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1 | INTRODUCTION

Economic performance and operational safety are both central objectives
in modern chemical process operation.}™® In industrial practice, plants are
expected not only to maintain product quality, satisfy environmental reg-
ulations, and preserve stable operation, but also to reduce energy con-
sumption, maximize throughput, improve raw-material utilization, and
enhance profitability under changing market conditions. These goals are
often complicated by uncertainty in feed composition, reaction kinetics,
heat-transfer characteristics, and unmeasured disturbances. As a result,
process operation is rarely a pure, constant setpoint-tracking problem.
Instead, many practical applications require the controller to make deci-
sions that directly balance economics, operability, and constraint satisfac-
tion over time. At the same time, violations of process constraints, such
as temperature, concentration, or pressure limits, can lead to off-
specification products, accelerated equipment degradation, or even haz-
ardous operating conditions.>* These requirements are often formalized
through safe operating limits (SOLs), which define an admissible operating

envelope for the process.” Because economically favorable operation
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This work develops a reinforcement learning (RL)-based control framework for non-
linear systems that optimizes economic performance while ensuring operational
safety. The proposed method combines a real-time RL feedback policy with an online
supervisory mechanism that enforces prescribed safety and closed-loop stability con-
ditions, using a Lyapunov-based economic model predictive controller (LEMPC) as a
backup controller when needed. To reduce backup reliance, the RL policy is trained
in a constraint-informed environment with penalties on rejected actions. The control
framework is applied to a nonlinear chemical process with an economic objective,
operational safety considerations, and bounded disturbances. Simulations show
recovery of unsafe initial states, improved economic performance relative to LEMPC

and imitation learning, and much lower online computational burden than LEMPC.

economic optimization, model predictive control (MPC), operational safety, process control,
reinforcement learning (RL)

often lies close to active constraints, advanced control systems must opti-
mize performance while maintaining sufficient safety margins in the pres-
ence of disturbances and model uncertainty.® This simultaneous need for
profitability and risk-aware operation makes the joint treatment of eco-
nomics and operational safety a fundamental challenge in nonlinear pro-
cess control.

Model predictive control (MPC) provides a widely used frame-
work for constrained multivariable control because it can explicitly
account for state and input constraints while optimizing predicted
closed-loop behavior.2%” Its model-based and optimization-based
structure has made it especially attractive for chemical process appli-
cations, where interactions among variables, actuator limitations, and
operating constraints play a major role in controller closed-loop per-
formance. Building on conventional tracking MPC, economic MPC
(EMPC) replaces the tracking objective with an economic stage cost
and can deliver improved steady-state and transient performance by
directly optimizing process economics.? In addition, safety-oriented
MPC formulations, such as Safeness Index-based MPC, incorporate

an explicit measure of proximity to unsafe operating regions and
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enforce safety through hard constraints or soft penalties.® These
developments make MPC-based methods appealing for applications
where both profitability and safety must be considered in a unified
framework. Despite these advantages, however, MPC-based
approaches may face practical limitations in nonlinear real-time appli-
cations. Their implementation relies on an explicit process model and
repeated online optimization, so computational cost can increase sig-
nificantly with system nonlinearity, prediction horizon, and problem
size.? ' Moreover, iterative numerical optimization may lead to eco-
nomically myopic decisions through local minima®? as well as infeasi-
bility, numerical issues, or excessive solve times in practice.*>*® These
limitations motivate the search for alternative control architectures
that preserve the ability to address economics and constraints while
reducing online computational burden.

Reinforcement learning (RL) has emerged as a promising alternative
for nonlinear control because it learns a feedback policy that maps mea-
sured states or outputs directly to control actions.**2° Once trained, an
RL controller can be implemented online with very low computational
cost, requiring only a function evaluation rather than the repeated solu-
tion of an optimization problem.21"23 RL also offers the ability to optimize
long-term performance directly and can reduce reliance on highly accu-
rate first-principles models, which makes it attractive for nonlinear eco-
nomic process control and other applications with fast sampling
requirements or partially known dynamics.2®**?* In principle, this makes
RL an attractive candidate for replacing or approximating computationally
intensive model-based controllers during online implementation; how-
ever, standard RL methods do not inherently guarantee closed-loop sta-
bility or satisfaction of hard safety and operating constraints, and they
may produce unsafe or infeasible actions during either training or
deployment.?>?? These shortcomings are particularly serious in safety-
critical process systems, where even brief excursions outside the admissi-
ble operating region may be unacceptable. Thus, although RL offers major
potential benefits in terms of online speed and long-horizon optimization,
its practical adoption in chemical process control requires architectures
that explicitly account for safety, stability, and fallback operation.

Motivated by these considerations, this work develops a reinforce-
ment learning-based control framework for nonlinear systems that explic-
itly addresses both economic optimization and operational safety. The
proposed framework combines a learned RL policy with an online super-
visory mechanism that checks whether the candidate control action sat-
isfies prescribed stability and safety conditions before implementation. At
each sampling instant, the RL action is applied only if the required condi-
tions are satisfied; otherwise, a backup model predictive control action is
used. In this way, the framework seeks to retain the low online computa-
tional burden and long-term optimization capability of RL while improving
reliability and constraint satisfaction in closed-loop operation. To further
reduce backup reliance and improve policy quality, constraint consider-
ations are incorporated during training through a constraint-informed
learning strategy. The proposed approach is applicable to nonlinear sys-
tems under both economic and safety requirements, and it is demon-
strated using a nonlinear chemical process example with bounded
disturbances. The resulting control law provides guaranteed closed-loop

stability together with recovery to the safe operating region, while

achieving improved economic performance and significantly lower online

computational cost than optimization-based control alone.

2 | PRELIMINARIES

21 | Notation

The actual state and the nominal predicted state are denoted by x and
X, respectively. The transpose of a vector x, the set of real numbers,
set difference, functions, and piecewise-constant functions with
period A are denoted by x T, R, Q1\Q;, f(+), and S(A), respectively,
where both f and S are arbitrary notations. The initial time is denoted
by to, and arbitrary sampling instants are denoted by t;, with
tir1 =t + A. For a given state x(tx) and input u, X(t|ty) denotes the
nominal predicted state trajectory generated from x(tx). In the RL set-
ting, s denotes the state, a denotes the action proposed by a policy,
and 7 denotes a policy mapping s to a.

2.2 | Class of systems
This work considers nonlinear first-order ordinary differential equa-
tion (ODE) systems of the form

x=F(x,u) +w(x,u,t) (1)

where x = [X1,X2, ..., Xn] T € R" denotes the state vector collecting the
process variables of interest and u=[u1, uy, ..., Un] T € R™ denotes the
control input vector, with ue U and UC R™ the admissible input set.
The admissible input set U is assumed to be nonempty and compact,
i.e.,, Uis a closed and bounded subset of R™. This assumption reflects
physical actuator limits. The state is assumed to be measured at the sam-
pling instants ty. The function F(x,u) describes the nominal process
dynamics and is assumed to be sufficiently smooth on D x U, where
D C R" is a domain containing the origin, while w(x,u,t) accounts for
bounded model mismatch and disturbances present in the real process,
with [|w(x,u,t)|| £ Wmax forall (x,u,t) € D x U x R. Without loss of gener-
ality, the system is written in deviation-variable form such that the origin is

an equilibrium of the nominal open-loop model, i.e., F(0,0) =0.

2.3 | Stabilizability assumption

The assumptions used to ensure stabilizability are collectively referred to
as the stabilizability assumption. These assumptions are stated with
respect to the nominal model x = F(x,u), i.e., the system in Equation (1)
withw=0.

Assumption 1. There exists a sufficiently smooth
explicit feedback control law (the reference stabilizing
controller, or simply the reference controller) ®:D — U

and a sufficiently smooth Lyapunov function V(x) such
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that, for the closed-loop nominal system under continu-
ous-time control with control actions given by u=®(x),
there exist constants cq,¢,c3,c4 >0 for which the fol-

lowing inequalities hold for all x € D:

calx|? = V(x) < colx|? (2a)
a\a/iX)F(qu’(X)) < —calx? (2b)
‘a‘;)((") <calx] (20)

We denote level sets of the Lyapunov function within this open
region as Q,:={xeD|V(x) <n} where 5 is a positive constant. Fur-
thermore, for any p >0, since F and V are smooth, U is bounded, and
Q, is compact, there exist positive constants Mg, Ly, and L;, such that
forall x,x' €Q, and ue U:

IFOX, u) = F(x u)| < Ldx X (32)
|F(x, u)| < Mg (3b)
P u - TS0 R ) <Licx] (30)

24 | Characterization of unsafe regions

A Safeness index® is introduced as a scalar function S:D — R of the
process state, where larger values of S(x) indicate less safe operating
conditions. Given a prescribed threshold Sy, the unsafe region is char-
acterized as

Xu:={xeD: S(x)>Sw} (4)
and the corresponding safe operating region is defined by
Xs:={xeD: S(x) Sy} =D\ &,. (5)

Therefore, the safety index provides a convenient state-based charac-
terization of safe and unsafe operating regions without requiring the
unsafe set to have a particular geometric form.

Assumption 2. There exists a set X;0 CD such that
0 € X0 C Xs. In other words, the origin is contained in a
nontrivial neighborhood that lies entirely inside the safe

operating region.

2.5 | Safenessindex-based LEMPC

The following Safeness Index-based LEMPC formulation is used to
optimize the economic objective while accounting for the Safeness
requirement.® Let Q,, :={xeD|V(x) <p,}, where 0<p, <p is chosen

AI?BIFJ R NALJ?,;f16

such that, if the measured process state satisfies x(t;) € Q,, at a sam-
pling time ty, then the measured state at the next sampling time
remains in Q,. Based on this set, define the inner safe operating
region as X, :=Q, N&Xs, which collects the states satisfying both the
inner Lyapunov bound and the Safeness requirement. At each sam-
pling instant ti, the controller computes a piecewise-constant input
trajectory u(-) € S(A) over the prediction horizon NA by solving

t+NA

u(tr)neagéA) L Le(X(z),u(z)) dr (6a)
st X(t)=F(x(t) u(t) (6b)
u(t) €U, VEE [tote+NA) (6¢)
X(t) =x(t) (éd)

x(t) e Xy, Vte [tk,tk +NA),
ifx(t) € X, (ée)
D et it < G it o) g

ifX(tk) € Q,,\Xp

In Equation (6), Le(x,u) is the economic stage objective and x(t) is the
predicted state trajectory. The constraint in Equation (6e) requires
the predicted trajectory to remain in the inner safe operating region
Xp over the prediction horizon whenever the current measured state
belongs to X,. The constraint in Equation (6f) imposes a Lyapunov-
based decrease condition when the measured state is outside X, but
still inside Q,, including both the case where the state is safe but out-
side Q, and the case where it lies in the unsafe region X, NQ,. After

solving Equation (6), only the first control action is applied over [tx,ti1).

2.6 | Reinforcement/control
In contrast to MPC, which computes the control action online by solv-
ing an optimization problem at each sampling instant, RL-based con-
trol seeks to learn a policy z that maps the observed state to a control
action directly. At each sampling instant, the agent observes a state s,
applies an action a = z(s), receives a reward r(s,a), and transitions to a
successor state s’. The resulting experience tuples are stored in a
replay buffer, D:={(s;, a;, ri, sf)},’ii which can be used to train the
policy and associated value functions. In this formulation, the i sub-
script denotes the index of the sample within the replay buffer.

The objective in RL is to learn a policy that maximizes the
expected cumulative reward. A central concept is the value function,
which satisfies the Bellman relation:

Vi(s) =r(s,(s) +7V*(s) )

where 0 <y <1 is the discount factor. Many RL methods also learn an
action-value function Q(s,a) to evaluate state-action pairs and
improve the policy.
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For continuous-state and continuous-action control problems,
value-based methods such as Q-learning become difficult to apply
directly. To handle such problems, actor-critic methods have been
developed, where one approximator represents the policy and
another approximates the action-value function. Among these
methods, deep deterministic policy gradient (DDPG) is a representa-
tive algorithm for deterministic continuous control; however, DDPG
may produce overestimated Q-values during learning, which can lead
to poor policy updates. To mitigate this issue, Twin Delayed Deep
Deterministic Policy Gradient (TD3) introduces two critic networks,
delayed policy updates, and target policy smoothing. These modifica-
tions improve learning stability and control performance in
continuous-action settings.>® Therefore, TD3 is adopted in this work

as the RL algorithm for policy learning.

3 | SAFEECONOMIC RL-BASED CONTROL
FRAMEWORK DESIGN

3.1 | Economic reinforcement learning-based
controller

We consider the nonlinear system Equation (1) with state measure-
ments available at sampling instants {ty},,, and admissible control
set U. For a given trajectory, the state at time ty is denoted by
sk 2s(ty). A parameterized policy (actor) z, proposes a candidate con-

trol action:
URL(tk) = ﬁg(Sk) (8)

where 6 collects the trainable parameters. Unlike tracking-based RL
formulations, where the reward is typically designed to penalize devia-
tion from a prescribed setpoint, the proposed controller is developed
in an economic fashion. Specifically, the reward function re(s,u) is
chosen to reflect the economic stage objective L. in Equation (6a), so
that the learned policy is encouraged to improve process economics
directly, such as increasing production rate or profit, rather than

merely driving the state to a fixed operating point.

Remark 1. For clarity, the Lyapunov function V(x) used
for stability analysis and enforcement is distinct from
the RL value function in Equation (7). Throughout this
section, V(x) always denotes the Lyapunov function

from Section 2.3.

3.2 | Safe online implementation

In this study, the economic RL policy is implemented in a proposed
shielded manner so that the applied input is feasible in U and satisfies
the prescribed safety and stability condition. At each sampling instant
t, the actor proposes ug (tx) according to Equation (8), and the hard
input constraint is enforced through the projection

I:IRL(tk) = Proju(uRL(tk)) (9)

For x(tx) € Q,, let Cy(x(t),u(ty)) denote the prescribed condition at t,
namely, if x(tx) € X, then

)?(tltk)EXp, Vte [tk,fk+1] (10)

whereas if x(t) € Q,\ X}, then

IV(x(te))
Ix

IV (x(t))

Fix(t, (b)) = =2

Fix(to), ®(x(t)))  (11)

The projected RL action is accepted only if C,(x(tk), Ure(t)) is satis-
fied. Otherwise, the backup action is selected hierarchically. The first
choice is @ empc(X(tk)), provided that Equation (6) returns a feasible
solution within the available sampling time; if not, ®(x(ty)) is applied.
Since ® gmpc is constructed from Equation (6), it satisfies the same
prescribed condition by construction whenever such a feasible solu-
tion is available.

This distinction is important. If the additional inner-region safety
requirement that x(tx) € X, implies x(t|t,) € X, over the next sampling
interval were not imposed, then the underlying LEMPC problem would
admit a feasible solution on Q,, because the reference controller ®(x)
provides a feasible candidate input sequence®; however, once this
prescribed safety requirement is enforced, recursive feasibility of
Equation (6) is no longer automatic because X, need not be forward
invariant. Therefore, ®(x) is not introduced as a controller that is required
to satisfy the same prescribed condition pointwise at every sampling
instant. Rather, it serves as a stabilizing controller to ensure that the imple-
mented policy remains well defined even when the backup LEMPC is infea-
sible or when a feasible solution cannot be returned within the available
sampling time. Thus, the final fallback ®(x) should be interpreted as pre-
serving the stability guarantee, rather than as enforcing forward

invariance of X,. Therefore, the implemented input is given by

ORL (tk), if Cp (x(t), Ure(tk))
u(ty) = @empe (X(th))s ifCp (X(ti ), OrL (k)
is not satisfied and Eq.(6) is available
D(x(ty)), otherwise

(12)

and is held constant on [t,tc;1). The safe online implementation is
summarized in Algorithm 1. The resulting feasibility, safety, and stabil-

ity properties are analyzed in Section 3.4.

Remark 2. When the projected RL action violates the
prescribed safety or stability condition, we do not fur-
ther project it onto the set of inputs satisfying Cp. Such
a projection would only select an input close to ug (tx)
under a chosen metric and would not account for the
economic objective. Therefore, when C, is violated,
the backup action is instead generated by ® gmpc, and ¢

is only used when @ gmpc is not available.
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Algorithm 1 Safe online implementation of the economic RL policy

Input: Current state x(t,) € Q,, RL policy r,, admissible input set U, backup controllers ® gypc and @

Compute RL action proposal ug, (ty) < 7y(Sk);

Project the proposed action onto U: tig, () < Projy (Ur.(t));
if Cp (X(t), Ure (ty)) is satisfied then

| Setimplemented input u(t,) < g (t);

else
Solve the backup LEMPC of Eq. (6) at x(t;);

if a feasible solution is returned within the available sampling time then

| Setimplemented input u(ty) « ®empc (X(t));

else
| Setimplemented input u(t,) < @ (x(t,));

Apply the sample-and-hold input u(t) = u(t,) for all t € [ty, ty.1);

3.3 | Constraint-informed two-stage RL training
Since the learned policy is deployed under the shield, the RL agent is
also trained in a shielded environment in which the constraint-
enforcement mechanism is treated as part of the environment.®! As
illustrated in Figure 1, the environment is no longer just the process;
instead, it consists of the process together with the enforcer that
checks the proposed action and determines the implemented input.
Specifically, at each sampling instant ty, the actor proposes the raw
action ay = ugy (tx) = e (sk ), Which is first projected into the admissible
input set as gy (tx) =Projy(urL(t)), and the implemented input is
then selected according to Equation (12). Therefore, the successor
state s; is generated by the true process under the implemented input
u(ty), held constant over [ty,tx,1), rather than necessarily under the
raw RL proposal itself. In this way, the agent is trained against
the actual closed-loop behavior induced by the shield.

This shielded training setup may otherwise encourage excessive reli-
ance on shield intervention, since a rejected RL proposal can still lead to a

Environment

favorable transition after being replaced by a non-RL implemented input.
This creates an issue during learning: Although the rejected RL proposal is
not implemented in the process and therefore does not compromise
closed-loop safety, the replay buffer may still associate the raw proposal
with the reward and successor state generated by the backup action.
Without an intervention penalty, the agent may therefore learn to rely on
backup controller correction rather than improve the admissibility of its
own proposed actions. To reduce such reliance, the training reward is
modified from the implemented-input reward r.(si,u(tc)) by penalizing
any intervention of the shield. Let Iy =0 if u(ty) =urL(tk), and =1
otherwise. The reward used for training is then

re=(1—(1—-p)L) re(sk, u(tc)) (13)

with g€ (0,1), so that the reward is reduced whenever the implemen-
ted input is not the RL action. The coefficient g controls the trade-off
between discouraging inadmissible RL proposals and allowing

economic-performance improvement: Smaller values impose a stronger

Environment

A

Process

Process |+ Enforcer|«

I f

v

Agent

(A)

FIGURE 1
(A) Conventional RL, (B) Constraint-informed RL.

v

Agent
(B)

Comparison of agent-environment interaction in conventional RL and the proposed constraint-informed RL framework.
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penalty on backup usage and encourage the actor to generate admissi-
ble actions, whereas larger values relax the penalty and may improve
economic exploration but can also increase reliance on backup control-

ler intervention. Accordingly, the replay buffer stores the transition
(Sko s s Sk ) = (Sko URL (), Ticr S ) (14)

where the stored action is the raw RL proposal, while the reward and
successor state are generated by the implemented input after con-
straint enforcement.

To balance admissibility and performance improvement, a two-stage
training strategy is adopted. In Stage 1, a relatively small penalty coeffi-
cient §; <1 is used together with more aggressive training hyperpara-
meters so that backup usage is penalized more strongly and the policy
is driven toward generating admissible actions with limited reliance on
the backup controller, while still maintaining acceptable closed-loop
economic performance. The objective of this stage is to obtain a reli-
able initial policy that can be deployed with little intervention from
the backup layer. In Stage 2, the best policy obtained from Stage 1 is
used to initialize further training, and the penalty on backup usage is
progressively relaxed so that the policy can be further fine-tuned
toward improved economic performance. Throughout this stage, pol-

icy updates are accepted only when the candidate policy achieves

Algorithm 2 Constraint-informed two-stage RL training

improved closed-loop performance while preserving sufficiently low
reliance on the backup controller. In this way, the second stage refines
performance in a warm-started manner while retaining the admissibil-
ity properties established in Stage 1. The overall constraint-informed

two-stage RL training procedure is summarized in Algorithm 2.

Remark 3. To bias RL toward proposing feasible actions,
one may penalize backup usage either multiplicatively as
in Equation (13) or additively by subtracting a constant
penalty whenever the backup is invoked, e.g., ry=
re(si,u(te)) — 2T with 2>0 (see,®?). Both choices encour-

age policies that reduce infeasible control actions from RL.

3.4 | Feasibility, stability and safety analysis

We now analyze the feasibility, stability, and safety properties of the pro-
posed RL-based control framework. The main feasibility issue in the pre-
sent setting concerns the backup LEMPC optimization embedded in the
hierarchical implementation of Equation (12). In fact, if the inner-region
requirement in Equation (6e) were replaced by the weaker condition that
X(t)eQ, for all telt,tc+NA) whenever x(tc)e€ X, then the

Input: Initial policy #,, replay buffer D, Stage 1 coefficient g, initial Stage 2 coefficient g, with ; <, <1

Output: Best policy 7y«
Initialize mgs « 7, J* « —o0;
Stage 1: Set § < fy;

for each training iteration do

Apply u(t) = u(ty) on [, ty,1) and observe s’k;
Set Iy « Ljuan s
SetF < (1= (1= Ply) re(si, uto);

Store (s, dk, T 5;.) in D and update policy/value parameters;

Stage 2: Set 7y « 7y+;

while g, < 1do
Set f < prand ry « mps;

for each training iteration do

Apply u(t) = u(ty) on [ty, ty,1) and observe s;;
Set Ty < Ljugoag o)
Setr < (1= (1= Pl) re(Se. ut));

Store (s, dx. T ;) in D and update policy/value parameters;

|_Increase f, while keeping f, < 1;
return zy.;

Observe s, compute g, < ,(sy), and determine u(t,) from Eq. (12);

Periodically evaluate ry; if acceptable and improved, set 7y« « my, J* < J(xp);

Observe s, compute g, < r,(sy), and determine u(ty) from Eq. (12);

Periodically evaluate r,; if acceptable and improved, set ry« « x4, J* <« J(x,);
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standard candidate-sequence argument based on the reference con-
troller ®(x) would recover feasibility of the backup optimization; see, for
example.2 Moreover, the stability and safety analysis developed below
would still go through under this weaker formulation, because the inner-
region part of the proof only uses the fact that the nominal predicted tra-
jectory satisfies V(X(t)) < p, over the relevant sampling interval.

In the present work, however, we retain the stronger requirement in
Equation (6e), namely that X(t) € X, =€, NXs, because we wish to
enforce the safety requirement explicitly over the prediction horizon
rather than impose only Lyapunov-region invariance. Once this stronger
horizon-wise safety requirement is imposed, recursive feasibility of
Equation (6e) is no longer automatic, since X, need not be forward
invariant.

For this reason, the analysis below focuses on the implemented
switching law Equation (12), rather than on the recursive feasibility of the
backup optimization alone. Specifically, whenever the RL proposal is
rejected, the controller first attempts to apply the backup LEMPC action,
and falls back to ®(x(t)) if a feasible LEMPC solution is unavailable or
cannot be returned within the available sampling period A. We first
show that, under suitable conditions, the resulting closed-loop trajec-
tory remains in the Lyapunov region Q, for all time. We then use this
invariance property together with the outer-region Lyapunov
decrease condition to establish finite-time recovery from the unsafe
region X, NQ, to the safe region X.

Theorem 1. Consider the true process Equation (1) in
closed loop under the switching law Equation (12) imple-
mented in a sample-and-hold fashion with sampling period
A >0 (ie., u(t)=u(ty) for all t € [t,tx + A)). Define Lyapu-

nov level sets p > p, > pin > ps > 0, where
Pmin ::SUP{V(X(tk +A)) |X(tk) € Qﬂs' we W} (15>

Assume there exists €, > O such that

C
—i/)s +L;(MF +Wmax)A+C4 <\/g+ (MF +Wmax)A) Winax £ —€w
(16)

and define

W max
A,,::C4< %+L7m:(eLXA71))(MF+WmaX)A (17)

We assume p,+A,<p. Then, for any initial condition
X(to) €Q, and any admissible mismatch weW, the
closed-loop trajectory under Equation (12) satisfies
x(t) €Q, forall t > to.

Proof. It suffices to show that, for any t, x(t) €Q,
implies x(t) € Q, for all t € [ty,tx +A). Then x(t;1) €Q,,
and the result for all t >ty follows by induction. Fix any
te such that x(tx) € Q,. Suppose, by contradiction, that
there exists t* € [ty,t, +A) such that x(t*) ¢ Q,. Define

71 = Inf{t € [ti, ti + A)V(X(1)) > p} (18)

Then 71 € (t, tk +A), V(x(z1)) =p, and V(x(t)) < p for all
t e [t,71]; hence x(t) € Q, on [ty,71].

For any t € [ty,71], by Equation (1) and the sample-
and-hold implementation in Equation (12),

d AV(x(t))

SVix(®) =2 Fx(e), u(t) + wix(®), u(te). 6)
IVIX(t)

SRt utt) — = (b, u(o)

(x(te), u(ty)) +Mw(x(t),u(tk),t)

Ix
YOI E ) + ol 0) W

(19)

[
-

< Llx(t) = x(ti) | +

where Equations (3c) and (2c) and |w(x,u,t)|| < W max
from Equation (1) have been used. Also, integrating

Equation (1) over [t,t], and using Equation (3b), gives

t
[x(t) =x(t)ll - < Jt (IF(x(=), ut)ll + [w(x(z), u(ti), 2)1) de

§ (20)
Jt (Me + W) dr = (Mg + W) (t — t)

S (Mp+Wmax)A

<

Case 1. If x(tx) € Q,,\Q/,E, then by the outer-region con-
dition in Equation (11) and Equations (2b) and (2a),

IV (x(t))

L V()
ox -

o F (60, @(x(t)))
2 C3 C3 C3
< —callx(tl” = = 2ViX(t)) £ ~ oo <~ s

(21)

Fx(ti),u(ti))

Moreover, since V(x(t)) < p on [t,z1], Equations (2a) and
(20) imply

[IX(O)1] = [PxCtiol] + [x(t) —x(ti)l| < \/EJ“ (Me+Wmax)A, V€ [ty 1]
(22)

Substituting Equations (21) and (22) into Equation (19),
forall t € [ty, 1],

d , c [
ﬁV(X(f)) <LX(MF+Wmax)A_—3ﬂ5+C4( £+(MF+Wmax)A>
Co C1

W iax S —€w

(23)
where the last inequality follows from Equation (16).
Integrating Equation (23) over [ty,71] gives
V(x(z1)) < V(x(t)) — ew(r1 — ti) < V(x(t)) <p (24)

which contradicts V(x(z1)) =p. n
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Case 2. If x(tx) € Q,,, let X(-) be the nominal trajectory
in the inner-region condition of Equation (10). Then
V(X(t)) < pe for all te [ty tc+A). Define
e(t) :=x(t) — x(t), with e(ty) =0, so

&(t) = F(x(t),u(te)) — F(x(t), u(ti)) +wix(t),u(ti). ) (25)
Hence, by Equation (3a) and [|w(x,u,t)|| £ W max:

€)1l =< IF((t),u(tc)) — Fx(t), u(ti) || + llw(x(t), u(ti) t) [ < Lile(t) |

+Wmax
(26)
Integrating the differential inequality in Equation (26)
together with e(ty) =0 gives
HdMﬁﬂhﬂ@MHﬂ—Q,Wem@+A) (27)
Ly
Also, V(X(t))<p and  Equation (2a) imply
calIX()]1% < V(x(t )) Per SO
> Pe W max LA
Ix(@®)1] = X1 + lle(®)]] < a+T(e -1), Vteltor] (28)
X
Moreover, for t € [ty,71], by Equation (1),
d IV(x(t
Dt =79 F et u(t) +wix(t),utte). 1)
IV (x(t 29
< | e ute) ]+ wixo e o) 2
5C4HX(t>H(MF+Wmax)
where Equations (2c) and (3b) and ||w(x,u,t)|| < W max
have been used. Substituting Equation (28) into
Equation (29) yields
d w
EV(X(t)) < C4< 'si—i—%ax(eLXA — 1)) (ME+Wnax), Vte [tk,‘fl]
(30)

Integrating Equation (30) over [ti,71], one obtains

Vix(ea)) =Vixit)+ [ G de

71
<V(x(t)) +J s ( Le +%(ehA - 1)) (Mf + W may ) dit
ty C1 X

:V(X(tk))+54<\/§+wl_—r:ax(e""A—1)>(MF+Wmax)(Ti—fk)

w
<pe+64< Pe | Zmax

¢ L, (eLXA71)>(MF+Wmax>A:/’e

+4,<p
(31

where the second inequality uses V(x(tx))<p, and
71—ty <A, and the last inequality follows from the
assumption p, + A, < p. This contradicts V(x(z1)) =p.

Hence no such 71 exists, so x(t)eQ, for all
t € [t tx + A). Since ty is arbitrary, the result follows by
induction. n

The result of Theorem 1 establishes forward invariance of Q, under the
control law given by Equation (12). Building on the discussion in Theo-
rem 1, the next theorem further characterizes the safety behavior of the
closed-loop system by showing that, if the state starts in the unsafe region

XuNQ,, it must enter the safe region X within a finite time.

Theorem 2. Let t.2to satisfy x(t.) € Xy,NQ,. Assume
Q, C Xspo, where X is the safe neighborhood in Assump-
tion 2, and let

tra =t + A+ 2Ls (32)
Ew
If the assumptions of Theorem 1 hold, then there exists
ts € [te,tmax] such that x(ts) € X.

Proof. Let t;, be the first sampling instant such that
ty 2 t.. Then t <t. + A. If there exists t € [te, t,] such that
x(t) € X, then the conclusion holds with t; =t. It there-
fore remains to consider the case x(t)e X, for all
t € [te, t], which implies x(tx) € X,.
Since X, C X5, one has x(t) ¢ X,. Moreover, Q, C
Xso C Xs implies x(ty) £ Q, . Suppose, by contradiction,
that the trajectory does not enter X on [ty tmax], i-€.,
x(t) € Xy for all t € [ty,tmax]. Then every sampling instant
t € [ty,tmax] satisfies x(t)) € X, CQ,\Xp, and hence
x(t) £Q,,. Therefore, on each sampling interval
[tj,tir1) C [tk tmax), the case 1 of Theorem 1 applies, so
%V(X(t)) < —€y. Applying this successively over all such
intervals yields
V(x(t)) s V(x(tk)) —ew(t—t) s p—ew(t—ty), Vte[tetmax] (33)
where the last inequality follows from x(t) € Q,.
Now define t:=ty+(p—p,)/ew. Since tyst.+A,

one has t < t ma. Evaluating Equation (33) at t = gives

V(x(f))Spfew(f*fk):/)*Ewp_pS:ﬂs (34)

€w

Hence x(f) € Q,, C Xs0 C A, contradicting the assump-
tion that x(t) € X, for all t € [t,tmax]- Therefore, there
exists ts € [tk, t] C [te, tmax] Such that x(ts) € Xs. .

Theorems 1 and 2 also show how the sampling period A affects
the admissible choices of p, and p; for a fixed outer set Q,. In particu-
lar, A appears in the positive terms of Equation (16) through
Ly, (Mg +Wmax)A and c4 (

A reduces the sample-and-hold contribution in Equation (16). Thus,

p/c1+ (Mg + Wmax)A) W max, SO a smaller

for the same fixed p, one can admit a smaller p, while still satisfying
Equation (16); this is useful because the requirement Q, C X0 in
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Theorem 2 is easier to realize for a smaller level set Q, . Likewise,
since A, in Equation (17) decreases with A, the condition p,+ A, <p
can be satisfied with a larger p, for fixed p, and therefore with a larger
inner set Q, . Hence, for a fixed Q,, a smaller feasible sampling period
enlarges the admissible range of p, and p: p, can be taken larger and
ps can be taken smaller under the same inequalities. This is particularly
relevant for the proposed RL-based controller, because the learned
policy can be evaluated online with much lower computational burden
than repeatedly solving the backup optimization problem. As a result,

the RL-based controller can support a smaller feasible A.

Remark 4. The finite-time recovery result in Theorem 2
should be distinguished from forward invariance of the
safe set Xs. The proposed switching law does not
require the final fallback controller ®(x) to render X or
X, forward invariant. Rather, ®(x) is used as a stabiliz-
ing fallback to preserve operation within the outer Lya-
punov region Q, when the LEMPC backup is unavailable.
The recovery statement relies on the outer Lyapunov-
decrease condition and the inclusion Q, C Xso C &; it
does not imply monotonic decrease of the Safeness

index S(x) or forward invariance of X after entry.

4 | APPLICATIONTO A CHEMICAL
PROCESS EXAMPLE
4.1 | Process description
We consider a well-mixed, non-isothermal continuous stirred-tank
reactor (CSTR) in which a single irreversible, exothermic, second-order
liquid-phase reaction takes place, A— B. The feed stream contains
pure reactant A with inlet concentration Cyg and inlet temperature Tg
and enters the reactor at constant volumetric flow rate F. Heat is
added to or removed from the reactor at a rate Q. The reactor is
assumed perfectly mixed with constant liquid volume V|, density p,,
and heat capacity Cp,.

The states are the reactant concentration C4 and the reactor tem-
perature T, which evolve according to standard CSTR mass and

energy balances:

TABLE 1  Parameter values of the CSTR model.

Parameter Value Parameter Value

Cas 1.2kmol m~3 Caos 4.0kmol m~3

Co 0.231kJkg 1K? AH —11,500kJkmol !
E 5.0 x 10*kJkmol™* F 5m3h~?

ko 8.46 x 10°m3kmol*h~! Q, 0.0kJh~?

R 8.314kJkmol~1K? oL 1.0 x 10%kgm—3
To 300.0K Tos 300.0K

T, 438.0K Vi 1m?

AI?BIFJ R NALJ9;f16

dCa F E] 2

gt *V*L(CAofCA)*kOEXD {*ﬁ} Ca (35a)
dr  F AH Ele, Q
daT _F oo o Bl Q. 35b
& =V (To=T) mcpkoexp{ RT} CA+[)LCpVL (35b)

where AH, ko, E, and R denote the heat of reaction, pre-exponential
factor, activation energy, and ideal-gas constant, respectively. Param-
eter values are listed in Table 1. The parameter set admits three
steady states; throughout this work, we operate around the open-
loop asymptotically stable steady state [Cas, Ts| with associated
steady-state inputs {CAOS, Qs] .

4.2 | Control problem

To formulate this problem, we work in deviation variables
around the open-loop asymptotically stable steady state
introduced in Section 4.1, so that the steady state corresponds to
X:=[Ca—Cns, T-Ts] " €®?  and

€ R?, where u; denotes the deviation in

the origin.  Specifically,
u:= [CAO*CAOS, Q.*Qs} |
inlet concentration and u, denotes the deviation in heat input/
removal rate. The manipulated inputs are subject to the bounds
|us| < 3.5kmol m~3 and |uz| < 5 x 10°kJh~2. Under this formulation, the
control objective is to maximize the production of product B over the
operating window t, =1.0h. Thus, the stage economic objective is

defined as

Le(x) :=koexp [,RET] c2 (36)

In addition, we impose the following resource constraint over a fixed

operating period t, = 1.0h:

fJ us(r) de =0 (37)

The reference controller ¢ = [¢4,¢,] in Section 2.3 is designed as
follows. The inlet-concentration action u; (denoted ¢,) is chosen to
satisfy the input bounds and the material constraint Equation (37);
Specifically, ¢, is set as 0 kmol/m? and clipped to the feasible region.
Given any admissible ¢4, the heat-rate action u; (denoted ¢,) is com-
puted via a scalar Sontag law.%2 Specifically, Equation (35) can be writ-
ten as the form of x=f(x)+8;(X)u1+82(X)uz. Define a(x):=
LiV(x)+Lg, V(X)p1 and b(x) :=Lg,V(x), where L¢V(x) ::%f(x) and

X
Lg V(x) ::%}(")gi (x). Then we set®®:

followed by saturation of ¢, to [Uz min,U2 max]. We use a quadratic Lya-

punov function V(x) =x T Px with
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1,060 22
- [ 22 0.52] (39)
Based on closed-loop simulations under ¢, we select p =368 and
pe =320 in this study.
In terms of safety, we would like to avoid operation at excessively
high reactor temperatures. To characterize unsafe operation, we
define the Safeness index for this CSTR as

_ axq -+ bxo
~ max{axy +bxa : V(x) <p}

S(x) (40)

where a and b are weighting constants. In this study, we seta=b=1.
Since the temperature deviation x, is several orders of magnitude
larger than the concentration deviation x4, the Safeness index is domi-
nated by temperature, and larger values of S(x) correspond to less
safe operating conditions. Over the stability region Q,, the normalizing
constant is max{x1+xz:V(x) <p} =74.46, so S(x) € [-1,1]. We set
the Safeness threshold to Sy, = 0.6, which limits the reactor tempera-
ture deviation to approximately x, <47 K.

To test the robustness of various designed controllers, the
closed-loop simulations are carried out under additive bounded
disturbances w with zero-mean Gaussian distribution and standard
deviations  (01,02) =(1.5,15), wq]<3
and |wy| < 30.

clipped to satisfy

Remark 5. In this work, neither the RL discussed in
Section 4.3 nor the FNN discussed in Section 4.4.2 is
trained with explicit disturbance information; both are
trained using the nominal process model, and the evalu-
ations performed during offline training are also based
on the nominal model. Extending the learning design to
explicitly account for disturbances, e.g., through offset-
free approaches, is outside the scope of this study.

Remark 6. In this study, the sampling period is fixed at
A =0.01h for all controllers to enable a fair closed-loop
comparison under the same update frequency. In prac-
tice, however, the feasible sampling period may vary
across controllers because their online control-decision
times can be different. In particular, controllers that
require more online computation may need a larger
sampling period, whereas an RL controller can often be

implemented with a smaller one.

43 |
design

Safe economic RL-based control framework

For the CSTR considered in this work, the safe economic RL-
based control framework shown in Section 3 is implemented by
using the LEMPC in Section 2.5 and Sontag law ¢ as the backup
controllers and training the RL policy in the shielded environment of

Section 3.3. The design details of the LEMPC are shown in
Section 4.4.1.

The RL state is chosen as s, = [x(t,) ", leao(ty), tk/tp]T, where
leao(ty) := .[gm(r) dr denotes the accumulated inlet-concentration
usage up to time ty. The state x(ty) is augmented with Icao(tx) and
tc/t, because both quantities influence the control action decision
through the material constraint and the remaining time in the operat-
ing period. The actor outputs a normalized action ay € [-1, 1]2, which
is mapped to a physical input proposal ugy (tx) € U. As in Equation (14),
the replay buffer stores the raw action proposal, while the state tran-
sition and reward are generated by the implemented input u(ty). The
reward is chosen to be the same as the economic stage objective, i.e.,
re = Le. As discussed in Section 2.6, TD3 is adopted as the underlying

reinforcement-learning algorithm.

431 | RLtraining

Following Section 3.3, the constraint-informed 2-stage RL training is
used. During training, initial states are sampled over the whole Q,,
including unsafe states, and the reward is penalized whenever the
backup controller is used.

In Stage 1, training starts from scratch with an initial random-
exploration phase and periodic policy evaluation every 1000 training
steps up to a total of 4 x 10° steps. Several fixed values of pq are
tested to identify a suitable penalty level for learning a highly admissi-
ble initial policy with low backup usage. During each training run, we
save the RL policy that achieves the highest cumulative reward among
the evaluated policies whose backup usage is below 20%. As shown

in Figure 2, g, =1 leads to persistently high backup usage, whereas

—— Bi=1 —— B1=04 —— B;=02 — B;=01 —— B;=0.05
__ 100
80‘%

601
401
20
ol
164
144

121

Cumulative Reward Backup Usage (%

0 50k 100k 150k 200k 250k 300k 350k 400k
Training Step

FIGURE 2 Stage 1 training performance for different fixed values
of f1. The upper panel shows backup usage, and the lower panel
shows cumulative reward. In each panel, the solid curves represent
the mean over evaluations within each 10*-step interval, and the
shaded regions indicate the 25%-75% range.
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FIGURE 3 Stage 2 training performance as f3, is gradually
increased. The upper panel shows backup usage, and the lower panel
shows cumulative reward. In each panel, the solid curves represent
the mean over evaluations within each 104-step rollback interval, the
shaded regions indicate the 25%-75% range, and the dashed curves
denote the best cumulative reward found within each rollback interval
and its corresponding backup usage.

smaller values reduce backup usage substantially without severe loss
in cumulative reward. Among these low-intervention cases, f; =0.2
gives one of the highest cumulative rewards while satisfying the
backup-usage requirement, and the selected checkpoint also achieves
zero backup usage. Therefore, Stage 1 is carried out with g; =0.2.

In Stage 2, training is initialized from the best Stage 1 checkpoint,
and f3, is increased from 0.3 to 1.0 in increments of 0.1. At each pen-
alty level, training is carried out for 10° steps, the replay buffer is
reset, and policy evaluation is performed every 10° steps. To keep
training near the good Stage 1 solution, the agent is rolled back every
10* steps to the best previously saved constrained snapshot, where
“best” refers to the evaluated policy with the highest cumulative
reward among those whose backup usage is below 50%. In addition,
both the overall best policy and the best constrained policy with
backup usage below 50% are tracked, with the latter used for rollback
and model selection. The final selected RL policy achieves a cumula-
tive reward of 16.59 with zero backup usage.

The corresponding training behavior is shown in Figure 3. For
small values of f,, the low-backup behavior learned in Stage 1 is
largely preserved. As j, increases, backup usage becomes more pro-
nounced, especially in the later stages, indicating that the weaker
intervention penalty allows exploration farther away from the original
low-backup solution. The cumulative reward does not show a clear
monotonic improvement as f, increases, and the best-performing
candidates in later stages are generally associated with larger backup
usage. Overall, Stage 2 serves as a warm-started local continuation
procedure that seeks further economic improvement while preserving
the admissible behavior learned in Stage 1.

The TD3 hyperparameters used in the two stages are listed in

Table 2. Compared with Stage 1, Stage 2 uses smaller learning rates

AICBE R AL—L1Lor

TABLE 2 TD3-based RL hyperparameters for Stage 1 and
Stage 2.

Hyperparameter Stage 1 Stage 2
Replay buffer size 10° 10°
Mini-batch size 256 256
Discount factor y 0.99 0.99
Target update 7 0.005 0.005
Policy delay 2 2

Actor learning rate 3x10°* 1x10°4
Critic learning rate 3x107* 1x10°4
Exploration noise 0.10 0.02
Target policy smoothing noise 0.2 0.05
Target policy smoothing clip 0.5 0.2

and lower exploration noise so that the policy can be refined more
conservatively around the admissible behavior obtained in Stage 1.

Remark 7. During RL training, or during LEMPC data
generation for Section 4.4.2, if the LEMPC optimization
fails, the current episode is terminated, and the entire
trajectory is discarded rather than added to the replay
buffer or supervised dataset. In online implementation,
one may still apply the stabilizing controller ®(x) after
such a failure so that the control action remains well
defined. During training and data generation, however,
we do not retain these trajectories because ®(x) is
introduced for stability recovery rather than for eco-
nomic optimization. Therefore, the resulting transitions
are not representative of the intended economically
optimized shielded-policy behavior, and including them
would bias the dataset toward fallback behavior that is

not the target of learning.

Remark 8. Although the final RL policy selected in this
study achieves zero backup usage in the evaluation
(no disturbance), this is not a necessary outcome of the
proposed training framework. In general, the final
selected RL policy may still exhibit nonzero backup
usage if that policy provides the most favorable balance
between cumulative reward and admissibility. Further

discussion is given in Section 4.3.2.

43.2 | Closed-loop performance

We first highlight the benefit of the safe online implementation by
comparing the proposed shielded RL controller with the correspond-
ing unshielded RL controller under the same bounded disturbances.

RL 1 denotes the best-performing policy selected from the training
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FIGURE 4 Closed-loop dynamic responses under bounded
disturbances for the proposed safe RL-based controller and the
nominal RL-based controller with initial state x(0) =[0,0] " .
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FIGURE 5 State-space trajectories under bounded disturbances

for the proposed safe RL-based controller and the nominal RL-based
controller with initial state x(0) =[0,0] .

procedure above. As shown in Figures 4 and 5, the difference
between Safe RL 1 and RL 1 is relatively small, which indicates that
when the learned policy already proposes highly admissible actions,
the backup controller is only minimally involved and the safe online
implementation is nearly non-intrusive.

However, even though the constraint-informed training can effi-
ciently reduce reliance on the backup controller, it does not eliminate
the need for backup during online implementation. To illustrate this
point more clearly, we also include another learned policy, denoted RL
2, obtained using the same training method but with higher reliance
on the backup controller. In this case, if the backup layer is removed

and the RL policy is implemented directly, the closed-loop behavior

becomes unsafe. As shown in Figure 4, RL 2 leads to a pronounced
temperature rise near the end of the operating period together with
corresponding deviations in the manipulated inputs. The state-space
plot in Figure 5 further shows that the RL 2 trajectory enters the
unsafe region S>Sy, and even leaves the prescribed stability region
Q,. By contrast, the corresponding Safe RL 2 trajectory remains inside
the admissible operating region because the backup controller inter-
venes whenever the RL proposal fails the online acceptance test.

Therefore, these results show that the backup controller remains
important even after constraint-informed training. When the learned pol-
icy is reliable, as in RL 1, the safe online implementation is nearly non-
intrusive. When the learned policy is less reliable, as in RL 2, the backup
controller is essential for preventing unsafe operation and loss of stability.

To further illustrate the effect of the safe online implementation,
we also test several initial states outside X,. The resulting closed-loop
state-space responses are shown in Figures 6 and 7, and the corre-
sponding Safeness index trajectories are shown in Figure 8. Figure 6
shows the locations of the closed-loop states at several representative
time instants, while Figure 7 shows the corresponding full trajectories.
Starting from initial conditions outside X}, including unsafe initial
states with S > Sy, the trajectories are first driven quickly away from
the unsafe region and back into the admissible operating region. This
behavior is also reflected in Figure 8, where the Safeness index for
the initially unsafe cases decreases rapidly below the threshold Si,
indicating fast recovery of safe operation. After this transient recov-
ery, the state trajectories move toward nearly the same region in the
state space, and the corresponding Safeness index trajectories merge
to nearly the same level. This indicates that, although the initial states
are different and some are initially unsafe, the proposed controller
first restores safety and then steers the process toward a common
economically favorable operating region.

44 | Benchmark with different controllers

441 | Safe LEMPC design

To implement the backup controller and provide an optimization-based
benchmark, we design a safe LEMPC based on the formulation in
Section 2.5. For efficient online computation, the objective function and con-
straints are implemented in CasADi, and the resulting nonlinear program is
solved using SciPy's SLSQP solver with tolerance 10~ %, finite-difference
step size 2 x 1074, and a maximum of 500 iterations. Two prediction
horizon lengths are considered. A baseline Safeness index-based
LEMPC with N =10 is used for closed-loop performance comparison,
while a short-horizon Safeness index-based LEMPC with N =2 is used

in the shield as a computationally efficient backup controller.

442 | Imitation learning

Since imitation learning can also produce a direct state-to-action feed-

back law and thereby significantly reduce the online computation time
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FIGURE 7 Full state-space trajectories under the proposed safe At each sampling instant t,, the FNN input is

RL-based controller from initial states at origin and outside .

relative to repeatedly solving the LEMPC optimization problem,
it serves as a natural comparison candidate for the proposed
RL-based controller. Therefore, we train an FNN via
imitation learning to approximate the baseline LEMPC policy. To
this end, we generate a supervised dataset by running the baseline
LEMPC in closed-loop simulations from diverse initial conditions

sampled from Lyapunov rings of V(x)=x" Px over V€ [0,p] with

se=[x(tx) T, leao(t), tk/tp]T, and the output is the implemented
control action u(ty). The inputs are normalized using min-max scaling,
and the outputs are normalized using tanh activation. The dataset is
split into training, validation, and test sets in the ratio 70%/15%/15%.
The FNN is trained using Adam to minimize the mean-squared error
in the bounded action space with early stopping. The hyperpara-
meters are selected by Bayesian optimization to minimize the mean
normalized MSE on the validation set, yielding the following optimal
values: Learning rate 4.84 x 1073, batch size 64, width 128, depth 2,

and dropout 0.0144.
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As shown in Figure 9, the test-set prediction errors for both uj
and u, are strongly concentrated near zero. In both subfigures, most
of the histogram mass lies in the small-error region, and the cumula-
tive distribution rises rapidly near the origin, indicating that a large
fraction of the FNN predictions are very close to the corresponding
LEMPC actions. Only a relatively small portion of the samples falls in
the larger-error region. Moreover, the approximation for u, appears
slightly tighter than that for uq, which contains a higher count of high
relative error outliers. One possible reason is that u4 is also influenced
by the material constraint in Equation (37), so its value depends not
only on the current process state but also more sensitively on the
accumulated inlet-concentration usage and the remaining time in
the operating period. This makes the input-output mapping for u; less
predictable and therefore harder to approximate accurately by a static
FNN. Overall, Figure 9 indicates that the trained FNN reproduces the
dominant input-output behavior of the baseline LEMPC sufficiently

well to serve as a meaningful imitation-learning benchmark.

Remark 9. In this work, the FNN is trained to minimize
MSE so as to mimic the LEMPC input-output mapping.
If one also wishes to reduce backup usage during
deployment, additional penalty terms can be introduced
to discourage infeasible actions from FNN; however,
doing so typically trades off imitation fidelity and may
degrade how closely the FNN reproduces LEMPC

actions.
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443 | Comparison of different control approaches

To evaluate the closed-loop performance of the proposed RL-
based controller, we compare it with the LEMPC and FNN
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FIGURE 10 Closed-loop dynamic responses under bounded
disturbances for LEMPC, imitation learning (FNN), and the proposed
RL-based controller with initial states at x(0) =[0,0] .
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FIGURE 9 Test set relative prediction error distributions and cumulative distributions for the FNN approximation of the LEMPC actions u;

and us. (A) uy, (B) us.

Controller Cumulative reward Improvement Backup
LEMPC 16.64 19.59% -

FNN 16.51 18.66% 25%
RL 16.75 20.39% 6%

TABLE 3 Performance comparison of
tmax (S) tave (S) .
different controllers.
6.182 0.233
1.027 0.017
1.079 0.016

Note: The improvement is computed relative to the open-loop cumulative reward Jo, = 13.91. t,,. and
tmax denote the average and maximum computation times for one control action, respectively.
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FIGURE 11 State-space trajectories under bounded disturbances

for LEMPC, imitation learning (FNN), and the proposed RL-based
controller with initial states at x(0) = [0,0] " .
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FIGURE 12 Safeness index under bounded disturbances for
LEMPC, imitation learning (FNN), and the proposed RL-based
controller with initial states at x(0) =[0,0] " .

controllers under the same operating constraints. To quantify the
economic benefit of each controller, we use as a baseline the
cumulative reward of the open-loop process operated at the
steady-state input u=0 under disturbances, which is J,, =13.91.
The improvement of a controller is then computed relative to this
open-loop value.

Table 3 summarizes the closed-loop cumulative reward, improve-
ment relative to the open-loop baseline, backup usage, and online
computation time for the three controllers. The proposed RL-based
controller achieves the highest cumulative reward, 16.75, correspond-
ing to an improvement of 20.39%, which is higher than that of the
LEMPC (16.64, 19.59%) and the FNN controller (16.51, 18.66%). In
addition, the RL controller requires backup only 6% of the time, which
is substantially less than the FNN controller (25%). In terms of online
computation, the RL controller is significantly faster than the LEMPC,
with tae =0.016 s and tyax = 1.079 s, compared with t,,.=0.233 s
and tyax =6.182 s for the LEMPC. Compared with the FNN control-
ler, the RL controller achieves better economic performance with

essentially the same online computation time.

AICBE R AL 10T

Figures 10 and 11 show that, despite bounded disturbances,
all three controllers drive the reactor quickly from the initial steady
state to an operating region that improves the economic objective.
Due to the high production rate, the concentration decreases a lot.
A higher temperature due to the larger heat input accelerates the
production rate. All trajectories remain inside the Lyapunov func-
tion level set Q,, consistent with the stability guarantees, and stay
close to the safe-region boundary for much of the operating time. The
main difference appears near the end of the operating time, where
the material constraint on uy forces a terminal correction in both
inputs. Figure 12 shows that all three controllers operate under the
allowable safeness index requirements during the operating time.
Overall, the RL controller preserves safe bounded operation while
achieving the best economic performance with low online

computational cost.

5 | CONCLUSION

This work developed a safe economic RL-based control framework for
nonlinear systems using supervisory backup controllers to enforce
prescribed safety and stability conditions. The proposed method
achieves both economic improvement and operational safety
through a constraint-informed two-stage training strategy and a safe
online implementation mechanism. Theoretical results established
forward invariance of the admissible operating region with respect
to closed-loop stability and demonstrated recovery from unsafe
operation. Using a CSTR example, the implementation of the pro-
posed method was clarified, the significance of the backup control-
lers was demonstrated, and trajectories starting from initial states
outside X, were successfully driven back into the safe operating
region. Compared with the benchmark controllers, the proposed RL
controller achieved the best economic performance while maintaining
safe operation and substantially reducing online computational burden
relative to LEMPC. These results demonstrate that the proposed
framework provides an effective way to integrate the low online cost
of RL with model-based safety and stability guarantees for nonlinear

process control.
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