u, (4)

where f(-) and §(-) can be derived from the coefficient matrices A
and © in Equation (3) and are assumed to be sufficiently smooth. The
construction of RNN models including procedures on data generation,
model training and validation, as well as developing an ensemble of
models have been outlined in Wu et al.2* Note that f(-) and §(-) can
be approximated via numerical methods. The modeling error of the
RNN, |v|, needs to be below a certain threshold vy, during training,
and is bounded as follows: |v|=|F(x,u,0) —Fpa(X,u)| <7 |X]| Svm,
where y > 0. The bounded modeling error is a requirement to ensure that
the nonlinear system of Equation (1) and the RNN model of Equation (3)
have the same steady-state within the operating region considered, and
is a requirement used in subsequent stability and safety proofs. Further-
more, we assume that there exists a CLF V and a Lyapunov-based stabi-
lizing control law u=®p,(x) €U that renders the origin of the RNN

modeled system of Equation (3) asymptotically stable.

2.5 | Control barrier function

We assume that there exists an open set D in state-space that should
be avoided during operations; for example, the operating conditions
within this region may result in process safety risks. We also charac-
terize a set of safe states, Xo:={xeR"\D} where {0}€X; and

AI?BIl:'J R NALJ?,;H‘S

Xo ND=0. The set of initial conditions to be considered in this study
will be developed from X.

Two types of unsafe regions are generally considered in literature—
bounded and unbounded sets—the details of which can be found in Wu
and Christofides.® We denote bounded unsafe set and unbounded
unsafe set as D, and D,, respectively. Due to the data-driven
approach of constructing the CBF, there are relevant restrictions with
collecting finite samples from compact sets of safe and unsafe data.
Therefore, only bounded unsafe sets can be handled in this approach.
Details of the limitations on the compactness of the unsafe set will be
further presented in Section 3.2.2. We address process operational
safety in the sense of not entering any unsafe sets. The formal defini-
tion of process operational safety is defined as follows:

Definition 1. Consider the nominal system of Equa-
tion (1) with w(t)=0 and input constraints ueU. If
there exists a control law u=®(x) € U such that, for any
initial state x(tp) =xo € X0, the origin of the closed-loop
system of Equation (1) is rendered asymptotically stable,
and the state trajectories of the system do not enter the
unsafe region, that is, x(t) € Xo, x(t) ¢ D, Vt 20, then the
control law u=®(x) maintains the process state within

a safe operating region X for all times.

Following the definition of safe operation, the definition of a valid
CBF is as follows?2:

Definition 2. Given a set of unsafe points in state-
space D, a C! function B(x):R" —R is a CBF if it sat-
isfies the following properties:

B(x)>0, ¥xeD, (5a)
LiB(x) <0,vxe€ {zeR"\D|LyB(z) =0}, (5b)
Xp={xeR"|B(x) <0} # 0. (5¢)

Remark 1. In many chemical processes, unbounded
unsafe sets represent unsafe operations where process
variables exceed their safety envelopes, for example,
when temperature is above a threshold that can lead to
overheating, or when concentration is below a threshold
which could lead to incomplete reaction. Bounded
unsafe sets are more common in mechanical processes;
for example, robotics navigation to avoid obstacles in its
trajectory. In chemical processes, many mid-range oper-
ating conditions are suboptimal to achieving high yields
of reactions. For example, low pressure steam could be
used as a coolant at low temperature, or as a heat

source at high temperature. However, if its temperature
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pose and might be discarded as waste.

Remark 2. For many industrial operations where the

CHEN ET AL
is in the middle ranges, then it is not fit for either pur-
> X, b, b,
9.0 0.@
(5 % 1 7% .,
/ w0 bju) bja) Wi

dynamics of the process is not well understood, it is dif-
ficult to model the intertwined relations between multi-
tudes of variables. Although it is possible to specify
certain operating envelopes within which individual pro-
cess variables should operate within, the impact of
these variables on other variables, and vice versa, may
not be preassessed and therefore, cannot be explicitly
described. It is common for plant operators to provide
data points at or near which operation would be
avoided. With these data points, we can use the

approach discussed in this manuscript to model a CBF.

3 | CONSTRUCTION OF BARRIER
FUNCTION USING NEURAL NETWORKS
3.1 | Neural network structure and training

In our study, we use a feed-forward artificial neural network (FNN) to
synthesize the CBF E(x). A conventional FNN consists of an input layer,
an output layer, and any number of hidden layers in between that can be
customized depending on network complexity and computational need.
Each layer undergoes nonlinear transformations, which consists of activa-
tion functions of a bias term plus the weighted sum of neurons in the pre-
vious layer. In turn, the results of these activation functions provide the
values of the neurons in the current layer. The neurons in the first hidden
layer are derived from the input layer, and the outputs are calculated based
on the neurons in the last hidden layer. The input layer contains the state
vector x of the nonlinear system of Equation (1) with a dimension of
R", and the single output in the output layer provides the predicted
barrier function B(x) for the particular input data sample x.

Without having prior knowledge on an explicit formulation of the
barrier function B(x), training data for the NN will be collected for
both the safe and unsafe regions with target values of B(x) that satisfy
the conditions of Equations (5a) and (5c) for each region respectively.
We choose nonlinear activation functions that will best fit the dichot-
omous nature of the barrier function, which will aid in obtaining better
prediction accuracy. Furthermore, we encode custom loss function
and evaluation metric for the FNN in order to ensure that the condi-
tion of Equation (5b) is also satisfied. Since this approach is data-
driven and dependent on the sampling of training data generation, we
also provide formal proof for the verification of the FNN-learned bar-
rier function B(x), proving that the B(x) indeed satisfies all conditions
of Equations (5a)-(5c). The structure of a 2-hidden-layer FNN is pres-
ented in Figure 1 and in Equations (6a)-(6c):

n
o =g, < w,§1>x,»+b}“>, (6a)
i=1

yor "y en 4
: . % B(x)

§eh1(1)

§ ehz(Z)

FIGURE 1 Structure of a 2-hidden-layer feedforward neural
network with the state vector xeR" as inputs and the CBF B(x) as the
output

hy
2) 2) 5(1) (2)
o —gz<§ “wiPoY +bf ) (6b)

i=1
~ hz
Bog, (Z W;SJ952>+b<3>>, (60)
i=1

with 0}1) and 6].(2) representing neurons in the first and second hidden
layer, respectively, where j=1,...,h; is the number of neurons in layer
I=1 and I=2. The weight associated with the connections between
neurons i and j, which are in consecutive layers (from | —1 to ), is den-
oted by w,!j'), and bj(') represents the bias term added to the weighted
sum for each neuron in hidden layers I=1,2 and output layer |=3.
Upon receiving the information from the previous layer, neurons in
the current layer | then computes an output via a nonlinear activation
function, denoted g;. There are many choices of activation functions,

for example, sigmoid function, g(z) hyperbolic tangent sigmoid

—__1
T Ite?

function g(z) —1, and Relu function, g(z) =max(0,z); inter-

ested readers may refer to?® for more details on the different activa-
tion functions and their characteristics. The two-hidden-layer
representation in this section can be similarly extended to multiple
hidden layers for better fitting suited for other applications.

To train the FNN, training data are generated by sampling points
from the operating region of the system (i.e., xe X CR" where X is a
compact set). In order to ensure that the FNN developed from dis-
crete data samples is able to meet the conditions of B(x) in a continu-
ous sense (for reasons that will be further explained in Section 3.2),
the safe and the unsafe operating regions we consider need to be
compact and connected sets within X. Therefore, we first characterize
a compact and connected set H, that encloses the open set D such
that a key condition used for designing CBF, as shown in Equa-
tion (12), is satisfied. These design guidelines are explained in detail in
Section 4.1. Then, we use H’, which encloses H with sufficient margin,
to represent the unsafe region. Samples from the unsafe region H’
and the safe region X'\'H' are collected by discretizing the respective

regions with a fixed mesh size (6x);;, and (6x) 4, respectively. We
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denote the finite sampled data set of the unsafe region as S;,, and the
finite sampled data set of the safe region as Sz. To achieve best train-
ing results, equal number of samples for each set is obtained, where
Np and N, represents the number of sampled data points in the unsafe
and the safe regions respectively.

Due to the dichotomous condition of B(x) as specified by
Equations (5a) and (5c) (depending on whether the particular point x
belongs to the safe or the unsafe region in state-space), the activation
functions of the two hidden layers and the output layer are all chosen
to be the hyperbolic tangent sigmoid function (i.e., tanh(z)) due to the
nature of tanh(z) functions settling at 1 as z approaches +o0, and —1
as z approaches —oo, effectively polarizing the outputs and allowing
the outputs of the FNN to take either relatively constant positive
values, or relatively constant negative values. According to the
requirement of conditions Equations (5a) and (5c), we can then label
safe data points in Sz as having an output value B(x) of —1, and
unsafe data points in S, as having an output value B(x) of +1. These
labeled target output values can be then compared to the predicted
output values given by the layers of neurons and tanh activation func-
tions; more specifically, we use mean squared error (MSE) in the
objective function to track the error between the target B(x) and the
predicted B(x) values. Minimizing the MSE between the target B(x)
and the predicted B(x) values will address the conditions of
Equations (5a) and (5c¢). Furthermore, we add an additional term in the
cost function, which uses the RelLu function and penalizes sample
points that violate the condition of Equation (5b). To obtain an opti-
mal set of weights and biases that will produce an output B(x) that
meets all three conditions of Equations (5a)-(5c), we use an optimiza-
tion algorithm to minimize the cost function, which has the follow-

ing form:

Cost = Cost; + Costs,
Ns

Cost; = aNiZ (Bk - Bk)zv

S k=1

N,
Cost, =8 Z' Relu (Lfgl + ‘L'l) ,
=1

where Cost; represents the MSE between the target and the
predicted outputs for all samples in the operating region, and Cost,
represents the penalizing term to ensure that LfB <Oforall xeSy. k=
1,...,Ns represents the total number of samples in the training dataset,
thatis, Ns=Np +N,, and j=1,...,,N, represents all sample points in the
safe operating region. In Cost,, 7; is a small positive constant. Since
Relu is defined to take the maximum between its argument and O, we
penalize any occurrences of data samples producing LfBj+T‘>O,
thereby forcing L;Bj to be negative for all points in the safe region.
Positive constants a and g are hyper-parameters representing the
weights of the two terms in the cost function. During training, when
Z]-N:’:lReLU(L‘}Bj‘i‘TI) has reached 0O, then we have arrived at a
predicted barrier function B(x) that satisfies the condition
Equation (5b). In order to ensure the efficacy of the predicted barrier
function B(x) at the end of the network training, we evaluate and

monitor Cost; and Cost, separately during training, and implement

AI?BIl:'J R NALJE’;H‘S

stopping criteria that would require both Cost; and Cost; to reach
below their respective thresholds to ensure bounded modeling
error for B(x) as well as negative semi-definiteness of L;BsO for

all xe S7.

3.2 | Effectiveness of NN-based barrier function
The definition given in Definition 2 presents the properties and charac-
teristics of an adequate barrier function. In this section, we will show
how FNN-based barrier function can be verified to satisfy Definition 2
and be applied to continuous nonlinear systems of Equation (1).

3.2.1 | Continuity and differentiability

By Definition 2, the barrier function is a continuously differentiable
function, thus we need to show that B(x) and é(x) are continuous. By
the universal approximation theorem, feed-forward artificial neural
networks are able to model any continuous nonlinear functions on
compact subsets of the state space R" with sufficient number of neu-
rons.'® Furthermore, B(x) is the output of a series of nonlinear activa-
tion functions of inputs, weights and biases. We choose activation
functions that are Lipschitz continuous in the compact subset within
which the FNN training data is collected, such as tanh. All hidden
layers and output layer of the FNN model for approximating B(x) use
tanh as the activation function, therefore making B(x) also Lipschitz

continuous.

3.2.2 | Verification

Minimizing the cost function of Equation (7) aims to minimize the
error between the values of B(x) and B(x) as well as to penalize viola-
tions of the decrease condition LfB(x) <0,VxeSz, but does not
enforce the conditions of Equations (5a)-(5c) in a continuous sense.
Therefore, we must verify that these conditions hold over the com-
pact subsets for which the respective data samples are collected from.
Many verification techniques can be used, such as the satisfiability
modulo theories (SMT) algorithm in Chang et al.?* and the Lipschitz
method in Jin et al.?> and Richards.2® More specifically, the work in
Bobiti and Lazar?” has shown the verification of the decrease condi-
tion for a candidate Lyapunov function on a finite sampling of a
bounded set of initial conditions. The following theorem is adapted
from the work in Bobiti and Lazar,?” in which the full proof of the the-

orem is presented in details.

Theorem 1. Let S, be a finite set sampled from a compact
set SC R" such that for all x€ S, there exists at least a pair
(Xs,0%s) €Ss x Ry s.t. | X —Xs | < 6xs. If for all xs €Ss it holds
that F(xs)s —Lg-6xs (or respectively F(xs)< —Lg-6Xs),
where Lg >0 is the Lipschitz constant for function F, then
F(x) < 0 (respectively F(x) < 0) holds for all x € 5.2
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Therefore, by Theorem 1, we can show that L;B(x) <0,vxe X\H'
by checking the tightened condition L;B(x) < =L 8%y, VX EST,
where the sampled finite set S; is a discretization of the compact set
X\H', L' >0 is the Lipschitz constant for L?B(x), and dxy\y >0 is the
discretization mesh size in the safe region X\H'. Similarly, we can
B(x)<0,vxeX\H' by showing that B(x)s<—
L-8x 3¢ Vx €Sz, where L is the Lipschitz constant for B. Once this

show that

tightened condition is verified, it is sufficient to show that the condi-
tion of Equation (5c) is satisfied. Lastly, we show that the condition of
Equation (5a) is satisfied by verifying that —B(x) < —L-8X;, VX €S,
(where the sampled finite set S;, is a discretization of the compact set

H'), which means —B(x) < OVx e H/, and equivalently B(x) > Ovx e H'.

3.2.3 | Characterization of unsafe data
It is generally difficult to describe the exact unsafe operating conditions of
nonlinear processes as the actual unsafe set D can be open and not con-
nected. For example, unsafe sets are not connected if there are multiple
clusters of unsafe operating regions located within close proximity such
that navigating around them would be nearly impossible. Therefore, in
order to proceed with designing an adequate CBF, we first characterize a
compact, connected set, denoted as H, to embed the unsafe set D. This
approach is similarly applied in the design of constrained CLBF W (x)
proposed in Wu et al.,'® where an explicit form of the CBF was con-
structed. In our study, we use a similar compact and connected set H,
such that D C 'H, to characterize the set of unsafe states considered.
To obtain a FNN model for the CBF, we need to supply the model
with training data samples from the unsafe and the safe operating
regions in state-space. As there always exists inherent modeling error
in the approximation of the CBF, a contingency margin should be con-
sidered when generating these training data. More specifically, we use
a larger compact set, H' where H C H’, to distinguish the different
labels assigned to safe and unsafe data samples. Data samples
obtained from a discretization of the region ' will be labeled as
“unsafe,” and data samples obtained from a discretization of the set
X\H' will be labeled as “safe.” Upon verification of the trained model
with regards to the definition of CBF (Equations (5a)-(5c)) and with
regards to the classification accuracy, we ensure that the resulting
unsafe region as predicted by the FNN-modeled CBF, denoted as H,
should be as close to ' as possible and always be a superset of the
compact unsafe region H. We leave sufficient margin between H and
‘H' so that, with bounded modeling error in the FNN model for CBF
(Equations (6a)-(6c)) and in the RNN model for the nonlinear process
(Equation (3)), it is guaranteed that the closed-loop state will not enter

‘H given any initial condition xo € X\'H'.

Remark 3. Despite rigorous training and extensive vali-
dation, there may still exist modeling error in the testing
phase or in the implementation of the NN model that
we cannot eliminate completely. Without knowing an
explicit analytical form of B(x), it is difficult to quantify
such modeling error as well. We assume that the

contingency margin that we leave when characterizing
the set of unsafe points for which training data will be
generated from is able to account for the inherent
modeling error of the FNN-modeled CBF B(x). Hence,
while the FNN output B aims to characterize the unsafe
region boundary as close to H’ as possible, in the pres-
ence of modeling error, the predicted B(x) will satisfy all
conditions on CBF and CLBF with respect to the actual

unsafe closed and compact set H.

Remark 4. To verify that the FNN-modeled barrier func-
tion B(x) satisfies the properties of a CBF in a continu-
ous sense, the finite sets of safe and unsafe data used
to build the FNN must be sampled from a compact
(i.e., closed and bounded) safe set X\'H’, and a compact
unsafe set H’, respectively, as shown in Section 3.2.2. It
should be noted that the unsafe set H’ is a set charac-
terized by the user to enclose the compact set H to
account for the error margin in the neural network
model. Moreover, the compact set H is a set character-
ized by the user to enclose the actual unsafe region D.
In this study, we focus on bounded unsafe sets, D.
Bounded unsafe sets in the middle of the operating
region could obstruct the state trajectories, and are
therefore the more difficult case to handle. In the case
of unbounded unsafe sets, D,, they must be first
approximated by a sufficiently large compact set within
a reasonable physical range, D;. Based on this approxi-
mated unsafe set, we can then characterize the compact
set H'D DE from which we will collect finite samples of
unsafe data used for training the FNN, and subse-
quently, the analysis and design of CLBF will follow that
of the bounded unsafe set.

4 | STABILIZATION AND SAFETY VIA
CONTROL LYAPUNOV-BARRIER FUNCTION

A CLBF was proposed in Romdlony and Jayawardhana,® which is a
weighted average of a CLF and a CBF, where it was shown that if a
CLBEF exists for the system of Equation (1) with w(t) =0, there exists
a controller u=®(x) that will maintain the closed-loop state with
Xo € Xo within a level set of the CLBF and outside of D at all times.
The work in Wu et al.>*2 extends the analysis to constrained CLBFs,
accounting for physical constraints on manipulated inputs u € U. In the
recent work in Wu and Christofides,?® a constrained CLBF-MPC is
analyzed where the MPC uses a prediction model built from an
ensemble of RNN models, and the stability and safety properties of
this approach were guaranteed using a control law u = ®p,(x) € U. The
CLF needs to meet the conditions outlined in Section 2.3 and the CBF
needs to meet the conditions of Equations (5a)-(5c). As we have
shown in Section 3.2, upon successful verification of B(x) against the
conditions of Equations (5a)-(5c¢), it is a valid CBF which CLBF-based
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controllers can take in. Therefore, the theoretical results shown in%®
can be similarly applied to a CLBF constructed with a FNN-specified
CBF B(x), where closed-loop stability and safe operation can be
achieved under the CLBF-based control law u=®,,(x) U for the
RNN system of Equation (3).

The definition of a constrained CLBF constructed using the FNN-
CBF B, denoted as Win(x) with respect to the RNN model of Equa-

tion (3) is as follows:

Definition 3. Given a set of unsafe points in state-
space D, a proper, lower-bounded and ¢! function
Wpn(x):R" — R is a constrained CLBF if Wp,(x) has a
minimum at the origin and also satisfies the following

properties:
Win(X) > p, YXED C by, (8a)

L;Win(x) <O,

(8b)

Vx€{z€ ¢, \(DU{0}UXe) | LgWpn(2) =0},
up:={X€¢uc ‘ Wnn(X) Sﬂ} #0, (8(:)
du\(DUU,) ND=0), (8d)

where peR is a constant, Xe:={x€ ¢, \(DU{0}) | dWpn(x)/dx =0} is
a set of states for the RNN model of Equation (4) where L,;Wn,,(x) =0
(for x 7 0) due to IW,n(x)/dx=0. f and g are from the RNN model in
Equation (4). Under a stabilizing control law u=®p,(x)€U, ¢, is
defined to be the union of the set where the time-derivative
of Wpa(x) is negative with constrained inputs, the origin, and the set
X = {XER | WanX()®m(x) = LW +LgWpn-u<—
aw|Wan(X) = Wpn(0)|u=@pn(x) e U} U{0} UX,, and aw is a positive
real number used to characterize the set ¢,. A control law u=
®,n(x) €U that renders the origin exponentially stable within ¢, is
assumed to exist for the RNN system of Equation (3) in the sense that
there exists a C! constrained CLBF Wpn(x). The CLBF function sat-
isfies the following conditions Vxe ¢, and has a minimum at the

origin:
e1lX|? € Won(x) = po < €2|x|%, (9a)
IWpn(x R
;;( )F,.,,(x,<1>n,,(x)) < —Ca|x|%, VX E dyc\Bs(Xe) (9b)
W (X)] .
‘T <Cq x| (9¢)

where ¢j(-), j=1,2,3,4 are positive real numbers, Wy,(0) = pq is the
global minimum value of Wp,(x), and Bs(x.) is a small neighborhood
around X, € Xe. Fan(x,u) is the RNN system of Equation (3).

In addition, in the nonlinear system of Equation (1), we assumed

that functions f,g, and h are sufficiently smooth, by continuity, there

exist positive constants L,,L,, L;(,L:N, M, such that for all x,x'el4,,
weW, and u e U, the following conditions will hold:

[FOou,w)| =M, (10a)
| FOx,uw) —F(xX,u,0) | <Ly |x—x|+Ly|W], (10b)
IW i (X) IW (X)) ,
%F(x,u,w)—#F(X’,u,O) U x—x|+]| <L), |wn|.

(10c)

In Wu and Christofides,® an exemplar stabilizing control law ®,,(x) is
shown. The Lyapunov function V(x) can be replaced with the CLBF
Win(x) within the Lyapunov-based control law that is presented in

the form of the universal Sontag controller.2°

41 | Design of constrained CLBF

We first design CLF and CBF separately to meet their respective condi-
tions, and we follow the practical design guidelines presented in Wu
et al.*® to construct the CLBF. We present the design method for choosing
the CLF, the CBF, and the corresponding weights in this section, and show
that the B(x) is able to meet all the conditions on CBF, through which
Win(x) is able to meet all its required properties of Equations (8a)-
(8d) and (9a)-(9¢) and has a global minimum at the origin.

Proposition 1. Given an open set D of unsafe states for
the system of Equation (1) with w(t)=0, assume that
there exists a C* CLF V:R"—R,, and a C* CBF
B:R" — R, such that the following conditions hold:

c1lx? < V(x) s ca|x|2, ¥xeR", ca > ¢1 >0, (11)
DCHCH Chy,0¢ H,O0EH, (12)
B(x)=—n<0,YxeR"\H;B(x) >0,vyxeH, (13)

where H is a compact and connected set within ¢,., and H' is a com-
pact and connected set within ¢, that encloses H with sufficient
margin to account for modeling errors in B(x), f, and g. Define W, (x)
to have the form W, (x):=V(x) +uB(x) + v, where

]%'sam, (14)

LiWin(x) <O,

(15)
vxe {z€ ¢, \(DU{0}UX,) |LzWnn(2) =0}
u> C2C3 7C1C4Y (163)
n
v=p—C1C4, (16b)
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3= max |x|?, (16¢)
xedH

Cai= min x|, (16d)
then the control law ®,,(x) (Lyapunov-based Sontag controller
with Wy, (x) replacing V(x)) guarantees that the closed-loop state
is bounded in ¢,/\H and does not enter the unsafe region H for
X0 € puc\ Dy,

all  times, for any initial state where

Dyyi= {x€H' |Wnn(X) >p}.

Proof. By the construction of the FNN model for the
CBF, B(x) meets the condition of Equation (13) despite
modeling error due to the characterization of H' D> H,
where the margin between H' and H accounts for the
modeling error of B(x), and of f and g of the RNN model
of Equation (4). It was proven in Wu et al.*®* and Wu
and Christofides?® that a constrained CLBF designed
following these guidelines satisfies the properties of
Equations (8a)-(8d) and (9c); the proofs will be
omitted here.

In addition, we also need to prove that the constrained CLBF
Won(x) designed using a CLF V(x) and a CBF B(x) satisfies the addi-
tional properties of Equations (9a) and (9b), which are required for u=
®,n(x) €U to render the origin of the RNN system of Equation (3)
exponentially stable. In order to make sure Equation (9a) holds, both |
V(x) =V(0)| and |B(x)—B(0)| need to be bounded. From Equa-
tion (11), we know that ci|x|?> <V(x)—V(0) < co|x|%, VxR since
V(0) =0. Based on the construction and the training objectives of the
FNN-modeled CBF, we also know that | B(x) — B(0) | <2 within a suf-
ficiently small bounded error that includes modeling inaccuracies and
numerical error in the B predictions. Therefore, the resulting CLBF,
Wpn(X) — Wpn(0), which is a linear combination of the bounded V/(x)
and E(x), is also bounded by its respective lower and upper bounds as
shown in Equation (%a).

The condition of Equation (9b) holds due to the definition of ¢,
as well as the boundedness of | Wpn(x) — Wpn(0) |, where ¢3 = awCa.
Furthermore, V(x) has a global minimum at the origin: V(0)=0 and
V(x) > O for all xe R"\{0}. With a sufficiently small bounded numerical
error and modeling error, B(x)=-1 for all XEpy,\H', where
{0} €y \H', and B(x) =+1 for all xeH'. Therefore, B(x) also has a
global minimum at the origin within bounded numerical error. Since
Win(x) is a weighted average of V(x) and B(x), the global minimum of
Wpn(x) is also at the origin. Therefore, we have demonstrated, a CLBF
Wpn(x) and a controller u=®,,(x) €U exist that together satisfy all
conditions of Equations (8a)-(8d) and (9a)-(9c), and will guarantee
exponential stability for all xo € ¢, \ D5,

In the rest of our paper, we will focus on initial conditions in ¢/,
which is a forward invariant set of Wp,(x) as defined in Equation (8c).
Furthermore, closed-loop stability and safety for the RNN system of
Equation (3) are analyzed with respect to bounded unsafe sets similar

to Theorem 1 in Wu and Christofides.® Specifically, in the presence of

bounded unsafe sets, there exist stationary points x. € X, in state-
space other than the origin that can be treated as saddle points. When
states reach these stationary points, the continuous control law of u=
®n(x) €U is unable to drive the states away from them. We design
discontinuous control actions u=u(x) € U, Ui(x) # ®pn(X), to drive the
states away from these saddle points in the direction of decreasing
Win(x). The theorem below provides the sufficient conditions under
which the controller u=®,,(x)€U designed based on the CLBF
Win(x) is able to fulfill stability and safety for the closed-loop RNN
system of Equation (3).

Theorem 2. Consider a constrained CLBF Wyn(x): R —
R built using B(x), that has a minimum at the origin and
satisfies the conditions of Equations (8a)-(8d), exists for
the RNN system of Equation (3). The controller u=
@,n(x) €U that satisfies Equations (9a)-(9¢c) guarantees
that the closed-loop state stays within U, for all times for
any xo €U,. In the presence of a bounded unsafe region in
state-space, the origin can be rendered exponentially sta-
ble under u= ®,,(x) € U (if x is not near a saddle point x.)
and under discontinuous control actions u=1u(x) €U that
decrease Wpn(x) (if x is near a saddle point x.) for

allxo €U,

Proof. It has been proven in Wu et al.***?® that the
universal Sontag controller'® with the CLBF W,,(x)
replacing the Lyapunov function V(x) gives a valid u=
®,n(x) €U that ensures Wn,,(x) <0 for all xel,, there-
fore ensuring that for xo €U, x is bounded in U, for all
times. Furthermore, since U, is a level set of Wp,(x) in
Puc (@ is a set within which Egs. (9a)-(9¢) is met), the
origin is rendered exponentially stable under
U=®p(x)€U. In the presence of bounded unsafe
regions, the saddle points at which W,,(x)=0 can be
handled by discontinuous control actions u=
u(x) eU,u(x) # ®pn(x) that decrease Wp,(x). The
detailed proofs for handling bounded unsafe sets can be
referenced from Theorem 1 in Wu and Christofides,®

and will be omitted here.

5 | CLBF-BASED MPC USING FNN CBF
AND RNN PREDICTION MODEL

In this work, we propose a CLBF-based MPC which is designed based
on a CLBF-based controller that ensures simultaneous closed-loop
stability and process safety for the nonlinear system of Equation (1).
The CLBF-based controller u=®,,(x) € U, which uses a Wp,(x) incor-
porating an FNN-modeled CBF (B(x)), is designed based on the f and
g of the RNN system of Equation (4). Then, the CLBF-MPC is devel-
oped to optimize process performance while driving the process
states to a small ball around the origin. So far, we have shown that a

valid CLBF Wp,(x) can be constructed using é(x), from which the
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controller u = ®,,(x) € U exponentially stabilizes the origin of the RNN
system of Equation (3) while keeping closed-loop states in a safe
region of operation i/,.

The control actions of the CLBF-MPC are implemented in a
sample-and-hold manner to the original nonlinear system of Equa-
tion (1), that is, for any te€ [t tkr1), u(t) =u(tc), where tg 1=ty +A.
Note that A is the sampling period of the MPC. Due to the presence
of bounded disturbances in the nonlinear system of Equation (1), as
well as the modeling mismatch between the RNN system of Equation (3)
and the first-principles system of Equation (1), we must investigate the safety
and stability properties of the system with these considerations in mind.

In Proposition 1 of Wu and Christofides,?® given that the model-
ing error of the RNN model of Equation (3) is bounded by
|v|=| F(%,u,0) — Fn(x,u) |
Equation (1) has bounded disturbances |w| <wp, the boundedness of
We(x)) |
was shown, where W, is a CLBF that uses an explicitly defined CBF
B(x). More specifically, |x(t)—X(t)| <fu(t):="2"ptm (ebt — 1), and
We(x) £ We(X) +klx—X| +°4W\x x|, where k>0. Since Wp,(x)

can be also shown to be contlnuous and bounded on a compact set and

<y|Xx| Sum, and the nonlinear system of

the state error |x—X| and the difference between |W,(x) —

behaves the same as W.(x), the same proofs apply on Wy, (x), and we
can conclude that Wp,(x) £ W, (X) + C4wa( t) 4 «fw(t)?, where &,
and ¢4 are positive real constants in Equatlons (9a)-(9¢) for Wps(x).

All subsequent proofs on the stability and safety of the nominal
system of Equation (1) under the CLBF-based control law designed
based on Wp,(x) follow the same proofs in Wu and Christofides?®
(Propositions 2 and 3), with W,,, replacing W.. This is shown for
bounded unsafe regions, where the CLBF-based control law designed
using the RNN model of Equation (3) can also guarantee closed-loop
exponential stability and safety for the nominal system of Equation (1).
We will show that the combination of the CLBF-based control law
u=®py(x) €U along with discontinuous control actions that yield
decreasing Wpn(x) will provide exponential stability and safety in the
case of bounded unsafe sets.

We consider the nominal system of Equation (1) with a bounded
unsafe set, where saddle points x. € X, are present in i{,. We provide
sufficient conditions, under which the continuous CLBF-based control
actions u = ®p,(x) € U and the control actions u=1(x) € U designed in
a discontinuous manner, can ensure closed-loop stability and safety.
The proof for the following adapted proposition can be found in Wu
and Christofides.?®

Proposition 2. If the RNN model is developed such that
for all xeU, and ueU, the modeling error is constrained
by |v|=|F(x,u,0) — Fan(x,u) |
real number that satisfies y<¢3/cs, and furthermore,

<y|x|, where y is a positive

Equation (17) is satisfied under discontinuous control

actions u=T1(x) € U when x(t,) =X(tk) € Bs(Xe),

Win (X(t)) < Wan(X(tk)) — fe(t — ti), Vt > ti (17)

where

¢ —
felt—ti)=— Y0 L0 V\;’Tp"fw<t—tk> —kf(t —ti)?
C1
and f,(t) is the upper bound on the state error | x(t) —X(t) | <fw(t), then
the stability and safety properties outlined in Theorem 2 also apply to the
nominal system of Equation (1) with a bounded unsafe region D, under
U=®p,(x) €U and u=1u(x) e U.?

In the presence of bounded disturbances (i.e., | w(t) | < wp), now
we show that the nonlinear system of Equation (1) can be rendered
exponentially stable and maintained within the safe region ¢/,. Under
the sample-and-hold implementation of the control actions, the state
of the closed-loop system of Equation (1) is always bounded in U/,
Given that the set of ini-

tial conditions ¢/, for which exponential stability and safety of the

and converges to a small neighborhood ¢/,, . .

RNN system of Equation (3) can be guaranteed under the CLBF-based
control laws is characterized using Wy (x), the following proposition
has been adapted from Proposition 4 in Wu and Christofides.?®

Proposition 3. Consider the
Equation (1) under the CLBF-based controller u=
®,n(x) € U (under sample-and-hold implementation), which

nonlinear system of

is built using a valid W, following Proposition 1 and sat-
isfies Equations (9a)-(9c). If Equation (17) is satisfied under
the controller u=1u(x) € U in a sample-and-hold fashion for
x€Bs(xe), and there exist &,>0, A>0 and

Ps < Pnn < Pmin <P that satisfy

C / /
—5, (s =p0) +LMA+ L, Wi < — e (18)

and

Pani=max{Wpn(X(t+A)) | ue Ux(t) €U, } (19a)

Pt fe(A) = Prmin (19b)
where f.(t) is given by Equation (17), then for any x(t)eU,\U,,,
Won(x(t)) is guaranteed to decrease within every sampling period, and

can be bounded in U, for all times and ultimately bounded in U,,

'min *

51 | Formulation of CLBF-MPC

The following optimization problem represents the CLBF-MPC
design:

tien
= mi L(x(t),u(t))dt, 20
7= min | Lo (202)

s.t. X(t) =Fu(X(t),u(t)), (20b)
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X(te) =x(te), (20c)
u(t) U, Yt € [t tin), (20d)

Won (X(t),U(t)) < Woan (X(t), @ ().

. (20e)

if X(t) ¢ By (xe) and Wi (X(t6)) > pons
Won(X(1)) € pom Y € [t teon ), if Won (X(t)) < poms (20f)
Win(X(t)) < Won (X(tk)) — fe(t — ty), Vt € (tk, tin), (208)

if X(tk) S B,s (Xe),

where X(t) is the predicted state trajectory, N is the number of sam-
pling periods in the prediction horizon, S(A) represents the set of
piece-wise constant functions with sampling period A. The CLBF-
MPC optimization problem has an objective function of
Equation (20a), which is the integral of L(x(t),u(t)) over the prediction
horizon typically in a quadratic form, that is, L(X(t),u(t))=
XTQ}?+ u"Ru, where Q, R are positive definite weighting matrices, and
the minimum of this objective function is achieved at the origin. In
Equation (20b), the predicted state trajectory X(t), t € [ty,tx.n) are cal-

culated using the RNN model F,, of Equation (3). Wp,(x,u) represents
%(ﬂx)—i—é(x)u), where f and § are the approximated nonlinear
functions of the RNN model of Equation (4). The input constraints of
Equation (20d) are applied over the entire prediction horizon. We
assume that the measured states of the closed-loop system are avail-
able at each sampling time. For the predicated state trajectory of
Equation (20b), the initial condition is obtained from the feedback
measurement of Equation (20c) at t =ty. To ensure closed-loop stabil-
ity and process operational safety, the constraints of Equations (20e)-
(20g) are utilized. When x(ty) £ Bs(xe) and Wpn(x(tk)) > pan» the con-
straint of Equation (20e) forces Wy, (X) to decrease along at a rate less
than or equal to that under the CLBF-based control law
U=®p,(x) €U. If Wpy(x(tx)) <pp» the constraint of Equation (20f)
maintains the predicted state of the RNN system of Equation (3)
within 2/, such that the closed-loop state of the nonlinear system of
Equation (1) is bounded in U, . Furthermore, if x(t;) € Bs(x.), the
constraint of Equation (20g) decreases Wpn(x) over the predicted
state trajectory such that the closed-loop state can escape from sad-
dle points x. within a finite number of sampling periods. Once the
state leaves Bs(x.), it will be driven to smaller level sets of Wp,(x)
under the constraint of Equation (20e), therefore guaranteeing that
the state does not go back to Bs(x.) afterwards. After solving the
optimal solution u”(t), the control action at the first time instant,
u”(ty), is applied over the next sampling period in a sample-and-hold
manner. The horizon will be moved forward one sampling period, and
the above process is repeated.

The following theorem and proof will show that safety and stabil-
ity can be established for the closed-loop nonlinear system of Equa-
tion (1) using the CLBF-based MPC.

Theorem 3. Consider the system of Equation (1) with a
constrained CLBF W, built using a NN-BF B(x) following
the procedures in Section 3. The constrained NN-based
CLBF Wpn(x) satisfies Equations (8a)-(8d) and has a mini-
mum at the origin. Given any initial state xo€lU,, it is
guaranteed that the CLBF-MPC optimization problem of
Equations (20a)-(20g) can be solved with recursive feasi-
bility for all times. Additionally, under the sample-and-hold
implementation of CLBF-MPC based on an RNN prediction
model that satisfies |v|=|F(x,u,0) —Fpa(X,u)| <y |x]|
<uvm and the conditions in Proposition 3, it is guaranteed
that for any xo €U, the state is bounded in U,, Yt20,
and ultimately converges toU, . ast— oo.

Proof. Part1l: The  optimization problem  of
Equations (20a)-(20g) for the CLBF-MPC has a feasible
solution at all times since the CLBF-MPC constraints of
Equations 20d-20g can be satisfied by the sample-and-
hold control laws u=u(x)eU, VxeBs(x.) and
u=®y,(x)el, Vxeld,\Bs(xe). This has been demon-
strated in Propositions 2 and 3 with detailed proofs out-
lined in Wu and Christofides.2® More specifically, the
control laws u=1u(x) € U, Vx € Bs(xe) and u=®p,(x) €U,
VxelU,\Bs(x.) are already constrained by ueU, there-
fore the input constraint of Equation (20d) can be met
over the prediction horizon. By letting u(ty) = ®nn(x(tk))
when x(t) €U\ (Bs(xe) UU,,,, ), Equation (20e) is also
satisfied. It has been shown in Proposition 3 that once
the closed-loop state is inside ¢/, under the control law
u=®p,(x) €U, it will not leave U/, for any ueU within
one sampling period. Thus, the CLBF-based control law
u(t) =®m(x(tki)) €U, Vte[tiritsive) with =
0,..,N—1 provides a feasible trajectory of control
actions that meet the constraint of Equation (20f).
Lastly, as the controller u=Tt(x)eU satisfies Equa-
tion (17), the control action u(t)=u(x(txi))€U,
Vt € [tisi tksiva) With i=0,..,N—1 will satisfy the con-
straint of Equation (20g) and drive the state away from
saddle points if x(tx) € Bs(xe). The proof for recursive
feasibility of the  optimization problem of
Equations (20a)-(20g) is complete.

Part 2: Now we will prove that the optimized solu-
tion of Equations (20a)-(20g) will guarantee simulta-
neous safety and stability for the closed-loop nonlinear
system of Equation (1). For any xo €l,\U,,, the con-
straint of Equation (20e) ensures that the optimized
CLBF-MPC control action u™ will drive the closed-loop
state of the RNN system towards the origin and into
U, within finite sampling periods. After the state

enters U, , the constraint of Equation (20f) ensures the
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boundedness of the closed-loop state of the RNN
model in U/, for the remaining time. With the impact of
the RNN modeling error, bounded disturbances, and
sample-and-hold implementation of control actions, it
has been shown in Proposition 3 that when the closed-
loop state of the RNN system is bounded in U, , the
actual state of the nonlinear system of Equation (1) is
ultimately bounded in %/, . . Furthermore, since the safe
operating region U/, has no intersection with the unsafe
region D, the closed-loop state will be bounded in i,
for any xo €U, and thus will not enter D at all times.

In addition, avoiding convergence to saddle points needs to be
considered. Saddle points are points in state-space at which the CLBF
Wi, has a local minima. Starting from an initial condition xo €U,\U,,, ,
the constraint of Equation (20e) pulls the state towards the origin.
When the closed-loop state reaches a neighborhood around the sad-
dle point where x(tx) € Bs(x.), the constraint of Equation (20g) will
drive the state away from the neighborhood of saddle point in a direc-
tion of decreasing Wp,(x). Once the state escapes B;(xe), then the
constraints of Equations (20e)-(20f) will ensure operational safety and
closed-loop stability, and the closed-loop state ultimately converges

to the origin and is bounded in U{,, . . Therefore, the presence of saddle

points have been addressed, and closed-loop stability and safety
under the CLBF-MPC for the nonlinear system of Equation (1) with

bounded unsafe sets have been proven.

6 | APPLICATIONTO A CHEMICAL
PROCESS EXAMPLE

In this section, we apply the proposed CLBF-MPC on a chemical
process example. The process considered consists of a well-
mixed, nonisothermal continuous stirred tank reactor (CSTR)
where an irreversible first-order exothermic reaction A — B takes
place. There is a heating jacket installed on the reactor to supply and
remove heat. The material and energy balances of this CSTR system is
as follows:

dcy F
d—:\:v—L(CAO —Ca) —koe E/RTC,, (21a)
ar_F

AHko _g/rr
dt—VL(To T) chpe Ca+

Q
, 21b
o (21b)

where T is the temperature in the reactor, C, represents the concen-
tration of reactant A, Q is the heat rate, and V| is the volume of the
reacting liquid in the reactor. The reactor feed contains the reactant A
at a concentration Cpp, temperature Ty, and volumetric flow rate F. p;,
Cp, ko, E, and AH are the liquid density, heat capacity, reaction pre-
exponential factor, activation energy and the enthalpy of the reaction,
respectively. Process parameter values can be found in Wu et al.*®

The control objective is to operate the CSTR at the steady-state point

AICBE RN AL—L1Lor

(Cns, Ts) = (0.57 kmol/m®,395.3K) and maintain the state in a safe
region by manipulating the inlet concentration of species A,
ACpo =Cao —Cao,, and the heat input rate AQ=Q—Q,. The input
constraints for AQ and ACx are |AQ|<0.0167kJ/min and
| ACao | < 1kmol/md, respectively.

Deviation variables are used such that the equilibrium point of
the system is at the origin of the state-space. x” =[Ca—Cas T—Ts),
uT =[ACpo AQ) represent the state vector and the manipulate input
vector in deviation variable forms, respectively. As the focus of the
current work is on the machine-learning construction of CBF and its
application on an RNN-MPC, we do not consider bounded distur-
bances. Further simulations can be run with added disturbances to
assess the robustness of the proposed control system.

We construct a Control Lyapunov Function using the standard

quadratic form V/(x) = xT Px with P= } . The P matrix of the

0.41 0.02
control Lyapunov function is determined via eéxtensive closed-loop
simulations of the process. With the goal of finding the largest stabil-
ity and safety region in state space, we carry out an iterative search
where we start with an initial guess of the P matrix, then find the
region in state space within which the time derivative of CLBF can be
rendered negative under the Sontag control law, and characterize the
largest forward invariant set within this region to be considered as the
stability and safety region. We define the unsafe region, D, as a region
embedded fully within the closed-loop system stability region. The
unsafe region is located in the middle of the stability region such that
the state trajectory will intersect the unsafe region on its converging
route towards the origin. Such a bounded unsafe set poses both theo-
retical as well as implementation challenges for CLBF-MPC as the
controller has to drive the state around the unsafe region and to the

steady-state.

6.1 | Development of the RNN model for the
CSTR process

We follow similar procedures of data generation, training and valida-
tion as outlined in Wu and Christofides®® to obtain an RNN model for
the nonlinear process of Equation (1). To generate training data suffi-
ciently large to represent the entire operating region, open-loop simu-
lations are run for finite sampling steps starting at various initial
conditions within the safe and stabilizable set ¢/, with various control
actions ue U. The RNN model constructed takes the form of a long-
short-term-memory network, which is a special kind of RNN known
for its superior performance in remembering longer-intervaled tempo-
ral relationships. The RNN model uses one input layer, one hidden
layer consisting of 20 recurrent units, and one output layer. State
measurements x(tx) and the control actions u(ty) are the inputs to the
RNN model, and the RNN model has the outputs of the predicted
state trajectory over one sampling period X(t) for te[ty,t.1]. The
number of recurrent units in the hidden layer corresponds with the
number of internal states within each sampling period. In our simula-
tions, the time progression of states are simulated using an Euler inte-

gration method at an integration time step of h., and the sampling
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period of MPC is A =100h.. In order to predict the states at the end
of each sampling period, we could choose to have a maximum of
100 internal states, with a time interval of h. between each internal
state. In order to provide the RNN with sufficient neurons to achieve
adequate accuracy and to also reduce computational effort, we have con-
ducted a grid search between various numbers of internal states, and
have chosen the design of 20 internal states with a time interval of 5h,
between each internal state. An early stopping criterion of achieving a
validation MSE of below 1 x 10~ is implemented to avoid over-fitting
and to ensure that the modeling error is rendered sufficiently small.
After 65 epochs, early stopping is triggered and the obtained RNN model
achieves a training MSE of 4.17 x 107 and a validation MSE
0f 9.03x 1077,

6.2 |
function

Development of the FNN model for barrier

In this example, we define the unsafe region as follows:

D::{xeRZ\F(x):M+%<2><10’4}. H is defined as

H::{xe R?|F(x)<2.5x 10’4} such that it satisfies DCH C ¢, in

Proposition 1. We define the unsafe region to be an ellipse as an illus-
trative example of a challenging case of bounded unsafe set embed-
ded in the operating region. In practice, the bounded unsafe set can
be of any bounded form in state-space, and may not be easily
described explicitly. For example, operating at certain mid-ranges of

temperature and concentration could lead to material corrosion,

15
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incomplete reactions, or generation of byproducts from side reactions.
There are also circumstances where specific ranges of operation are

suboptimal to efficiency and productivity. To generate training data
for the FNN model, we specify 7-l’=:{xeR2 |F(x)<5.6x 10’4}. The

set of initial conditions considered I/, is characterized with p=0 as
per Equation (8c). The CLBF W, (x) is constructed with the following
parameters: ¢; =0.001,c, =10,c3 =48.269,c4=16.85,v= p—cica =
—1.685 x 1072, and u = 5000. The safe region, U,\H', and the unsafe
region H’, are discretized into 18,000 data samples, respectively. The
data samples are assigned a target label of “+1” if they belong in the
unsafe region, and “—1” if they belong in the safe region. The FNN
model is constructed with 2 hidden layers of 12 and 10 neurons
respectively. The inputs to the FNN model are the state measurement
vector, and the output of the FNN model gives the predicted class of
the data point in state-space indicating whether it is located inside the
safe or the unsafe region. Both hidden layers use an activation func-
tion of tanh, and the cost function of Equation (7) has the following
weighting parameters: a =1.1, =0.005. The validation metric exam-
ines the magnitude of Cost, of Equation (7), and early stopping is trig-
gered if Cost, has reached 0. After 700 epochs of training, the MSE
(Costy) is 0.0155, and Cost, has a cumulative value of 0.4233. The
classification accuracy over the testing dataset is 99.5%. The
predicted B values are shown in Figure 2, and the misclassified data
points in the testing set are shown in Figure 3. Cost, has not reached
0 as required by the algorithm within the specified number of epochs;
however, the classification accuracy has reached an acceptable level

to cease training. Then, the model can be assessed in terms of its

21 =04 —Cys (kmol/m3)

FNN-predicted barrier function B(x) for all data points in the training and the testing datasets
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FIGURE 3 State values in the safe (black) and unsafe (red) operating regions, with misclassified data points (blue circles) showing that all

inaccuracies are safe points misclassified as unsafe points

misclassification rate, as well as the conditions on the values of B(x)
and L;B(X) as specified by Equations (5a)-(5c). There are 171 out of
36,000 data points being misclassifed, all of them are safe data classi-
fied as being unsafe. This does not cause any problems as the control-
ler will simply be prompted to act sooner due to this misclassification
when the closed-loop state approaches the boundary of the unsafe
region. This also means that the predicated unsafe region given by the
FNN-modeled CBF, denoted as 7, is larger than ' as specified by
the training data samples, therefore more conservative than what
was intended. Moreover, to verify that the FNN model satisfies
the safety conditions of CBF of Equations (5a)-(5c), we verify that
the tighter conditions hold for all discretized data points in their
respective regions. It is shown that all predicted B(x) >0.0197 for
all discretized x points in 7, and the predicted B(x) < —0.0241 for all
discretized x points in I/{/,\f{. Since H is a superset of D, it is proven
that conditions Equations (5a) and (5c) hold, respectively. We also

examine L;B(x) values for all discretized x points outside of the unsafe

region and where LQB(X) =0. Although both the FNN and the RNN
models can be expressed in continuous forms, for simplicity, we use
numerical approximation to calculate L?B(x) and Lgé(x) respectively.
Due to the dichotomous nature of B having nearly constant values
close to +1 or —1, all discretized points in xe/,\D such that LQB(X) =
0 have L;B(x) =0. conclude that

Although we cannot

vxe {ze R'\D| L;B(x) :o}, L;B(x) <0 holds, we know that the FNN

model with a high accuracy can achieve L?B(X):O within the dis-

cretized region. Therefore, we proceed with this FNN model for CBF

and apply it in the CLBF-MPC to assess its closed-loop performance.

Remark 5. When training the FNN model, one may find
that the weighting parameters a and # need to be cho-
sen based on a grid-search approach as these two
parameters indicate the trade-off between classification
accuracy and enforcing L;B(x) <0 for all discretized data
points in the safe region. In our simulations, striving for
high classification accuracy while minimizing Cost,
yielded a good model with its safety requirements met.
In the case that the verification against the safety
requirements of Equations (5a)-(5c) are not met, the
FNN needs to be retrained with more weighting on

Cost, and more epochs.

6.3 | Closed-loop simulations

To demonstrate that the closed-loop state trajectory does not reach

the unsafe region D when being driven towards the origin, we choose
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FIGURE 4 State trajectories originated from six different initial conditions in the safe operating regions under the closed-loop control of the
CLBF-MPC using the RNN predictive model and the FNN-based control barrier function
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FIGURE 5 Closed-loop state trajectories under the CLBF-MPC using different combinations of first-principles (FP) process model or RNN
process model, and analytical control barrier function (CBF) or FNN-based CBF

various initial conditions within U/, to start the simulation. It is demon- (x1,X2) = (0.18, —4.5), which is on the opposite side far from the
strated that the stabilization of the closed-loop system can be unsafe region. More initial conditions near the unsafe region within
achieved when the simulation starts at an initial condition the ellipse U, are selected, from which the closed-loop state would
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have encountered the unsafe region if a conventional tracking con-
troller were to be implemented. It is demonstrated that although the
state enters the region ' due to inevitable modeling error within the
FNN model for the CBF and the RNN model for the nonlinear pro-
cess, the state never reaches the border of D. Note that D represents
the actual unsafe set in state-space from physical law, H is the closed
and compact set that encloses D, 7' is the set within which training
data collected are deemed as “unsafe.” In addition, we use H to
denote the unsafe set predicted by B(x), which as shown in the previ-
ous section, encloses the unsafe set given by the training dataset .
All trajectories demonstrate that the states can successfully converge
to the terminal set I/, while not entering the unsafe region D, as
shown in Figure 4. We also compare the closed-loop performance of
the proposed machine-learning-based CLBF-MPC with other CLBF-
MPC's with various levels of machine-learning implemented as part of
the formulation. The trajectories are shown in Figure 5. As shown, all
trajectories successfully avoided the unsafe region, bounded in /,,

and ultimately converged to U/, . . The trajectories using the analytical

CBF, which is designed based on the region H, enter and trespass the
H' region (as they should in order to converge to the origin faster)
while not entering the H region. The trajectories using the FNN-
modeled CBF do oscillate around the boundary of the H’' region due
to modeling error, but remain distanced from the H region with the

conservative contingency margin considered.

7 | CONCLUSION

In this work, we have demonstrated that nonlinear systems subject to
input constraints could be stabilized by a CLBF-MPC while not entering
unsafe regions where the barrier function was constructed using an
FNN model and the predictive model within MPC was obtained using
an RNN model. A CBF was first characterized by building an FNN
model with unique structures and properties, and was then trained and
validated using discretized data collected from a conservative rendition
of unsafe and safe regions. Given sufficiently small bounded modeling
errors with the two NN models, the proposed CLBF-MPC was able to
meet its control objective of ensuring simultaneous stability and safety
for all initial conditions within a subset of the stability region under
sample-and-hold control action implementation. The effectiveness of
the machine-learning-based CLBF-MPC was demonstrated using a
nonlinear chemical process example with a bounded unsafe set.
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