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Safe operation of nonlinear safety-critical processes requires coordination of feedback control, protection
against abnormally large disturbances using safety systems, shutdown, and recovery after repair. This work
develops an integrated control and safety system architecture for these operating stages. For nominal
operation, the architecture uses Safeness Index-informed Lyapunov-based model predictive control (MPC);
following supervisory activation, the supervisor coordinates measurement-based active protection, shutdown,
and recovery after repair. Under the stated assumptions, the analysis demonstrates closed-loop stability during
nominal operation, preservation of physical safety during certified nonshutdown operation, and finite-time
entry into the nominal region after repair. In a methyl isocyanate hydrolysis reactor case study, feedback
cooling alone failed to contain the tested abnormal disturbance, whereas both conventional on/off and smart
safety systems maintained containment. Relative to conventional on/off operation, the smart policy reduced
the mean and final values of the normalized discharge metric by 34.55% and 40.78%, respectively, without
increasing the observed maximum reactor temperature. Nominal handoff occurred 272 s after repair. These
results demonstrate that physical safety, reduced material loss, and recovery can be coordinated within a
unified architecture.

1. Introduction et al., 2025); therefore, safe operation should be treated as a contin-

uous operating objective during both normal and abnormal process

Safe operation is a fundamental requirement for chemical processes,
which must remain within admissible operating envelopes defined by
critical variables rather than be evaluated only for nominal steady-
state performance (Stauffer and Chastain-Knight, 2021; Senthilvelan
et al.,, 2025; Albalawi et al., 2018). These admissible operating en-
velopes are commonly expressed through Safe Operating Limits (SOLs),
which specify allowable ranges for critical process parameters such
as temperature, pressure, level, flow, pH, and composition (Stauffer
and Chastain-Knight, 2021; Senthilvelan et al., 2025). For processes
subject to the Occupational Safety and Health Administration (OSHA)
Process Safety Management (PSM) standard, process safety information
is required to include safe upper and lower limits for variables such
as temperature, pressure, flow, and composition, together with an
evaluation of the consequences of deviations from these limits (Occupa-
tional Safety and Health Administration, 1992). When these limits are
exceeded, operation should transition from ordinary troubleshooting to
predetermined corrective or protective actions that return the process
system to a safe state (Stauffer and Chastain-Knight, 2021; Senthilvelan

operation, especially when disturbances, equipment faults, or actuator
and sensor limitations drive process variables toward the boundaries of
the admissible operating envelope (Albalawi et al., 2018; Wang et al.,
2023).

Recent chemical process incidents demonstrate that temperature
excursions, pressure buildup, loss of containment, and failures of pro-
tective systems continue to present significant operational safety chal-
lenges, as summarized in Table 1 (U.S. Chemical Safety and Hazard
Investigation Board, 2026a, 2025, 2026b, 2023a,b). The Givaudan and
Optima Belle incidents emphasize the need to characterize reactive
hazards so that process equipment and relief systems account for cred-
ible decomposition and overpressure scenarios (U.S. Chemical Safety
and Hazard Investigation Board, 2026a, 2023a). The Marathon and
Intercontinental Terminals Company incidents demonstrate the impor-
tance of connecting appropriate measurements and operating limits to
alarms, interlocks, and predetermined remote protective actions; timely
isolation can also limit accident escalation and the quantity of material
released (U.S. Chemical Safety and Hazard Investigation Board, 2025,
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Table 1
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Representative chemical process incidents and associated safety issues.

Incident Main safety issue

Relevant safeguard

Givaudan Sense Colour, 2024
(U.S. Chemical Safety and Hazard

Investigation Board, 2026a) exceeded.

Runaway decomposition and reactor
rupture after the relief capacity was

Reactive hazard assessment and
adequate relief capacity.

Marathon Martinez Renewable
Fuels, 2023 (U.S. Chemical Safety
and Hazard Investigation Board,
2025)

Fired-heater tube overheating and
rupture following a loss of process flow.

Flow measurement, alarms, safety
interlocks, and remote shutdown.

Dow Plaquemine Glycol II Unit,
2023 (U.S. Chemical Safety and
Hazard Investigation Board,
2026b)

Ignition propagated through pressure
relief piping into process equipment.

Monitoring of the inert
atmosphere and appropriate relief
system design.

Optima Belle, 2020 (U.S.
Chemical Safety and Hazard
Investigation Board, 2023a)

Uncharacterized thermal decomposition
and dryer overpressure.

Process knowledge and thermal
hazard assessment.

Intercontinental Terminals
Company, 2019 (U.S. Chemical
Safety and Hazard Investigation
Board, 2023b)

An undetected flammable release and
inability to isolate tank inventories.

Release detection and remote
emergency isolation.

2023b). The Dow incident further illustrates that auxiliary protection
equipment can itself become an escalation pathway when its operating
condition is not adequately maintained or monitored (U.S. Chemical
Safety and Hazard Investigation Board, 2026b). Although the initiating
mechanisms differ, these incidents reveal a common sequence: a haz-
ardous deviation develops, the condition must be recognized promptly,
and the response must shift from ordinary process control to dedicated
protective action before escalation. This common need motivates the
integration of operational safety with feedback control, where the
controller maintains desirable process operation when sufficient control
authority is available, while a separate safety system monitors the
process safety condition and initiates appropriate protective actions
when feedback control is no longer sufficient (Albalawi et al., 2018;
Zhang et al., 2018a; Leveson and Stephanopoulos, 2014).

Model Predictive Control (MPC) has become a widely used ad-
vanced control framework for chemical process systems because it
predicts future process behavior using a dynamic model and computes
control actions by solving a finite-horizon constrained optimization
problem (Qin and Badgwell, 2003; Christofides et al., 2013; Ellis et al.,
2014). A key advantage of MPC is that operational requirements can
be incorporated directly as constraints on manipulated inputs, process
states, output variables, or input-rate changes, which allows the con-
troller to account for multivariable interactions while maintaining op-
eration within admissible limits (Qin and Badgwell, 2003; Christofides
et al., 2013). For example, in protonic membrane steam methane
reforming systems, model-based control including MPC has been used
to coordinate thermal hydrogen generation, electrochemical hydro-
gen recovery, and steam generation, while safety-relevant restrictions
such as extraction-current or current-density limits can be incorporated
to avoid undesirable electrochemical transients and protect thermo-
electrochemical performance (Cui et al., 2024; Peters et al., 2026). In
another example, Nonlinear Model Predictive Control (NMPC) has been
applied to exothermic semi-batch reactors by incorporating runaway
criteria into the control problem, allowing the reagent feed flow rate
to be manipulated to avoid thermal runaway (Kummer et al., 2020).
Similarly, Hamilton-Jacobi reachability has been combined with MPC
to identify avoidable sets associated with thermal runaway and im-
pose these unsafe regions as constraints, thereby excluding trajectories
that would lead to excessive reactor temperature or unsafe opera-
tion (Kanavalau and Lall, 2022). Beyond conventional constrained
MPC, more explicit safety-oriented formulations have been developed,
including Safeness Index-based Model Predictive Control (SI-MPC),
Control Barrier Function-based Model Predictive Control (CBF-MPC),
and Control Lyapunov-Barrier Function-based Model Predictive Control
(CLBF-MPC), where safety metrics, barrier conditions, or safe-region
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constraints are embedded into the optimization problem (Albalawi
et al., 2017, 2018; Wu et al., 2019).

Control Barrier Function (CBF) methods also provide a direct means
of enforcing safety through constraints on admissible control inputs.
Robust formulations for sampled-data systems account for bounded dis-
turbances, measurement errors, and state evolution between sampling
instants (Oruganti et al., 2024). Online disturbance estimation has also
been incorporated into CBF formulations, where estimates of unknown
contributions to the barrier dynamics and their associated error bounds
are used to construct robust safety constraints (Das and Murray, 2022).

More recently, Reinforcement Learning (RL)-based controllers have
been investigated to reduce online computational effort through offline
training, while safety-filtered or gated RL architectures use barrier func-
tions, backup controllers, or supervisory filters to reject unsafe actions
and convert unconstrained learned policies into constrained or safe RL
policies (Cheng et al., 2019; Wang and Wu, 2024; Cui et al., 2026a,b).
Despite these advances, MPC- and RL-based safety controllers remain
controller-side safety mechanisms. Industrial considerations such as
protective-action selection, material loss, emergency shutdown cost, in-
teractions with alarms and interlocks, and recovery after the abnormal
condition is resolved can, in principle, be incorporated into an MPC
formulation; however, the resulting safety guarantee still depends on
model accuracy and optimization feasibility for MPC, representative
training data for RL, and reliable measurements and sufficient feed-
back actuator authority for both. Moreover, these methods primarily
focus on constraint satisfaction, safe-set invariance, stabilization, or
economic optimization under safety constraints. Therefore, integrating
control systems and safety systems provides a complementary archi-
tecture in which the controller maintains desirable operation when
feasible, while the safety system provides an additional protection
layer when the model, optimization, or actuator conditions required
for controller-based safety are no longer available (Zhang et al., 2018a;
Albalawi et al., 2018).

Several studies have begun to investigate how feedback controllers
and safety systems can be coordinated to improve process operational
safety. For example, model predictive safety systems have been pro-
posed to proactively detect operational hazards and support alarm
triggering before the process reaches unsafe conditions (Ahooyi et al.,
2016). The dynamic interaction between feedback control and safety
systems has also been analyzed for chemical process applications, in-
cluding a methyl isocyanate (MIC) hydrolysis reactor where a
Lyapunov-based Model Predictive Control (LMPC) system uses inte-
gration with safety-system activation to avoid thermal runaway, and
a high-pressure flash drum where controller tuning was modified
according to the activation status of a pressure-relief safety system
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(Zhang et al., 2018a,b). In addition, SI-MPC has been integrated with
safety relief valve activation to coordinate controller behavior with
discrete protective actions during unsafe operation (Zhang et al., 2019).
These studies demonstrate that considering the interaction between the
control layer and the safety layer can improve closed-loop operational
safety compared with treating them as completely independent com-
ponents. Within such an architecture, different admissible protective
intensities can result in different material losses and intervention
durations. This motivates adjusting safety-system action according to
measured process behavior while keeping performance adjustment
subject to explicit safety requirements. The coordination must also
extend to shutdown requests and recovery after repair, including the
conditions for resuming nominal control.

To address this coordination problem, this work develops an in-
tegrated control and safety system architecture for nonlinear safety-
critical processes. During normal operation, Safeness Index-informed
Lyapunov-based MPC (SI-LMPC) pursues the nominal control objec-
tive while penalizing predicted movement toward less safe operating
conditions. Following supervisory activation, the active safety policy
does not propagate the nominal process model to predict the abnor-
mal dynamics. Instead, sampled measurements are combined with a
certified characterization of the incremental effect of the safety input
that is independent of the disturbance. Together, they determine a
certified lower bound on the protective action intensity required to
satisfy the prescribed bound on the safety-certificate rate over the
next sampling interval whenever a feasible intensity exists. Completed
safety evaluations update a separate candidate action intensity, and
the applied intensity is selected as the larger of this candidate and
the current certified lower bound. The framework also distinguishes
active safety operation from recovery after repair. After repair has been
confirmed and the disturbance again satisfies the bound assumed for
normal operation, a recovery policy first attempts recovery using feed-
back control alone and supplements it with the safety input only when
necessary. Nominal MPC is resumed only after the process has entered
the nominal Lyapunov region (closed-loop stability region under MPC)
and the handoff conditions are satisfied. Under the stated assumptions,
the analysis establishes (i) forward invariance of the nominal Lyapunov
region and ultimate boundedness under normal-operation disturbances;
(ii) preservation of the physical safe set during active safety operation,
provided that the abnormal disturbance remains within the certified
envelope and the supervisor can apply a certified safety action without
invoking shutdown; and (iii) entry into the nominal Lyapunov region
within finite time under the stated recovery assumptions. A strongly
exothermic MIC hydrolysis process susceptible to thermal runaway is
used to illustrate the methodology.

2. Preliminaries
2.1. Notation

The actual state and the nominal predicted state are denoted by x
and %, respectively. The transpose and Euclidean norm of a vector x, the
set of real numbers, and set difference are denoted by x', ||x||, R, and
Q, \ Q,, respectively. For a set £, int(£2) denotes its interior. A generic
function is denoted by f(-). The sampling instants are 1, = t, + k4,
k € Zs,, where t, is the initial sampling instant and 4 > 0 is the
sampling period. The set of input functions that are constant over each
sampling interval is denoted by S (4). For a given state x(z;) and input
trajectory u(-), X(t | t,) denotes the nominal predicted state trajectory
generated from x(¢;) under u(). A function § : [0,4) — [0, ), where
a > 0, is said to be of class-K if it is continuous, strictly increasing, and
satisfies f(0) = 0. For § € K, p~! denotes its inverse on its range.
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2.2. Class of systems

This work considers safety-critical nonlinear processes equipped
with a feedback control system and a separately actuated safety system.
During normal operation, the process dynamics are represented by

(1) = F (x(0), (), uy(1), w(®)) , (€8]

where x(f) € D C R" is the process state, u(t) € U c R" is the
feedback control input, and u,(r) € U; C RP is the safety-system
input. The domain and admissible-input sets satisfy 0 € D, 0 € U,
and 0 € U,. The admissible input sets U and U are bounded and
represent the physical operating limits of the feedback control and
safety actuators, respectively. The variables x and u are defined in
deviation form with respect to the nominal equilibrium state and input,
respectively, whereas u, is expressed relative to its inactive value, so
that u; = 0 when the safety actuator is not in use.

The signal w(tr) € R" represents model mismatch, exogenous distur-
bances, and the equivalent effects of faults not explicitly included in
the process model. During normal operation, it satisfies

w(t) € Wy 1= {w € R" | |l < Wpay )+ @

where W, > 0 is the largest disturbance magnitude under nominal
operation. An abnormal event is characterized by w(t) ¢ Wy, or
equivalently ||w(®)|| > Wax-

The process state and any additional safety-relevant measurements
are available at the sampling instants 7,. The feedback control input
is implemented in sample-and-hold fashion, such that u(r) u;, for
t € [ty t;41)- The resulting physical safety-system input (z,) may depend
on the current state, which may vary continuously with time, and thus
may not remain constant within a sampling interval. The vector field
F is locally Lipschitz in x over the normal operating domain, and the
process trajectory is assumed to remain well defined over the interval
under consideration.

The nominal model with the safety system inactive is denoted by

3

The system is written in deviation-variable form such that F(0,0) = 0.
The model F° is used for nominal controller design and prediction.

FO(x,u) 1= F(x,u,0,0).

Remark 1. The robust forward-invariance guarantee developed in
Section 3.4 for the physical process under nominal MPC relies on w(r) €
Wy and on the model and Lyapunov bounds certified over the nominal
operating region. During an abnormal event, these bounds need not
remain valid, so the nominal model may not represent the physical
dynamics accurately enough for that guarantee to apply. If the event
drives the state outside the region on which the nominal Lyapunov
conditions are certified, no nominal decrease or forward-invariance
property is claimed there. This limitation motivates the separate safety
system, which uses measurements and a certified characterization of
the safety-input effect rather than prediction of the abnormal dynamics.

2.3. Process safety characterization

Let 218
safety requirements of the process. Safe operation requires x(r) €
throughout the operating interval.

To characterize this additional information, this work adopts the
Safeness Index concept introduced in Albalawi et al. (2017). Let 7, de-
note the safety-relevant information causally available at ¢,. Depending
on the application, 7, may include the current state, additional mea-
surements, a finite measurement history, changes in selected variables,
estimated quantities, or diagnostic information. The Safeness Index is
defined by

C D denote the closed set of states satisfying the physical

X phys
safe

S =S (L) e[-1,11. 4
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The value S, = —1 represents the most favorable condition, whereas
S, = 1 represents the supervisory limiting condition at which contin-
ued operation is not permitted. Larger intermediate values indicate a
smaller safety margin.

The physical safe set ngs specifies the state constraint that must
be satisfied during process operation, whereas the Safeness Index S, is
a metric that quantifies the proximity to unsafe operating conditions
based on observed process information (Z,). Because I, may contain
measurement history or other information that is not uniquely deter-
mined by x(#,), the same state may correspond to different Safeness
Index values. Consequently, Safeness Index levels do not, in general,
define fixed state-space boundaries and are not interchangeable with
the boundary of Xi hfy: Any specific relationship between S, and mem-
bership in Xihfy: must be established by the process-specific construction
of the Safeness Index.

Remark 2. Like the physical safe set Xif}y:, the construction of S is
process dependent and may be based on physical knowledge, formal
safety analyses, operating data, and validated measurements. This sub-
section establishes only its general interpretation. The thresholds and
the actions associated with them are introduced later as part of the
safety-system design.

2.4. Stabilizability assumption

The following assumption states the nominal stabilizability require-
ments for the disturbance-free, safety-inactive model x FO(x,u)
defined in Eq. (3). It jointly requires the existence of a feedback law
and an associated Lyapunov function satisfying the stated conditions
on Q,. These conditions ensure that each nonlinear process system
considered admits a stabilizing feedback controller and provides a
Lyapunov characterization of a certified closed-loop stability region.

Assumption 1. There exist a locally Lipschitz feedback law @ : D —
U, with @(0) = 0, a continuously differentiable Lyapunov function
V . D — Ry, a constant p > 0, and class-K functions f,, #,, f;, and g,
such that the following inequalities hold for every x € D,

B (Il < V () < By (lxl). (5a)
oV
T2L PO (0 () < =3 (D (5b)
oV
‘% < By dllxl). (50)
X

In addition, we denote level sets of the Lyapunov function within
this open region as 2, := {x € D | V(x) <n} where 7 is an arbitrary
constant. Then, for any p > 0, there exist positive constants M, L

X

L,, L', and L! such that, for every x,x’ € Q,,ueU, and w € Wy,
IF (x,u.0,w)|| < Mg, (6a)
|7 6.0, = FO (<) < Lollx = X'l + L luell, - (6b)
1% oV (x'
%F(x,u,o, w) - %FO (x.u)| < Lillx = X'l + L lwll.  (6¢)
X X E

Under Assumption 1, 2, is forward invariant for the nominal closed-
loop system x = FO(x,®(x)), and every trajectory initialized in this
set converges asymptotically to the origin. Its inclusion in int (X:;y:
provides a physical safety margin for nominal operation.

Remark 3. For the actual process, w(r) € Wy is allowed. In that case,
the bounds in Eq. (6), together with the sampled-data conditions stated
in part 1 of Theorem 1, establish robust forward invariance of £« and
ultimate boundedness under normal-operation disturbances.
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2.5. Model predictive control

Model predictive control is a widely used optimization-based frame-
work for computing control actions for constrained dynamical systems.
At each sampling instant f,, the MPC computes a piecewise-constant
input trajectory u(-) € .S (4) over a prediction horizon of N sampling
periods, where N € Z.,, by solving the following optimal control
problem:

t+NA
u<'§réis% /tk L (%(t | 1), u(r) dt (7a)
st X(t]t) = FO (%t | 1), u(®)) (7b)
X(1) = x(ty) (7¢0)
Xt|t)e X, Vtelt,t,+NA) (7d)
ut) € V,, Vi€ lty.t,+ NA). (7€)

In Eq. (7a), L(x,u) denotes the stage cost, which is selected according
to the control objective, such as regulation, reference tracking, or eco-
nomic performance. The predicted state trajectory x(z | t,) is generated
by the nominal model in Eq. (7b) from the measured state x(z,) in
Eq. (7c), subject to the state and input constraints in Egs. (7d) and (7e),
where X, C D and UV, C U denote the corresponding constraint sets.
After Eq. (7) is solved, only the first control action of the optimal input
trajectory is applied to the process and held constant over [f;,7;,).
At t;,,, the prediction horizon is shifted to [, ,#;,; + NA4], and the
problem is solved again using the newly measured state. This repeated
optimization and first-action implementation is the receding-horizon
approach.

Remark 4. The prediction model in Eq. (7b) corresponds to the
nominal, safety-inactive dynamics obtained by setting u, = 0 and w = 0.
It is therefore the same model with respect to which the reference
controller @ and the Lyapunov function V are defined in Section 2.4.
The effects of nonzero safety-system inputs are considered separately
in the integrated control-safety formulation.

3. Integration of safety system and feedback control

This section develops the policies for nominal control, active safety
operation, shutdown, and recovery after repair, with their coordination
and switching logic summarized in Section 3.4.

3.1. Nominal predictive control informed by the safeness index

Nominal operation should be permitted only while the state re-
mains in a region for which the Lyapunov-based design is certified
and the available safety information remains below the first super-
visory threshold. Accordingly, define the inner Lyapunov level set
Qx = {x e D| VX < p*} as the nominal Lyapunov region,
the state-based supervisory boundary, and the recovery target. The set
Q, introduced in Assumption 1 characterizes the region in which the
nominal stability conditions are certified. The level p* is selected below
p to define the practical boundary for nominal operation, taking into
account physical safety limits, bounded excursions caused by normal-
operation disturbances, and the desired margin for supervisory action.
It is additionally required that 2, C int(Xihfy:). A sufficient condition
ensuring robustness of the selected nominal region is provided in part 1
of Theorem 1.

Select a first supervisory threshold 0 < S;,; < 1. At #;, nominal
operation is permitted when the supervisory mode is inactive, x(¢,) €
Q,x, and S; < Sy ;. The safety-system input is then maintained at
u, = 0. Because S, = S(I,) may depend on measurement history
or other information that is not generated by the nominal model,
the future measured Safeness Index sequence is not assumed to be
predictable from F°. The controller therefore predicts only the nominal
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state trajectory using F° and includes a nonnegative safety penalty Jg
based on this trajectory and the information available at ¢,. At each
sampling instant eligible for nominal operation, it solves

1+NA

u('r)gisnm) /tk L (%@t | t),u() dit + Jg (XC | 1), u(-); I;) (8a)

s.t. %@t 1) = FO (%(t | 1), u(®)) (8b)

Xt | 1) = x(ty) (82)

X(t|1) EX,, tEI[t, 1+ NA) (8d)

ut) eV, telt,t,+NA) (8e)
WFO (x(t)uty) < WFO (x(t), @ (x(t)) -

(8

The stage cost and constraint sets have the meanings introduced in
Section 2.5. They are selected so that 2« C X, and ®(x) € U, for every
x € Q,+. The functional Js assigns a larger cost when the nominally
predicted state trajectory moves toward less favorable operating con-
ditions. It is calculated using smooth process-specific measures of risk
based on X(- | #;), u(-), and the information in 7, available at ¢,. These
measures are used only in the control objective and are not predictions
of the future measured Safeness Index sequence.

The constraint in Eq. (8f) requires the nominal Lyapunov time
derivative generated by the first optimized input to be no greater than
that generated by the reference controller ®@. We assume that Eq. (8)
is feasible, attains a finite minimizer, and can be solved within each
sampling period whenever nominal operation is permitted. Let u*(- |
t,) denote an optimal input trajectory computed using the nominal
prediction model F°. The receding-horizon implementation applies its
first value, u(r) = u*(t; | 1), together with u (1) = 0, to the actual
process over [t;,1;,1). Although Eq. (8b) is disturbance-free, the actual
process may be subject to w(r) € Wy. The sufficient sampling and
robustness conditions accounting for this disturbance are stated in
part 1 of Theorem 1.

Additionally, the process may experience an abnormal event in
which the disturbance exceeds these bounds, potentially resulting in
deviation from Q,., in which case the supervisory mode is activated.
More generally, the supervisory mode is activated when either of the
following conditions is satisfied:

V (x(tp) > p* ©)

The resulting supervisory actions are introduced in the following sub-
section.

or Sk 2 S

Remark 5. The disturbance classification is distinct from the super-
visory mode. The condition w(t) € Wy defines the normal disturbance
regime, whereas the supervisory activation condition is an observable
mode-selection rule. In particular, the Safeness Index may activate
the supervisor while x(t,) € €,«, allowing an early or conservative
response before the state-based boundary is crossed. The state-based
condition V(x(r;)) > p* is treated as an observable indication that
nominal operation may have been compromised and therefore prompts
investigation of a possible abnormal condition.

3.2. Smart safety system design

Let ", be the first sampling instant at which Eq. (9) is satisfied.
With S,;,; defined in the preceding subsection, select two additional
thresholds such that 0 < Sy, < Sy, < Syp; < 1. Once activated,
the supervisory mode remains latched until the abnormal condition has
been resolved and the handoff conditions introduced later have been
satisfied.

Physical containment after supervisory activation requires a phys-
ical safety metric, a protective feedback law, and a function that
determines the physical safety-system input from the process state and
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the selected action intensity. The required properties of these objects
are collected in the following assumption.

Assumption 2. There exists a continuously differentiable physical
safety certificate ¢ : D — R, whose value is available from measure-
ments at the sampling instants. Define

Xy i={x€eD|c(x) <0},

Qe Cint(Xy), Xy cine (X027,

safe

103

The set X, is compact. There also exist an admissible protective feed-
back law u¥® : X, — U, a function «, D x [0,1] - Uy, and a
maximum safety-system input i, : D — U, such that, for every x € D,
ks(x,0) =0 and «(x, 1) = a,(x).

The certificate ¢ defines the set in which physical containment is
certified during active safety operation. The formulation below is stated
for a single physical safety certificate. Unlike the nominal reference law
@, which establishes nominal stabilization within 2, wfe is applied
after supervisory activation to support containment in X,.

For each state x and normalized safety-action intensity a € [0, 1],
k4(x,a) gives the corresponding physical safety-system input. At each
sampling instant 7,, the supervisor selects an intensity «,, which is
held over [t;,7,,,). The resulting physical safety-system input is u(t) =
k,(x(7), &) and may therefore vary with the state within the sampling
interval even though «, remains fixed.

Assumption 2 collects conditions that can be checked during
process-specific safety-system design. In practice, the certificate ¢ may
be constructed from validated safety limits on measured variables such
as temperature, pressure, or concentration. A compact set X, can be
selected by restricting the certification to a bounded operating domain.
The two inclusions in Eq. (10) provide margins between nominal op-
eration, active safety operation, and the physical safety boundary. The
protective feedback law and the relation u; = k(x, @) can be determined
from admissible actuator operation, physical relations, equipment data,
or offline testing. Thus, this assumption does not require prediction of
the abnormal disturbance. It only requires the components used by the
active-safety policy to be available and certified over the stated domain.

The following assumption specifies how the resulting physical
safety-system input affects the rate of the safety certificate.

Assumption 3. During any sampling interval used to construct a rate
estimate, the rate of the physical safety certificate can be decomposed,
for almost every ¢, as

%C(X(t)) = d"(0) + g, (x(0,u,)) » (1)

where d°(t) collects all rate contributions other than the incremental
effect of the safety-system input, including the unknown abnormal-
process contribution and the contribution of the feedback control input
applied over the interval. The incremental effect g, DxU;, -
R is known, independent of the unknown disturbance, and satisfies
g,(x,0) = 0. For every fixed x, the composite map a — g,(x, K (x,a))
is continuous and, for every 0 < a(V) < a® < 1, satisfies

g (x, K (x, a(z))) <g (x, K (x, a(l))) <0. 12)

This assumption requires only characterization of the incremen-
tal effect of the engineered safety actuator; it does not require an
online model of the unknown abnormal contribution d°(¢). Such actu-
ator information can be obtained from physical relations, equipment
data, or offline calibration. The monotonicity condition merely states
that increasing the protective-action intensity cannot worsen the rate
of the physical safety certificate. It is therefore a basic certifiability
requirement: without a known incremental safety-input effect, no se-
lected action intensity could be certified against the unknown abnormal
contribution.



X. Cui et al.

The characterization of the safety-input effect is combined with
sampled measurements to estimate the unknown contribution d%(z).
No online model of d(t) is used. For k > k, + 1, the certificate
rate over the completed sampling interval [z,_,,,] is approximated by
the slope of the line connecting the two endpoint certificate measure-
ments. If a;,_; € [0,1] denotes the known safety-action intensity held
over [f,_;,t;), subtracting the known incremental safety-input effect

evaluated at the beginning of the interval gives
40 =

_¢ (x(p) = ¢ (x(t_p)

k * A (13)

= g5 (Xt p) i Gt agy)) -

The resulting 3}(’ is a causal finite-difference estimate of an interval-
representative value of the rate contribution d° in Eq. (11). This con-
struction applies for every «,_; € [0, 1], including «;_; = 0.

The first protective interval is initialized without using a rate esti-
mate. If the abnormal condition remains unresolved and no shutdown
guard holds at T apply u(t) = usafe(x(tka)) and select 4, =L o, =1
when S, > Sy, ;; otherwise select ¢, = 0, o, = 0. The latter case
corresponds to activation through V(x(t,) > p* alone. The following
capture condition covers the transition into supervisory operation and
this first protective interval.

Assumption 4. For every abnormal realization covered by the non-
shutdown safety certification, the activation index satisfies k, > 1, and
the state remains in Xfa}}y: from the physical onset of the abnormal
condition to 7, . In addition, the trajectory over the sampling interval
immediately preceding supervisory activation satisfies x(¢r) € X, for all
1E [t 1 i, s with x(ty,—1) € 2, and x(ty,) € Xa- If the first protective
interval is applied, the corresponding initialized inputs described above
keep x(1) € X, for every t € [t} ,1; 4]

After completion of the first protective interval, Eq. (13) evalu-
ated at #, ,, provides the first estimate ‘?2,,+1 used for active-safety
certification. The initialized intensity «, is known in both branches.
Earlier measurements may be available, but the present initialization
uses the interval over which the protective feedback has been applied.
The following certified upper bound supports this estimate and those
constructed at subsequent sampling instants.

Assumption 5. There exists a certified margin £, > 0 such that, for
every k > k,+1 during unresolved nonshutdown active-safety operation
and every constant intensity a« € [0,1] applied over [t;,7,,,), the
estimate ﬁ}z constructed from the completed sampling interval [t,_,,;]
provides the bound

Lo ) <@ +g, (x5, ) +e.,

for almost every t € [ty, 14)- 14

The margin accounts for measurement error, finite differencing, and
variation of the unmeasured contribution and the known incremental
effect over the completed and upcoming sampling intervals. It also
accounts for changes in the feedback input between these intervals,
including a transition from recovery to active safety operation if repair
confirmation is withdrawn or a new abnormal condition is detected
while the supervisory mode remains latched. When the preceding
interval belongs to recovery, Eq. (13) uses the actually applied recovery

intensity «;%, in place of a;_;.

This assumption is a basic robustness condition for using a causal
rate estimate in interval-based safety certification. It does not require
an exact estimate of d°(f), a prediction of future states, or a model of
the abnormal disturbance. It requires only that the estimation error
and the variation occurring within one sampling interval admit a
conservative finite upper bound over the certified operating domain.
This condition is reasonable when the relevant measurement errors and
interval variations are bounded and the sampling period and margin
€. are selected accordingly. Without such an upper bound, neither the
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condition for u;, = 0 nor the prescribed active-safety rate condition
below could be certified over the following sampling interval.

For every k > k, + 1 at which the active-safety policy is evaluated,
define the certified upper bound on the constraint rate as

Pe(@) 1= d) + g (x(1), k,(x(1), @) + ... @s)

Let #, > 0 be the prescribed minimum decrease rate of the certificate.
The quantity @, :=min {1,inf {a € [0,1]| #;(a) < -1, } } is the saturated
required intensity, where inf @ := +oo0. If the feasible-intensity set inside
the infimum is nonempty, continuity and the monotonicity in Eq. (12)
imply that the infimum is attained and every a € [g,,1] satisfies
(@) < —n, < 0. If the set is empty, the definition gives a, =1, so
the applied intensity defined below saturates at the maximum safety
action. In this case, the prescribed rate condition is not claimed, and
interval containment is provided by Assumption 6.

When the safety-system input is inactive, the protective feedback
input u = u¥¢(x(z,)) is retained and u, = 0. This zero-input choice, after
initialization, is certified for the next sampling interval only when

¢ (x(t)) + Amax {0,7,(0)} < 0. (16)

This condition permits an increase in ¢ provided that the available
safety margin is sufficient to keep c¢(x(r)) < 0 throughout the next

sampling interval; it does not require 7 (0) < 0. When Eq. (16) holds,
integration of Eq. (14) with a = 0 gives, for every 7 € [0, 4],

¢ (x(tp + 1)) < ¢ (x(ty) + T70) < ¢ (x(tp)) + Amax {0,7,(0)} <0. (17)

Let g, € {0,1} denote the safety-action status selected for [7;,#;,),
and set ¢, = 0 while the supervisory mode is inactive. Hence, g, _; =0,
and ¢, is initialized as described above. For every k > k, +1 for which
the active-safety policy is evaluated, set

1, g,y =0 and (S; > S, or Eq. (16) fails),

=1, S$,<0, 7(0) <0,
R Gr—1 k k as)
and Eq. (16) holds,
qr—1, otherwise.

Thus, failure of Eq. (16) initiates a safety action when it is inactive and
prevents release when it is active. Release additionally requires S, < 0
and a nonpositive certified zero-input rate. Returning the safety input to
zero does not clear the supervisory mode or confirm repair. Each zero-
input decision after initialization guarantees only the next sampling
interval through Eq. (16). The resulting protective excursions need not
be periodic. While the abnormal condition remains unresolved, the
objective of the active-safety policy is containment in X, rather than
convergence to the nominal equilibrium.

Let * > 0 be the maximum total duration of latched supervisory
operation, measured from 7, and including recovery after repair. At
every sampling instant while the mode remains latched, shutdown
is requested before initialization, active-safety updates, recovery, or
nominal handoff if #, — 1, > 1* or S; > Sy 3. If neither condition
holds, confirmed repair leads to the recovery procedure in the following
subsection, while an unresolved abnormal condition leads to the active-
safety policy. Any independent plant shutdown guard, if present, lies
outside the proposed supervisory logic and retains overriding authority.

Assumption 6. For every k > k, + 1 during unresolved active-safety
operation for which neither proposed shutdown condition holds, if
g, = 1 and no « € [0, 1] satisfies 7, (a) < —7,, then the maximum safety
action satisfies

¢ (x(1)) + Amax {0,7(1)} < 0. 19)
When shutdown is not requested, ¢;,_; = ¢, = 1, and S < Sy,»,

select a performance command azmd € [0, 1]. The applied intensity is

agmd 20)

a; = max {gk,
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Therefore, performance adjustment cannot reduce the applied intensity
below the saturated required intensity. In particular, if the feasible-
intensity set is empty, then ¢, = 1 and o = 1.

The performance command may be adjusted using completed mea-
surements of the consequences associated with safety-system operation.
Let J; > 0 denote the performance value obtained from the jth
completed evaluation. Depending on the application, J; may represent
material loss, discharge rate, duration of safety-system use, operating
cost, or another relevant consequence. The definition of an evaluation
interval, the construction of J s the set of candidate commands, and the
corresponding update rule are process dependent.

Any adjustment of azmd uses only completed measurements and
must satisfy a;md € [0, 1]. Routine enforcement of the required lower
bound and the prescribed maximum-action intervals form part of the
evaluated policy, and their consequences are included in its perfor-
mance value. Evaluations interrupted by repair, recovery, shutdown, a
material change in the abnormal condition, or an exceptional override
that prevents a comparable evaluation are not used for a performance
update. Regardless of the selected performance criterion or update
rule, the applied intensity in the adjustable branch remains defined
by Eq. (20). Consequently, performance adjustment cannot reduce the
safety action below the saturated required intensity «,. No convergence
to a globally optimal performance command is claimed.

While the abnormal condition remains unresolved and shutdown
is not requested, maximum action ¢, = 1 is applied during the first
interval of every transition from ¢,_; = 0 to g, 1, including
initialization, and during sustained activation when S, > S ,. The

adjustable action in Eq. (20) is applied when ¢,_; = ¢, = 1 and
S) < Syp- If the feasible-intensity set is empty, this rule automatically
saturates at ¢, = 1, for which «,(x(#),1) = a,(x(@)). If ¢, = 0, the

protective feedback law is retained with u, = 0. The selected feedback
input and, in the applicable safety branches, the intensity ¢, are held

over [t;,1,,1). The resulting physical safety-system input may vary with

x(f). With prescribed admissible shutdown laws «° : D — U and
uSP : D - U,, the policy is

(uSP(x(t)), uSP(x(#,))),  shutdown branch,

sale (x(t,)), @,(x(1))) s maximum-action branch,

(u(), uy(0) = (w ) X0 8, ((@)) ) 1 E [ty thyy)-

(w2 (x(1,)), k,(x(t), a;)) , adjustable branch,

(ue(x(,)),0) , 4 =0,

21

The branches are evaluated in the stated priority order.

For the initial protective interval, Assumption 4 guarantees contain-
ment under the prescribed initialization and supplies x(#; ;) € X,. For
every subsequent unresolved nonshutdown interval with k > k, + 1,
q, = 0 implies that Eq. (16) holds, whether the action remains inactive
or is released. Thus, Eq. (17) guarantees c(x(7)) < 0 over that interval.

If g 1 and the feasible-intensity set is nonempty, both the
adjustable branch and any prescribed maximum-action branch apply
an intensity satisfying 7, (a;) < —n,. Hence, Eq. (14) gives %C(x(t)) <
—n. < 0 for almost every t € [t,,t,,). If the feasible-intensity set is
empty, every active branch applies «;, = 1, and Assumption 5 and Eq.
(19) guarantee interval containment without requiring a nonpositive
certificate rate.

Consequently, Assumption 4 covers physical safety up to activation
and throughout the first protective interval. Induction from k = k, + 1
using the preceding cases keeps x(f) € X, C Xf;;.y: during the subse-
quent certified nonshutdown active-safety intervals. The Safeness Index
thresholds determine the supervisory decisions but do not themselves
constitute the continuous-time physical safety proof. If a certification
assumption ceases to hold without being detected, no nonshutdown
safety claim is made. Safety of the shutdown transient requires a
separate process-specific analysis.
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Remark 6. Measurement noise may affect the Safeness Index, the
evaluation of the safety certificate, and the rate estimate used by the
protective policy. In practical implementations, filtering or other signal
processing methods can be used to reduce these effects. The safety
margins in the rate bound and the protective decision rules can also
be increased to account for measurement uncertainty and residual esti-
mation errors. Filter settings and margins should be selected according
to sensor accuracy and the required response speed, with any delay
introduced by filtering taken into account. The resulting measurement
and estimation errors should be accounted for in the bounds and
supervisory conditions used for safety certification.

3.3. Recovery to the stability region

Recovery is considered only after the abnormal condition has been
removed, isolated, or reduced sufficiently for the normal-operation
disturbance description to become valid again. Let i, 2 1, be the first
sampling instant at which this condition is confirmed. It is assumed
that w(r) € Wy throughout the recovery interval. Recovery laws
may therefore be designed or validated using the normal-operation
uncertainty bounds; no model of the abnormal process is propagated
before 7, " Repair confirmation does not clear the supervisory mode,
because the process state and the available safety information may not
yet satisfy the conditions for nominal operation.

Let X,.. be a compact, certified recovery domain selected to satisfy

rec
()

safe )’
The inclusion ¥, C X, links the active-safety and recovery phases.
Because the active-safety policy keeps every certified nonshutdown
trajectory in X, until repair is confirmed, the state at 7, belongs to
the certified recovery domain regardless of the phase of the protec-
tive excursion at which repair occurs. This inclusion is a design and
certification requirement, rather than a consequence of physical safety
alone.

Qe C X Cint Xy C Xy (22)

The recovery input is allocated at every recovery sampling instant.

Let ug : X, — U denote the recovery feedback law, and let y,  :
X X U — [0,1] denote the subsequent safety-intensity law. The
sampled recovery inputs are selected according to

URk = HR (X(tk)) , (23a)
@ = g g (X1 gy ) (23b)
u(t) = ugy, ug(t) = kg (x(0), &%), 1€ [ty 15y)). (23c)

The feedback input ug  and safety intensity a,* are held over [#.#,,1),
while the physical safety input varies with the state through x,. The
feedback action ug is fixed first according to the recovery criterion.
With this action fixed, u, z selects only the additional safety intensity
required by the process-specific recovery certificate. Thus, ¢;* = 0
whenever the selected feedback action alone is sufficient over the
current interval, whereas «;* > 0 makes the safety-system input
supplement that action. Both quantities are recalculated at the next
sampling instant, so a zero intensity does not define a separate recovery
mode and does not prevent later use of u,. The ordering in Eq. (23)
describes the allocation of the two inputs and does not claim a global
joint optimum over all u € U and «a € [0, 1].

The maps ug and yu, x may be obtained from an offline feedback
law or a certified online calculation. They are certified on X, only if,
for every initial state in this set and every disturbance signal satisfying
w(t) € Wy, the trajectory generated by the interval inputs in Eq. (23c),
denoted by xj, satisfies

xg(t) € X, for all + while recovery remains active. (24)

Together with Eq. (22), this certification preserves physical safety
throughout recovery, including any interval after entry into £, during
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which nominal handoff remains ineligible. The required availability
and finite-time return properties of the certified recovery policy are
formalized in the following assumption.

Assumption 7. Suppose that repair remains confirmed and no shut-
down request or new abnormal event interrupts recovery before entry
into ©Q,«. There exists a positive integer N such that, for every x(7,) €
X... and every disturbance signal satisfying w(r) € Wy throughout
recovery, the certified policy in Eq. (23) generates a trajectory xp for
which there exists jp € {0,1,..., Ny} satisfying
Xk (rk+ ,R) € Q. (25)

This assumption imposes only finite-time return to Q,«; it does
not prescribe a particular recovery certificate or require V' to decrease
monotonically along the recovery trajectory. It is therefore a basic
recoverability requirement for finite-time entry into the nominal Lya-
punov region rather than a stability assumption imposed on the entire
recovery trajectory. The assumption is reasonable because it is imposed
only after repair has restored the normal disturbance description and
only for states in the deliberately selected set X,.., with both input
channels available. It is also necessary: repair alone does not imply
that a constrained state can be returned to the region in which the
nominal SI-LMPC is certified. Without this recoverability property, the
integrated architecture could guarantee containment before repair but
could not guarantee entry into the nominal Lyapunov region, which is
required for nominal handoff.

At repair confirmation, the pre-repair status update in Eq. (18) and
the performance-based intensity rule in Eq. (20) are suspended. The
recovery policy in Eq. (23) determines both inputs instead. During
recovery, set g, = 1 if ¢} > 0, and set g, = 0 otherwise, so that ¢,
records whether the safety-system action is enabled over the current
sampling interval. The recovery intensity ;* is determined by the
recovery law and is distinct from the performance command a,‘;‘"d and
the pre-repair applied intensity o, in Eq. (20). Neither a;* = 0 nor
g = 0 clears the supervisory latch. The shutdown conditions specified
in Section 3.2 retain priority. If repair confirmation is withdrawn or
a new abnormal event is detected, recovery is terminated and the
policy in Eq. (21) is resumed whenever its certification conditions
hold; otherwise, no nonshutdown guarantee is made unless a separately
certified fallback is used. Neither repair confirmation nor these events
reset , while the supervisory latch remains active, so the original
supervisory deadline continues to apply throughout recovery. A new
activation time is assigned only after a completed nominal handoff and
a subsequent supervisory activation.

Entry into 2+ is necessary but not sufficient for return to nominal
operation. If such an instant exists, let 7, be the first sampling instant
before 7, +1* at which repair remains confirmed, no shutdown condi-
tion or new abnormal event is active, x(ty,) € Ly, S, < S 15 and the
SI-LMPC problem in Eq. (8) is feasible and attains a finite minimizer.
The first nominal interval with u, = 0 must also satisfy the applicable
physical safety and nominal eligibility checks. At #, , the supervisory
latch is reset, g, = 0 is selected, and u,; = 0 is held over [t} . ).
Nominal operation then resumes with the SI-LMPC, and its post-handoff
safety follows from the nominal result in part 1 of Theorem 1 under the
hypotheses stated there.

Because the Safeness Index may depend on measurement history
or other safety-relevant information, entry into £, does not imply
Si < Sp- No state-space inclusion between ,» and a Safeness
Index sublevel set is therefore imposed. If the state reaches 2« before
the safety information or another handoff condition has cleared, the
supervisor remains latched and the recovery policy continues to be
applied until nominal handoff or a shutdown request. Consequently,
Assumption 7 guarantees finite-time entry into the nominal Lyapunov
region under its uninterrupted-recovery hypothesis, but not, by itself, a
finite nominal handoff. If the handoff conditions have not been satisfied
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before the supervisory deadline, shutdown is requested and nominal
operation is not resumed.

Remark 7. Assumption 7 may be verified using reachability analysis,
a certified backup controller, a process-specific progress condition,
or another suitable method. A Lyapunov decrease condition is one
sufficient application-specific construction, but it is not required by
the general framework. For example, if 0 < pp < p*, 1g > 0, and
a recovery law ensures V(x(t)) + Ag(V(x(1)) — pg) < O until sampled
entry into Q,., then V(x(t)) — pg < exp(=Ag(t — L)V (x(1) = pg),
which guarantees finite-time entry and provides an explicit entry-time
bound whenever V(x(t,)) > p*. Together with Eq. (24), this verifies
the required recovery property. This construction is used in the MIC
application.

3.4. Overall safety system overview

The integrated architecture has four operating modes: nominal con-
trol, active safety operation, post-repair recovery, and shutdown. At
each sampling instant while the supervisory mode is latched, includ-
ing the activation instant, the supervisor first evaluates the timeout
condition 7, — ¢, > r*, followed by the shutdown condition S, >
Sin3- If neither condition holds, repair confirmation is evaluated. While
the abnormal condition remains unresolved, the active-safety policy is
applied. Once repair has been confirmed, the recovery policy is ap-
plied, and nominal control is resumed only after all handoff conditions
have been satisfied. Thus, neither releasing the safety-system input nor
entering the nominal Lyapunov region by itself clears the supervisory
latch.

During nominal operation, the SI-LMPC in Eq. (8) is applied with
u, = 0. The supervisor is activated by the condition in Eq. (9), which
accounts for both departure from 2, and deterioration of the mea-
sured Safeness Index. Once activated, the supervisor remains latched
even if the state subsequently re-enters Q,« or the safety-system input
is temporarily returned to zero. Supervisory activation also provides an
observable trigger for plant personnel to begin locating and diagnosing
the possible abnormal condition and carrying out the required process-
side corrective action. Here, repair denotes the physical or operational
intervention used to repair or isolate faulty equipment, remove the
disturbance source, or reduce its effect sufficiently for w(r) € Wy
to hold again. It is distinct from the subsequent closed-loop recovery
procedure.

Before repair is confirmed, the measurement-based active-safety
policy in Eq. (21) is applied without propagating an abnormal pro-
cess model. While the abnormal condition persists, repeated activation
and release of the safety-system input may produce several protective
excursions within X,; convergence to the nominal equilibrium is not
required during this phase. For the sampled implementation and the
theorem below, select the previously introduced maximum supervisory
durationast* = N }*A, where N* is a positive integer. If the supervisory
latch remains active at #; , y» =1, +1*, shutdown is requested regard-
less of repair status. Repair confirmation neither resets nor suspends
this deadline, and cannot initiate recovery or nominal handoff at the
deadline.

After repair has been confirmed, the recovery policy in Section 3.3 is
applied until the nominal handoff conditions are satisfied or shutdown
is requested. During this phase, the supervisory mode remains latched
and the shutdown conditions retain priority.

The physical state-space organization is illustrated conceptually in
Fig. 1. Only the physical and certified operating sets are represented as
state-space regions. The Safeness Index thresholds are sampled super-
visory levels and are therefore shown separately rather than as fixed
state-space boundaries.

The overall supervisory logic is summarized in Fig. 2. In partic-
ular, the figure distinguishes the latched supervisory mode from the
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Nominal handoff

Repair confirmped

= Containment

Nominal control

Recovery

Fig. 1. Illustrative state evolution under the integrated control-safety archi-
tecture. Repeated orange excursions represent containment before repair. After
repair, the recovery policy returns the state to £2,.. Nominal operation resumes
only after complete handoff.

safety-input activation status g, used during unresolved active-safety
operation. The adjustable intensity in that mode is selected through
Eq. (20), rather than as a function of the Safeness Index alone. After
repair, the pre-repair status and intensity updates are suspended, and
the recovery policy in Eq. (23) first selects ug, and then determines
the supplemental safety-system action. In the figure, g, denotes the
initialized or updated status; the first sampling interval after each
safety-input activation during unresolved active-safety operation uses
full intensity. The nominal-mode branch requires nominal eligibility
and a cleared supervisory latch; return from recovery therefore requires
complete handoff before the deadline.

The closed-loop properties supported by the preceding assumptions
are summarized next.

Theorem 1. Suppose that Assumptions 1 to 7 hold. Suppose also that
the SI-LMPC is feasible and attains a finite minimizer whenever nominal
operation is permitted. Then the following properties hold.

1. Suppose nominal operation starts at Tk with x(t,) € R and
w(t) € Wy throughout the nominal interval under consideration, and
that no supervisory trigger occurs. For the selected sampling period
A > 0, suppose that there exist p; > 0 and &y, > 0 satisfying

L;MFA"'L,meaX _ﬂ3 (ﬂz_l (ps)) < —Ey. (26)
Define

A
Prin 1= Py + MF/O By (87" (py) + Mp7) dr, 27)

and let Q, = {x € D | V(X) < pyyin }- Suppose further that 0 <
Ps < Pmin < ,D* <p.
Then €« is robustly forward invariant. Define
max {O, |4 (x(tk0)> - pmin}
epd

Ny := (28)

There exists jy € {0,1,..., Ny} such that X(tyaj) € 2> and
the trajectory remains in £,  thereafter while the nominal mode
remains active. Hence, the trajectory remains in Xi:‘fy:.

. For every abnormal event covered by Assumptions 4 to 6, the
trajectory remains in Xi‘}y: from the physical onset of the event to

. phys e

k- It subsequently remains in X, C X_ " throughout every certified
nonshutdown active-safety interval. The initialized interval at k = k,,
is covered by Assumption 4. For k > k, + 1, every interval with
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q;, = 0 satisfies the zero-input containment condition, which ensures
c(x(t)) < 0. On every such interval with g, = 1 for which at least
one a € [0, 1] satisfies 7 (a) < -1, %c(x(t)) < —n. <0 for almost
every t € [t;,t,,1). If no such intensity exists, the applied intensity
saturates at a;, = 1, and c(x(t)) < 0 is maintained throughout the
interval by Assumptions 5 and 6.

. During the latched supervisory mode, shutdown is requested at any
sampling instant for which t, —t, > t* or Sy > Sy, 3. In particular,
if the latch remains active at t,_, nx = t, +t*, shutdown is requested
regardless of repair status and takes priority over recovery or nominal
handoff. These statements specify the two shutdown conditions in the
proposed supervisory logic and do not certify the shutdown transient.

. Suppose repair is confirmed at a sampling instant t, ; satisfying ;T
1y, < t*, before shutdown during certified active-safety operation.
Assume that the confirmation remains valid and that w(t) € Wy
throughout recovery. Then x(t; ;)€ Xy C Koo If no new ab-

normal event or shutdown request interrupts recovery before entry
and the recovery certificate remains valid, the recovery trajectory
Xg, initialized by x RUk,) = x(tkf ), remains physically safe while
recovery is active, and there exists j, € {0, 1,...,N R} such that
xp(ty sin) € 2pr- In particular, sampled entry into Q,» occurs no
later than 1, ,+N rA. A sufficient timing condition for this bound
to precede the supervisory deadline is t;, + NgA < 1t +1*. The
entry bound does not override the shutdown conditions, does not
imply nominal handoff, and does not require monotonic decrease of
V during recovery.

. If such a sampling instant exists, then at the first instant at which
all handoff conditions in Section 3.3 are satisfied, the supervisory
latch is reset, the safety-input status is set to g, = 0, and nominal
operation resumes with u, = 0. The result in part 1 then applies
while nominal eligibility is maintained and no new supervisory trigger
occurs. Finite-time entry into 2, does not by itself imply a finite
handoff, because the Safeness Index may depend on measurement
history or other safety-relevant information.

Proof. Consider a nominal sampling interval beginning at #,, and hold
the first SI-LMPC action over [t;,#,,,). Because x(t;) € 2,+ C int(£2,),
the bounds in Assumption 1 apply at least locally. Let T € (0, 4] be the
first time at which V(x(z, + 7)) = p, if such a time exists, and set 7 = 4
otherwise. Then x(t; + 7) € Q, for every = € [0, 7], and Eq. (6a) gives

|x(t +2) — x(2))|| < Mz, r €[0,7]. (29)

The first-action constraint in Eq. (8f), together with Egs. (5b) and (6c¢),

gives, for almost every such z,

V (x(ty + 1) < =85 (IxtOI) + LLMpr + Ll Wyo, 7 €[0,7]. (30)

If V(x(1,)) > p,, then ||x()| > ﬂz_l(ps). Hence, Eq. (26) makes the
right-hand side of Eq. (30) no greater than —¢,,, and integration yields

V (x(tp +7) <V (x(t))) —epr.  7€[0,7]. (31)

If V(x(t4)) < ps, then ||x(z,)]l < f7" (py). It follows from Eq. (29) that

Ixte + )|l < 67" (ps) + Mps, s €10, 7. (32)

Using Egs. (5¢) and (6a), one then obtains, for = € [0, 7],
V (x(t, + 1) =V (x(1))

B /f v (x(ty + )
0

. F (x(ty + 5),u(t), 0, w(t; +5)) ds

< MF/0 By (BT (p) + Mps) ds. (33)

Therefore, for = € [0, 7],

A
V (x(t, + 7)) < ps + MF/O Ba (BT (ps) + Mps) ds 34

= Pmin < P*~
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Fig. 2. Sampled logic for nominal control, active safety operation, post-repair recovery, and shutdown.

If 7 were the first time at which V reached p, then Eq. (31) or
Eq. (34) would give V(x(t, + 7)) < p, contradicting V (x(t, + 7)) = p.
Hence, the trajectory cannot leave (,, and all the estimates above
hold over the entire sampling interval. They also show directly that
a trajectory beginning in £,« cannot leave that set. Induction over
the sampling instants proves its robust forward invariance. Whenever
V(x(t)) > pmin> ONe has V(x(t,)) > p,, and Eq. (31) gives

V (x(t341)) SV (x(1)) — ey A.

Iteration of Eq. (35) proves entry into Q, — within the bound in
Eq. (28). Once a sampled state belongs to €, ., Eq. (31) applies
when V(x(1y)) > p,, giving V(x(t; + 7)) < V(x(t;)) < pmin» Whereas
Eq. (34) applies when V(x(t;)) < p,, giving V(x(t; + 7)) < ppin- Thus,
the continuous-time trajectory remains in £,  thereafter. This proves
part 1.

For part 2, Assumption 4 keeps the trajectory in X:;ye * from the
physical onset of the abnormal event to 1, , places x(t; ) in X,
and certifies containment in X, over the initialized first active-safety
interval. The first rate estimate used by the policy is obtained at #, .
from that completed interval, and Assumption 5 applies for k > k, + 1.

Consider a subsequent active-safety interval with g, = 0. For either
previous status, the update in Eq. (18) permits ¢, = 0 only when
Eq. (16) holds. Thus, Eq. (17) gives c¢(x(#)) < 0.

Now consider a subsequent interval with ¢, = 1. If at least one
a € [0, 1] satisfies 7, («) < —n,, the adjustable branch applies «; € [a,, 1],
whereas the maximum-action branch applies «;, = 1. By Eq. (12), both
choices satisfy 7, (a;) < —7,, and Assumption 5 gives ¢(x(r)) < -5, <0
for almost every time in the interval. If no such intensity exists, the
applied intensity saturates at ¢, = 1, and Assumption 5 and Eq. (19)
ensure c¢(x(#)) < 0 throughout the interval. Induction therefore keeps
the trajectory in X, throughout all certified nonshutdown active-safety
intervals. This proves part 2.

For part 3, the decision priority in Section 3.2 first evaluates 7, —
i, 2 t* while the supervisory latch remains active. If the deadline has
not been reached, it evaluates S, > S, ;. Either condition requests shut-
down before repair confirmation or nominal handoff can select another
mode. Hence, a latched supervisory episode cannot continue beyond
t,+N* =1, +1%, including when repair is confirmed at that instant.

(35)

For part 4, part 2 gives x(’k,) € X, at the repair-confirmation
X,.c- While the

instant. The inclusion in Eq. (22) therefore gives x(ty ) € Xy
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recovery certificate remains valid, Eq. (24) keeps the resulting trajec-
tory xg in X, C int(X:ahfy:). Starting from x (1, ) = x(t), Assumption
7 gives some jp € {0,1,...,Ng} for which Xty 4j,) € Qv Thus,
recovery remains physically safe and reaches the target within at most
N sampling periods, provided that recovery is not interrupted before
entry. The corresponding sampled entry bound is W, + NgA4, and it
precedes the supervisory deadline whenever 7, Lt Ngd < t, + 1%
This argument uses only the certified recovery containment and finite-
time return properties; it does not require V to decrease monotonically
before the target set is reached.

Finally, if and when all handoff conditions in Section 3.3 are
satisfied, the supervisor is reset and the SI-LMPC is applied with u, = 0.
Part 1 then applies while the nominal eligibility conditions continue
to hold and no new supervisory trigger occurs. Because Assumption 7
guarantees entry into 2,+ but does not bound the time required for the
history-dependent safety information and the other handoff conditions
to clear, this final step does not assert a finite nominal-handoff time.
This proves part 5. []

No nonshutdown safety claim is made when the assumptions sup-
porting the active-safety or recovery certificates cease to hold. Likewise,
safety of the shutdown transient requires a separate, process-specific
analysis.

Remark 8. In practical implementation, the proposed policy should
be coordinated with existing alarms, interlocks, and protection sys-
tems. Adjustments intended to reduce material loss must not override
required protective actions or shutdown requests. Each safety instru-
mented function, including its sensors, decision logic, and actuators,
should be evaluated against applicable functional safety requirements,
including the required safety integrity level (SIL).

4. Application to a safety-critical chemical process
4.1. Process description

The application considers the strongly exothermic hydrolysis of
MIC in a jacketed continuous stirred-tank reactor (CSTR). MIC is a
highly reactive, low-boiling, and highly toxic chemical intermediate
and was the principal chemical involved in the Bhopal disaster (Ball,
2011; Toro et al., 2016). Motivated by that accident, previous dynamic
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Table 2
Process parameters and nominal operating conditions for the MIC hydrolysis
CSTR.

Parameter Value Description

M 4.1x 10* kg Constant mass of the reacting liquid.
F, 57.5 kg/s Inlet and outlet mass flow rate.

Ty 293 K Inlet-stream temperature.

Cp 3000 J/(kgK) Specific heat capacity of the reacting liquid.
UA 7.1x10° J/(sK) Overall heat-transfer conductance.
ko 4.13x 108 s7! Pre-exponential factor.

E, 6.54 x 10* J/mol Activation energy.

AH —8.04 x 10* J/mol Heat of the MIC hydrolysis reaction.
R 8.314 J/(mol K) Universal gas constant.

C 0 29.35 mol/kg Nominal inlet MIC concentration.
Cyy 10.1767 mol/kg Nominal reactor MIC concentration.
T, 305.1881 K Nominal reactor temperature.

T 293 K Nominal cooling-jacket temperature.

and bifurcation studies of MIC hydrolysis have shown that its thermal
behavior can be highly sensitive to heat removal and operating con-
ditions. In particular, the process may lose thermal stability through
an abrupt transition to large-amplitude temperature oscillations rather
than through a gradual approach to a steady-state ignition point (Ball,
2011; Toro et al.,, 2016). The combination of MIC toxicity and the
potential for rapid thermal runaway makes this reaction a represen-
tative safety-critical chemical process. The present application does
not attempt to reconstruct the storage tank involved in the Bhopal
accident. Instead, it adopts the jacketed CSTR model used in Zhang
et al. (2018a) to represent the principal concentration-temperature
dynamics associated with MIC hydrolysis.

The primary hydrolysis reaction converts MIC and water to methy-
lamine and carbon dioxide according to

CH,NCO(l) + H,0(l) —> CH;NH,(aq) + CO,(aq). (36)

MIC may also react with the methylamine produced by Eq. (36) to
form dimethyl urea; however, reliable kinetic data for this secondary
reaction are unavailable, and previous thermal-instability models retain
only the primary hydrolysis reaction (Ball, 2011; Toro et al., 2016).
Following these studies, the MIC consumption rate is represented by
the first-order Arrhenius expression

Ea
ra (CA,T) = kg exp ~“RT Cy,

where r, is the MIC consumption rate in mol/(kgs), C, is the mass-
specific MIC concentration in the reactor, T is the reactor temperature,
k¢ is the pre-exponential factor, E, is the activation energy, and R is
the universal gas constant. In this reduced kinetic representation, water
does not appear as an independent dynamic variable.

The reactor is assumed to be perfectly mixed and to contain a
constant liquid mass M. The inlet and outlet mass flow rates are equal
and are denoted by F,. The inlet stream has MIC concentration C,, and
temperature 7. Heat is exchanged with a cooling jacket maintained
at temperature 7T;. The reacting liquid is assumed to have a constant
specific heat capacity Cp, and the overall reactor-jacket heat-transfer
conductance is denoted by UA. Under these assumptions, the MIC
material balance and reactor energy balance are given by

37)

MCy=-Mr, (Cy,T)+F, (Cyo—Cy), (38a)

MCpT =(-AH)Mr, (C4.T) + F.Cp (Ty—T)-UA(T -T;), (38b)

where AH < 0 is the heat of the hydrolysis reaction. The model
parameters and nominal operating conditions are adopted from Zhang
et al. (2018a) and are summarized in Table 2.

At Cyp = Cypoys Ty = 293 K, and T; = T, the reactor is operated

at the steady state (C4,T) = (Cy,.T;). An increase in the inlet MIC
concentration raises the MIC inventory and, consequently, the reaction
heat-generation rate. Because the reaction rate in Eq. (37) increases
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exponentially with temperature, the resulting temperature increase fur-
ther accelerates MIC consumption and generates additional heat. If this
heat-generation rate exceeds the heat removed by the process stream
and the cooling jacket, the concentration-temperature coupling forms a
positive feedback mechanism that can produce thermal runaway. This
strong nonlinearity and sensitivity to heat removal provide the intrinsic
safety-critical character of the process.

The model in Eq. (38) is a lumped model with the MIC concentration
and reactor temperature as its dynamic variables. If the calculated
temperature reaches conditions at which significant vaporization would
occur, the trajectory should be interpreted as indicating a severe ther-
mal excursion rather than as a quantitative prediction of the subsequent
multiphase behavior.

4.2. Process safety characterization

The principal process hazard considered in this application is ther-
mal runaway. Although the MIC concentration influences the reaction
heat-generation rate, the onset of thermal runaway is directly reflected
by an elevated reactor temperature and a sustained or accelerating
temperature increase (Ball, 2011; Toro et al., 2016; Zhang et al.,
2018a). Therefore, the process-specific Safeness Index is constructed
using the measured absolute reactor temperature and its recent evolu-
tion. This construction does not require knowledge of the disturbance
or prediction of a future state trajectory.

Consistent with the control formulation below, define x; = C, —Cy,
and x, = T — T, and collect these deviations as x = [x,, xz]T. Let
Tiim > T, be the limiting reactor temperature. The physical thermal safe
set is

Xphys
safe

={x€D|T,+x) <Tjin } - (39

The Safeness Index introduced next is an early-warning measure and is
not used as a replacement for this physical constraint.

Let T, = T(t;) denote the reactor-temperature measurement at the
sampling instant ¢,. Select a moving-window length T,, = N, 4, where
A > 0 is the measurement interval and N,, € Z.,. The temperature
increments over the current and preceding windows are defined as

(40a)
(40b)

AT =Ty — Ty, »
re
AT) =Ty n, — Tioan,, -

The quantity 24T — AT;® is a linear extrapolation of the most
recent temperature increment. It becomes greater than AT when
the measured temperature increase is accelerating. To ensure that a
negative temperature increment does not directly reduce the indicated
thermal risk, define

AT = max {0, AT, 24T — AT} (41)

For 0 < k < N,,, before a complete current-window history becomes
available, both AT{™ and AT, are initialized to zero. For N,, < k <
2N,,, AT is evaluated using Eq. (40a), whereas ATlf "¢ is initialized as
AT For k > 2N, both increments are evaluated using Eqgs. (40a) and
(40Db).

Use Ty, to normalize the thermal condition, and define sat|_; ;;(z) =
min{ 1, max{—1, z}}. The process-specific Safeness Index is

Ty — T, + ys AT
S, = sati_j <— R
s

Tlim - T

where yg > 0 is a dimensionless weighting coefficient specifying the
contribution of the recent temperature trend. By construction, S, €
[-1,1].

To interpret Eq. (42), define the effective thermal condition as
T = Ty +ys AT ™. The Safeness Index satisfies S, = 0 when T¢'" =T,
It is negative when T¢f < T, and positive when T > T,. Between the
lower and upper saturation limits, the Safeness Index varies linearly

(42)
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with T¢!T. Specifically, S, = —1 when T¢'" < 2T, — Ty;,,, whereas the

limiting value S; =1 is reached when T:fr > Tim-

Because AT,:iSk > 0, a positive or accelerating temperature trend
can only increase the Safeness Index. Consequently, a rapid temper-
ature increase may cause S, to approach its limiting value before the
measured temperature itself reaches Tj;,,. For this construction, S < 1
implies T, < Ty, but the converse does not necessarily hold because
the trend term may produce S, = 1 while T} < Tj,,. Thus, Safeness
Index levels and the boundary of Xf;y: are not interchangeable. If
both the current temperature increment and its linear extrapolation are
nonpositive, then AT,:iSk =0, and the Safeness Index is determined only
by the current absolute temperature. A decreasing current temperature
alone does not necessarily imply ATkriSk = 0, because the extrapolated
increment may remain positive.

For the simulations considered in this work, temperature measure-
ments are obtained every 4 = 1 s, and the moving-window length is
T, = 1s. Thus, N, = 1, AT = T, — T, and AT} = T,_; — Ty_,.
The remaining parameters are 7, = 305.1881 K, Tj;, = 330 K, and
vs = 1.10. The selected value gives the nonnegative temperature-trend
contribution a weight slightly above unity; increasing this weight can
cause the same Safeness Index threshold to be reached at a lower
measured temperature for a given positive trend.

When AT,:iSk = 0, a reactor temperature of 320 K corresponds to
Sy = (320 - Ty)/(Ty, — Ty,) = 0.59697. When a positive temperature
trend is present, the same Safeness Index level is reached at a lower
measured temperature. A smooth temperature-risk measure is used in
the nominal SI-LMPC objective, while the measured Safeness Index and
its associated threshold levels are used in the subsequent safety-system
formulation.

4.3. Nominal control problem

The nominal control objective balances regulation of the MIC con-
centration and reactor temperature about the steady state (Cy,,Ty)
with avoidance of elevated reactor temperature. Using the deviation
state defined in Section 4.2, let u = T; — T;; and w = C 4 — C 4¢,. Thus,
x =0, u=0, and w = 0 correspond to the nominal reactor equilibrium.

Let Fyyc(x,u,w) denote the deviation-variable form of the MIC
process model in Eq. (38), obtained by setting C4 = C,+x;, T = Ty+x,,
T; = T;;+u, and C, = C 4o, +w. The nominal model used for controller
prediction is F&lc(x, u) = Fyye(x,u,0). Therefore, the prediction model
uses the nominal inlet concentration C,y, = 29.35 mol/kg, while an
unknown change in C, affects the controller only through subsequent
state measurements.

The cooling-jacket temperature is constrained to 280 K < T;
300 K. Since T;; = 293 K, the admissible deviation-input set is U
[-13,7] K.

Following the Lyapunov-based control design in Zhang et al.
(2018a), the quadratic Lyapunov function is selected as

200 33
40|°

33
The nominal Lyapunov region is selected as 2, = {x €R? | V(x) <
p* }, where p* = 7000. The Lyapunov function and the outer stability
region 2, with p = 8000, are adopted from Zhang et al. (2018a). In the
present work, the inner operational level is selected as p* = 7000 < p.
The largest reactor temperature in this ellipsoid is T, + v/p*(P~1),, =~

319.42 K < 320 K, which is below Tj;;, = 330 K. Hence, Q,x C

int (Xg;y:) This geometric inclusion does not impose a bound on the
history-dependent Safeness Index. Moreover, the choice p* = 7000 is
used as the operational boundary in the numerical study; verification
of all outer-set and robustness bounds required by Theorem 1 is not
claimed for this example.

The nominal dynamics can be written as F&lc(x,u) = f(x) + gu,

where f(x) = Fj.(x,0) and g = [0, UA/(MCP)]T. Define L V(x) =

I IA

Vo =xTPx. P= [ 43)
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v (x)

% f(x) and L,V(x) = =08 The Sontag-type control law used to

construct the reference stabilizing controller (Lin and Sontag, 1991) is

LV(x)+y/ LV (x2+LgV(x)*

LoV(x) ’

h(x) =
0,

LV (x)#0,
L,V (x)=0.

(44)

Because h(x) may lie outside the admissible input set, the reference
controller is defined as @(x) = projy (h(x)), where proj; denotes
projection onto U. The reference controller is also used as a fallback
action if the online optimization cannot be solved successfully.

The measurement-based Safeness Index in Eq. (42) depends on a
finite history of temperature measurements and contains maximum and
saturation operations. Directly using this expression along a predicted
trajectory would require predicting the future measurement history and
would introduce nonsmooth expressions into the optimization problem.
The measured index is therefore not propagated through the prediction
model. Instead, the nominal SI-LMPC uses the smooth temperature-risk

measure

Here, T,, > 0 is a temperature scale and 6; > 0 determines the
sharpness of the softplus function. The function y; increases mono-
tonically with the predicted temperature, so penalizing 11172. discourages
predicted motion toward elevated thermal conditions. It is a nominal-
model-compatible risk surrogate, not a second definition or a prediction
of the measured Safeness Index.

At each sampling instant 7, that satisfies the nominal eligibility
conditions in Section 3.1, the nominal SI-LMPC solves

T-T,

1 s
wp(T) = o log <1 + exp <6T = (45)

sc

. N . , B 5
Jmin /tk [x(t|tk) Q%1 | 1) + R0 + Ay [wr (Tt 1)) ] dt

(46a)
st Xt | 1) = Fye (%] 1),u()) (46b)
@t | 1) = x(t)) (460)
ut) €U, Vi€ l[ty,t;, + NA) (46d)
oV (x(ty)
%Fﬁm (x(t),u(t)
v (x(t;)
< %Fﬁﬂc (x(t), @ (x(1))) - (46¢)

In Eq. (46a), T(t | t;) = T, + %,(t | t;) is the predicted absolute reactor
temperature. The numerical parameters are selected as Q, = diag{3,5},
R, =100, Ap = 1000, T,, =2 K, and 0; = 2.

The sampling period is 4 = 1 s, and the prediction horizon contains
N = 10 sampling periods, resulting in a total prediction time of 10 s.
No additional state path constraint is imposed in this implementation.
Instead, Eq. (46e) requires the nominal Lyapunov derivative generated
by the first SI-LMPC action to be no greater than that generated by the
reference controller @. Because @(x(;)) € U, selecting the reference
action for the first sampling period satisfies this Lyapunov constraint
with equality. Since no state path constraint is imposed, completing the
remaining horizon with any admissible input sequence gives a feasible
candidate for the full optimization problem.

Let u*(- | t;) denote a finite optimal solution of Eq. (46). The
receding-horizon implementation applies u(r) = u*(t, | t,) over [t;,1;,1)
and resolves the optimization problem using the new state measure-
ment at #,,. In the numerical implementation, the prediction model
is discretized using the explicit Euler method with an integration step
of 0.05 s, and the resulting nonlinear program is solved using IPOPT
through CasADi. If the optimization does not return a finite admissible
solution, the reference action @(x(t,)) is applied.

The computational time of the complete SI-LMPC calculation was
measured during nominal operation. The average and maximum mea-
sured computation times were 67.17 ms and 145.58 ms, respectively,
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Fig. 3. Schematic of the jacketed MIC hydrolysis CSTR equipped with cold-
liquid injection and emergency relief.

both below the sampling period of 4 1 s. During active safety
operation, the implementation evaluates the measurement-based safety
conditions and protective intensity through direct calculations without
solving an MPC optimization problem. These measurements charac-
terize controller computation on the tested hardware. Practical imple-
mentation must also account for sensing, communication, and actuator
response delays, which are not included in this benchmark. If the total
implementation time requires a longer sampling period, 4 should be ad-
justed and the corresponding safety and stability conditions rechecked.

The nominal SI-LMPC is used only while the nominal eligibility
conditions remain satisfied. Once the supervisory mode is activated,
the protective operating logic introduced in the following subsection
takes precedence.

4.4. Safety system

The jacketed MIC hydrolysis reactor is equipped with two physical
safety actuators: an emergency relief valve and a cold-liquid injection
system. Accordingly, the safety-system input is represented as u
[1gets minj]T, where i, and ry,; denote the relief-discharge and cold-
liquid injection mass flow rates, respectively. As illustrated in Fig. 3,
the relief valve removes material from the well-mixed reactor, whereas
the injected stream provides dilution and sensible cooling.

The temperature-dependent relief capacity is represented by a sur-
rogate based on a low-vapor-quality homogeneous equilibrium model
(HEM) following the emergency vent correlations in Leung (1986) and
Hace (2013). Because pressure and vapor quality are not dynamic states
in the reduced reactor model, the MIC vapor pressure is used only to
construct a temperature-dependent effective discharge capacity. The
vapor pressure is represented by P,(T) = exp(a, — b,/T), with the
numerical value of P, evaluated in Pa, T in K, a, = 23.4863168, and
b, = 3735.1251 K. These coefficients reproduce the reported MIC vapor
pressure of 348 mmHg at 20°C and predict approximately 755.8 mmHg
at the reported boiling point of 39°C (Dhara and Dhara, 2002). The
use of an Antoine-type relation is also consistent with the vapor—
liquid equilibrium study in Emelianova and Gor (2021); however, the
coefficients used here are calibrated for the present reduced model
and are not taken directly from that reference. Differentiation gives
dP,/dT = P,(T)b,/T?.

Using SI units, the full-capacity flow is calculated with the effective
discharge area A, = 10 m?> and the dimensionless coefficient Kygy =
0.9003682532. The two actuators are synchronized through the normal-
ized safety-action intensity a € [0, 1], resulting in the process-specific
map

1
ug = kg (x, @) = ang,, (T) [1] s
(47)
. dpP, T
tigax (T) = AcffKHEMd_T o
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Here, rity,,, is calculated using Hace (2013), and rityg = tityy; = it (T).
The two physical flows are not manipulated independently in this
application. Both actuators are inactive when a = 0, whereas a = 1
represents the modeled maximum paired relief and injection action.
The effective area Ay is a lumped capacity parameter used in the
numerical study and should not be interpreted as a mechanical valve-
sizing recommendation. At a fixed reactor temperature, this parameter
scales the available maximum relief and injection mass flow rates,
thereby affecting the protective capacity and the intensity needed to
satisfy the safety condition.

In the numerical implementation, the normalized command is held
as a(f) = a;, over t € [t;,1,,), whereas the physical flow is evaluated as
u (1) = k,(x(?), a;). Consequently, the relief and injection flow rates may
vary within the sampling interval as the reactor temperature changes.
This variation must be accounted for when the margin ¢, in Assumption
5 is selected and validated.

Injection of a cold quenchant or diluent is an established approach
for mitigating thermal runaway, although its effectiveness depends
strongly on the injection and mixing conditions (Hristov and Mann,
2002; Torré et al.,, 2008). In the present reduced-order model, the
injected stream is represented as a cold, MIC-free liquid entering at
T, = 280 K. Anhydrous o-dichlorobenzene (0-DCB) is adopted solely
as an illustrative candidate for this nonaqueous stream. Liquid-phase
PVT measurements for 1,2-dichlorobenzene include temperatures near
the selected injection temperature (Easteal et al., 1997). This prop-
erty information does not establish MIC-0-DCB chemical compatibil-
ity or validate 0-DCB as an emergency injection medium for MIC.
Practical implementation would require separate reactive compatibil-
ity, calorimetric, phase-behavior, mixing, and materials-compatibility
evaluations.

To remain consistent with the constant-mass assumption in Eq. (38),
the injection mass flow is set equal to the relief-discharge mass flow.
The discharged material is assumed to have the instantaneous well-
mixed reactor composition and temperature. The injected stream con-
tains no MIC, C, ;,,; = 0, and is assigned the same effective heat capacity
as the reactor contents, Cp;,y = Cp. Relative to the safety-inactive
process model, the contribution of the paired safety action is

CA _ max (T) _CA
T M Tni—T|"

arm
safety nj
The first component represents the reduction in reactor MIC concentra-
tion caused by replacing discharged reactor material with an MIC-free
stream. The second component represents the sensible cooling obtained
by replacing hot reactor material with the cold injected liquid.

The reduced-order safety model does not explicitly describe pressure
dynamics, vapor quality, latent-heat effects, downstream back pressure,
liquid-liquid phase separation, or MIC partitioning between aqueous
and organic phases. Consequently, Eq. (47) supplies a temperature-
dependent effective flow capacity, while Eq. (48) specifies how the
paired action affects the concentration and temperature dynamics.

To apply the active-safety construction in Section 3.2, let T, =
329.5 K < Ty, and C;f{;ax = 100 mol/kg. The compact certification
domain, the physical safety certificate, and the known incremental
effect of the safety input are defined as

(48)

D, = {)ce]1@2|oscm+x1 < cot

A,max’

T, <

inj ST+ %, < Tlim} cD,

e(x) =T+ x, =Ty,

ammax (T) (
M

Xy :={xeDA|c(x)§0},

g (x.x,(x, @) = T, —T) <0, T=T,+x,.

(49)

The selected sets satisfy £,« C int (X, ) and X, C int (Xg‘l}y:). Moreover,
the expression for g, is determined by the physical actuator model, is
independent of the unknown inlet-concentration disturbance, and be-
comes no larger as « increases. It therefore has the properties required
by Assumption 3 on Dy.
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The three Safeness Index thresholds are parameterized using the
trend-free reference temperatures 320 K, 326 K, and 329 K. Substitution
into Eq. (42) with AT;** = 0 gives Sy, = 0.59697, Sy,, = 0.83879,
and S, 3 = 0.95970, respectively. These temperatures only parameterize
the dimensionless thresholds. All online decisions use the measured
Safeness Index, so a positive or accelerating temperature trend can
cause a threshold to be reached at a lower measured temperature.
The limiting physical temperature remains Tj;,, = 330 K, at which the
Safeness Index reaches its limiting value when the trend contribution
is zero.

Once Eq. (9) is satisfied, the supervisory mode remains latched and
the nominal SI-LMPC is no longer used. The protective feedback law
is selected as the maximum available jacket-cooling action, u*f(x) =
T min — Tj; = —13 K, corresponding to 7; = 280 K. This input remains
applied even when the paired relief and injection action is temporarily
inactive. The supervisory latch determines whether nominal control
is permitted, whereas ¢, indicates whether the paired safety-action
branch is enabled during the current sampling interval.

At supervisory activation #, , provided that repair has not been
confirmed and no shutdown guard is active, the first protective interval
uses u¥fe, If Sk, = S, the paired action is initialized with ¢, =1
and q, =1 otherwise, activation is due to Vx(t)) > p*, and
4, = 0, o, = 0. Containment during this first interval is covered
by Assumption 4. The first active-safety estimate is calculated at 7,
from the completed protective interval. Thereafter, 32 and 7, (a) are
updated using Egs. (13) and (15). For the certificate in Eq. (49), these
calculations use successive temperature measurements and the known
preceding safety action, without using the unknown inlet concentration
or propagating an abnormal-process model.

The MIC implementation uses ¢, = 0.22 Ks7!, 5, = 0, and the
saturated required intensity «, defined in the general active-safety
policy. Once the rate estimate is available, if the feasible-intensity set
is nonempty and ¢q, = 1, the selected intensity satisfies 7, () < O.
Under Assumption 5, the condition 7;(a;) < O ensures that the reac-
tor temperature is nonincreasing over the sampling interval because
¢(x) = T — T,. The numerical implementation requests shutdown
when the required active-safety rate condition is infeasible, rather than
continuing through the maximum-action containment branch of the
general framework. It also requests shutdown if no admissible intensity
satisfies the interval containment condition. During unresolved active-
safety operation, whenever g, = 0 after initialization, safety under the
protective jacket-cooling input is certified by Eq. (16).

After the first protective interval, during unresolved active-safety
operation without an active shutdown guard, the paired safety action
is enabled from ¢,_, = 0 if S, > Sin1 or Eq. (16) fails, as specified in
Eq. (18). When ¢,_, = 1, provided that repair has not been confirmed
and no shutdown guard is active, the release rule is

S, <0, 70 <0,

and Eq. (16) holds,
otherwise,

4 = when g,_, = 1. (50)

1,

This hysteresis keeps the safety-action branch enabled until all release
conditions are satisfied. Releasing the safety input does not clear the
supervisory latch, and the protective jacket-cooling action remains
active.

The MIC implementation applies a;, = 1 for one sampling interval
following every transition from ¢,_; = 0 to ¢, = 1, including ini-
tialization with ¢, = 1. For a sustained episode, maximum action is
retained when S > S;;,,. When ¢, = 1 and S; < Sy,,, the sustained
adjustable branch uses Eq. (20), giving a; = max{ @, ajc.md}. The infeasi-
bility shutdown checks take priority over this intensity selection. Here,
aj‘.‘md € [0, 1] is the cycle-to-cycle command associated with the current
evaluation cycle.

For comparison, the binary safety system uses the same supervisory
activation, protective feedback law, status g, release condition, and
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shutdown guards. Its intensity is restricted to «, = 1 whenever ¢, = 1
and «a;, = 0 whenever ¢, = 0. Thus, the binary and smart cases differ
only during the sustained adjustable-action branch.

To evaluate the cycle-to-cycle performance, let k; denote the sam-
pling index of the jth transition satisfying -1 = 0 and 4, = 1, and
let 6; = 1, be the corresponding safety-action activation time. The
complete evaluation interval, its duration, and the discharged material
are defined by

. eye . _ _
8/- .—[O'j,aj+1), 77 =0y =0 J/-

Oj+1
= / e (1) dt. (51)
%)

Here, J; is the total material discharged during the jth complete eval-
uation interval, whereas J; /7" is the corresponding cycle-normalized
material-loss metric used for performance evaluation and comparison.
Intervals during which the relief valve is closed contribute zero to
J; but remain part of 77, Thus, each complete evaluation interval
contains one safety-action episode and the subsequent safety-inactive
period, if any, before the next activation. The term cycle is used only
to define a repeatable evaluation interval and does not imply that the
closed-loop trajectory is periodic.

The command a™ is adjusted through a projected pattern search
using only completed measurements of the cycle-normalized material-
loss metric J;/7;"°. The search starts from ajc."‘d = 1 with an initial step
of 0.25. After each command change, one complete evaluation cycle
is excluded as a transition cycle, and the median of the next three
comparable values of J; /r;yc is used to evaluate the candidate. Let
RYt denote the incumbent median value of this metric. A candidate is
accepted if its median score is smaller than R**, subject to numerical
tolerance. Otherwise, the search direction is reversed and the step is
halved. Candidate commands are projected onto [0, 1]. The search stops
when a zero command is accepted or when the step falls below 0.005,
retaining the best accepted command.

Candidate scores use the actual discharged material, including the
effects of the saturated required intensity, the prescribed one-sample
maximum action following an ordinary reactivation, and maximum
action triggered by the Safeness Index threshold. These actions are
part of the candidate policy and do not by themselves invalidate
its evaluation. An evaluation interrupted by repair or shutdown, or
affected by a departure from the certification domain or reactivation
within 5 s after release, is not used to compare commands. Excluded
evaluation cycles remain part of the physical material-loss accounting.
The resulting command is interpreted as the best command accepted
by the projected search; no claim of global optimality is made.

The MIC implementation follows the supervisory logic in Sec-
tions 3.2 and 3.4, with the additional infeasibility shutdown checks
described above. Nominal control is resumed only after repair has been
confirmed and the handoff conditions in Section 3.3 are satisfied. While
the supervisor remains latched, shutdown is requested if 7, — 1, > t*
or S, > Sy,3. The time limit covers the entire supervisory period,
including recovery; repair confirmation does not reset or suspend the
timer.

Once repair has been confirmed, the unresolved-disturbance acti-
vation and release policy and the cycle-to-cycle adjustment are sus-
pended, but the safety input remains available under the recovery law
and the supervisory mode remains latched. For the recovery scenario,
repair is scheduled at ¢, = 3600 s, at which time the inlet MIC
concentration is returned from 70 mol/kg to its nominal value C,y, =
29.35 mol/kg. The process state is not reset. Therefore, the abnormal
disturbance is removed while the state remains at the condition reached
immediately before repair. The repaired dynamics used during recovery
are

(52)

am, (T<+x)
. _ 0 max \~s 2
X—FM[C(X,V)+— [

M

—(CAS+x1) ]

Tj = (Ts +x7)

The recovery scenario assumes that the inlet disturbance is removed
completely after I, If a residual disturbance w(f) € Wy is retained in
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another application, its effect must be included in the recovery margins
described below.

The recovery design first computes a continuous feedback control
action and then uses the safety-system input only to supply the remain-
ing recovery capability. Using the Lie derivatives L,V and L,V defined
in Section 4.3, let ¢y = L,V (x(t;)) and b, = L,V (x(1;)). With the
numerical tolerance &, = 10719, the candidate feedback control action
selected at 1, > T, is

b3
projy | - . coap <0, |by] > e
\/ai+bi—ak
= 53
“Rk ) ak+\/ai+b2 (53)
projy | = b o a 20, [b]>eg
k
0, |bk| <eg,.

The first two branches are algebraically equivalent to the standard
Sontag formula (Lin and Sontag, 1991). The first form avoids numerical
cancellation when LV (x(#,)) < 0 and L,V (x(t,)) approaches zero. This
Sontag-based implementation replaces a bound-selection rule based on
the sign of L,V, which would cause u to switch between its lower and
upper limits as L,V changes sign. The projection is required because
the jacket temperature deviation must satisfy ug, € U =[-13,7] K. All
subsequent recovery calculations use the projected value of up as the
candidate feedback control action.

Select an interior Lyapunov level pp = 0.90p* = 6300, a recovery
rate Az = 0.008 s~!, and the sampling margin m, = 60 in the
numerical units of V. The level pj is an interior anchor for the recovery
condition and is not the nominal handoff boundary. The choice p, < p*
requires a strictly negative Lyapunov derivative at V' = p*, supporting
finite-time entry provided that the recovery condition remains satis-
fied. At each recovery sampling instant, the inputs are required to
satisfy

= (Cys +x,(80)

Ty — (T\ + Xz(tk)>:| ]

inj

oV (x(1) Wtitey (T + X, (1)) [
- . MIC -

ox F° (x(!k),uRyk) + o

+ Ag (V (x(tk)) - pR) +my <0.
(54)

The margin m, reserves recovery authority for changes in the Lyapunov
residual over an interval with u(f) = ug; and a(t) = «; held constant,
while u (1) = k,(x(?), @) varies with the state. Specifically, the required
bound is that the increase of V (x(1)) + Ag(V (x()) — pg) from its value at
1, along this trajectory is no greater than m, for all 7 € [1;,1;, ;). When
this bound is valid, Eq. (54) ensures that V (x(t)) + Ag(V (x(t)) — pg) < 0
throughout the sampling interval.

Because Eq. (54) is affine in «, direct rearrangement gives the
following lower bound when the denominator below is strictly positive,
which means that the full safety action is a strict Lyapunov descent
direction at x(t):

oV (x(1)))
TF&IC (x upy) + Ag (V (x(10) — pg) + my
a, , =
Ay i K4 (x(t)) ey (Ts +x2000) [ = (Cs + %1 (1)) (55)
dx M T — (T, + x2(1y))
G 2 Ay )
If ¢, , <0, the selected feedback control action already satisfies the

Lyapunov condition, so this condition imposes no positive lower bound
on a;.
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The physical certificate is retained during recovery. In addition to
Eq. (54), the implementation imposes the sampled temperature guard

c(x(ty) +4 [FI?/[IC (X(fk)’“R,k)]z
(56)

i (T = T, — x2(1)) | <0,

where [-], denotes the second component of a vector. This is an addi-
tional frozen-derivative guard and does not replace the continuous-time
checks of Dy, Xy, and T < Typ,-

Using c(x(ty)) = Ty + x,(t;) — Ty, dividing Eq. (56) by 4 > 0, and
noting that T + x,(t) > Typj and sy, (Ty + x,(1;)) > 0 during recovery,
the temperature condition gives

T+ x5(t) =Ty

0
2 + [P (30 uri)],
ng = . )
’ Mmax (Ts + XZ(tk)) (57)
S (T +xat) — Tiy)
O 2 gy
If @, , <0, the temperature condition imposes no positive lower bound

on the safety-action intensity.

After up, has been fixed and when the two denominators in
Egs. (55) and (57) are strictly positive, combining the two lower bounds
with a, > 0 gives

@, :max{O, ay . ng}. (58)

The bound a,, , supplies the additional action needed to satisfy the
Lyapunov recovery condition, whereas ary supplies the action needed
by the temperature guard. A negative lower bound does not impose
a positive safety-action requirement because zero is included in the
maximum.

The positive denominators defining «,, , and a, correspond to
negative safety-action directions in the original inequalities. If either
denominator is nonpositive, the corresponding ratio is not evaluated
and feasibility is determined directly from Eqgs. (54) and (56). A pos-
itive residual with a nonpositive rearranged coefficient is infeasible.
A nonpositive residual with a positive original safety-action direction
instead places an upper bound on «;, which must be respected if the
other condition requires positive intensity. The computed intensity is
therefore accepted only if it is finite, satisfies 0 < a;, < 1, and satisfies
Egs. (54) and (56) after direct substitution. If the required value exceeds
one, it is not silently truncated to the available maximum; the recov-
ery calculation is declared infeasible. In this case, no nonshutdown
recovery guarantee is made unless a separately certified fallback is
used.

Because the feedback control action is selected before a;, under
the stated positive-coefficient conditions Eq. (58) gives the smallest
safety intensity satisfying the two recovery conditions for the fixed
up i If ¢ = 0, the selected feedback control action is sufficient and
recovery proceeds with u;, = 0. If ¢y > 0, the safety-system input
is ug(n) = xy(x(®),) and supplements ug, over the same sampling
interval. This is not a claim that a; is the global minimum over every
joint selection of u € U and a € [0, 1]. No grid search, model rollout,
or online optimization is used to allocate the recovery inputs. Both ug ,
and q, are recalculated at every recovery sampling instant. Thus, a;, = 0
at one instant does not permanently deactivate the safety input; it can
be reintroduced later if the feedback control action alone no longer
satisfies the recovery conditions.

Provided that the recovery calculation remains feasible and the
sampling margin is valid, the implemented recovery inputs satisfy
V (x@®)+ Ag (V (x(@) = pg) <0 (59)

throughout recovery. Since A > 0, multiplication by the positive
integrating factor exp(Ag(t — 1)) rewrites this inequality as the first
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relation below. Integrating it from 7, , ot gives the second relation:

= [exp (/IR (z - zkf)) (V (x(t) - pR)] <o,

V (x()) = pg < exp (—AR (’ - "v))

x (V (x(tkf)) —pR).

For V(x(tk/ )) > p* > pg, provided that the certified recovery
procedure remains active until entry, Eq. (60) guarantees entry into
Q,+. Requiring the right-hand side of the exponential bound to be no
greater than p* —py and solving for the elapsed time show that the first
continuous-time entry occurs no later than

(60)

L v () - ow
—log| ——— 2

n (61)

pP* — PR

after repair confirmation. Because the inputs are updated every 4, the
corresponding sampled elapsed-time bound is

) v (x(tk/)) .
4| tog| ——L~L —

Agd (62)

pP* — PR

If V(x(tkf)) < p*, the entry duration is zero and the positive-time
expression in Eq. (61) is not used. These bounds concern entry into £,
rather than completion of nominal handoff. For the sampled bound to
certify entry before the supervisory deadline, its value must be smaller
than the remaining time 7, + 1* — 1, ” and recovery must remain
uninterrupted with valid certificates.

The recovery policy supersedes the unresolved-disturbance status
rule for g, but it does not clear the supervisory latch. During recovery,
g, = 1 when a; > 0 and g, = 0 when a; = 0. Shutdown conditions
retain the highest priority. If repair confirmation is withdrawn or a new
abnormal condition is detected, recovery is terminated and the active-
safety policy is resumed whenever its measurement-based certification
conditions remain valid. Otherwise, no nonshutdown guarantee is made
unless a separately certified fallback is used.

Entry into £« is necessary but not sufficient for return to nominal
operation. At a sampling instant satisfying V (x(7;)) < p* and S, < Sy, |,
the implementation first requires the SI-LMPC problem in Eq. (46) to
return a finite admissible solution. The first SI-LMPC action is then
checked with « = 0 over one sampling interval using the repaired
model. Handoff is accepted only if the predicted trajectory remains in
X,, the endpoint remains in ., and the Safeness Index recomputed
from the stored temperature history and the predicted endpoint remains
below Sy, ;. These model-based checks are used only after repair, when
the nominal model is again considered valid.

When all handoff conditions are satisfied before the supervisory
deadline and no shutdown guard is active, the supervisory latch is
reset, g, = 0, a; = 0, and the first SI-LLMPC input is applied. If the
state has entered Q,+ but any handoff condition fails, the supervisor
remains latched and the certified recovery law continues subject to the
shutdown guards. Reaching the deadline while still latched requests
shutdown even if repair has been confirmed or x(¢,) € Q. After hand-
off, the nominal eligibility conditions are evaluated at every sampling
instant; the supervisor is reactivated whenever Eq. (9) is satisfied.

4.5. Simulation results

All simulations are initialized at the nominal equilibrium, x(0) =
0. At ¢t 0, the inlet MIC concentration of the simulated plant is
changed from C,,, = 29.35 mol/kg to C4, = 70 mol/kg, corresponding
to w = 40.65 mol/kg. In the containment simulations reported first,
the inlet concentration is held at this value throughout the simulated
horizon. The nominal prediction model continues to use C,, and the
safety logic is not supplied with the disturbed feed concentration. The
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Fig. 4. Thermal runaway illustration of the state space response to the
persistent abnormal disturbance with the paired relief and injection action
disabled, u, = 0, and execution of the proposed shutdown request disabled. The
trajectory leaves Q. at t = 127.9 s, the supervisor is activated at r = 128 s, and
the trajectory eventually crosses the physical temperature limit 7}, = 330 K.

controller sampling period is 4 = 1 s, and the plant is integrated
with a 0.01 s step. The maximum supervisory duration is set to t* =
15 h, measured from supervisory activation and including recovery
after repair, and lies beyond the corresponding simulated horizons. A
separate 1.5 h simulation with repair is reported at the end of this
subsection to evaluate recovery and nominal handoff.

To demonstrate the need for the additional safety input, the dis-
turbance is first simulated with the paired relief and injection action
disabled, u; = 0. The nominal SI-LMPC is used while the nominal eligi-
bility conditions remain satisfied. Following supervisory activation, the
protective feedback action is applied and drives the jacket temperature
to its lower bound of 280 K. Thus, feedback cooling remains available
in this case even though the physical safety input is disabled. For this
diagnostic comparison, execution of the proposed shutdown request is
disabled so that the consequence of relying on feedback cooling alone
can be observed.

As shown in Fig. 4, the state leaves £ . at approximately ¢+ =
127.9 s, and the supervisor is activated at the next sampling instant,
t = 128 s. The reactor temperature subsequently decreases to approxi-
mately 284.5 K at r = 235.0 s, while the MIC concentration continues
to increase. The accumulated reactive material eventually causes the
trajectory to turn toward higher temperatures. Despite the maximum
available jacket cooling, the reactor temperature crosses Tj;,, = 330 K at
approximately 1 = 588.7 s, as shown in Fig. 5. Therefore, the temporary
temperature decrease does not represent recovery, and the feedback
control input alone is insufficient to contain this tested disturbance.

The binary and smart safety systems are subsequently evaluated
under the same initial condition and persistent disturbance. They use
the same supervisory activation, protective feedback action, safety-
action status, release condition, and shutdown guards described in
Section 4.4. The binary system applies a;, 1 whenever ¢, = 1,
whereas the smart system schedules the cycle command a;md while
retaining the saturated required intensity in Eq. (20) and the maximum-
action requirements described above. Each case is simulated until 50
complete evaluation intervals have been obtained; consequently, the
two simulations need not have the same total elapsed time.

As defined by the safety-action activation events in Eq. (51), ¢ =
s is the activation time associated with the jth transition satisfying
G- = 0 and q, = 1. For & = [oj05), J; = /;j’_m ity () dt
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Fig. 5. Reactor and jacket temperature responses corresponding to Fig. 4. Although the jacket temperature reaches its lower bound of 280 K, the reactor
temperature reaches a minimum near 284.5 K before crossing 7;,,, = 330 K at approximately ¢ = 588.7 s.
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Fig. 6. Cycle-level smart action and material-loss performance under the persistent abnormal disturbance. (a) Mean actual intensity &, during g, = 1 for each

complete cycle. (b) Cycle-normalized material-loss metric J, /7.

denotes the total material discharged during the jth complete cycle,
and 7" = 0, — o, denotes its duration. The ratio J;/7;’* is the cycle-
normalized material-loss metric used to compare the binary and smart
safety systems. The equal injected mass is not included in J;. Periods
during which the relief valve is closed contribute zero to J; but remain
part of 75*°. The same event definition and material accounting are used

for both systems.

The smart system yields a final cycle command of ag(“)“d = 0. The
actual sampled intensity nevertheless remains subject to the saturated
required intensity and the one-interval maximum capture action.

To distinguish the applied action from its cycle command, define
the mean actual intensity during the active portion of the jth complete
cycle as &; = (X, ¢, qkakA)/(Z,kEgl qyA). Fig. 6(a) shows &; for each

complete cycle. The final-cycle value is as, ~ 0.128, rather than zero,
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for the binary and smart systems over 50 complete cycles.

because the required safety intensity and the one-interval maximum
capture action retain priority over the cycle command. Fig. 6(b) com-
pares the cycle-normalized material-loss metric J; /7%¢ for the two
systems. All transition- and override-affected cycles remain included in
the physical performance record.

The corresponding concentration and temperature trajectories are
shown in Fig. 7. The light curves represent the complete 50-cycle
histories, whereas the emphasized curves represent the final complete
intervals. Both systems leave £ . and undergo repeated excursions
under the persistent disturbance. Portions of a trajectory may reenter
Q,+; however, this does not initiate nominal handoff because the
abnormal condition remains unresolved.

The maximum reactor temperatures over the 50 complete intervals
are 320.26 K for the binary system and 320.09 K for the smart system.
Both remain below the active-safety boundary 7, = 329.5 K and the
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Fig. 7. State-space trajectories of the binary and smart safety systems under the persistent abnormal disturbance. Light curves show the complete 50-cycle
histories, whereas the emphasized curves show the final complete intervals. The green region denotes 2., and the temperature-region labels retain their absolute-
temperature meanings. Both systems numerically contain the tested trajectories below the physical temperature limit. Entry into €,. does not initiate nominal
handoff because the abnormal condition remains unresolved. (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)
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Fig. 8. Comparison of the cycle-normalized material-loss performance. The
first pair of bars gives the arithmetic mean of J; /-r;yc over 50 complete cycles,
and the second pair gives Js,/75, . Relative to the binary system, the smart
system reduces these measures by 34.55% and 40.78%, respectively.

physical limit 73, = 330 K. Thus, for this tested disturbance, the
smart policy reduces the cycle-normalized material-loss metric without
increasing the observed maximum reactor temperature. The horizontal
temperature bands in Fig. 7 are labeled using the absolute temperatures
320, 326, and 330 K; they are reference partitions rather than level sets
of the history-dependent Safeness Index.

For the aggregate comparison, the 50-cycle arithmetic mean rate is
507! zjﬂl J;/7°. As shown in Fig. 8, the smart system reduces this
mean from 90.10 to 58.97 kg/s, corresponding to a 34.55% reduc-
tion. For the final cycle, Js/75 decreases from 90.23 to 53.43 kg/s,
corresponding to a 40.78% reduction. Therefore, the smart safety ac-
tion substantially reduces the cycle-normalized discharge metric while
retaining numerical containment for the tested disturbance.

Finally, the complete evolution from nominal operation through
containment, disturbance repair, recovery, and return to nominal oper-
ation is evaluated in a 5400 s simulation of the smart safety system. The
abnormal inlet concentration is maintained until repair is confirmed
at t, = 3600 s, when it is returned to C,), = 29.35 mol/kg. The
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Fig. 9. Complete 0-5400 s state space response of the smart safety system, with
repair confirmed at 1, = 3600 s and nominal handoff accepted at 7 = 3872 s.
Blue trajectory segments correspond to nominal control, the orange curve
to safety operation before repair, and the green curve to recovery. The red
circle and green square denote the repair and handoff states, respectively; the
black star is the nominal equilibrium, and the blue cross is the final state at
t = 5400 s. The temperature-region labels use absolute temperature and are
not Safeness Index level sets. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

disturbance is removed completely after this time, but the process state
is not reset.

The complete state space response is shown in Fig. 9. Starting from
the nominal equilibrium, the state leaves €., and the supervisor is
activated at the next sampling instant, + = 128 s. The orange trajec-
tory represents safety operation under the unresolved disturbance. It
includes six episodes of the paired relief and injection action, together
with intermediate periods during which the safety input is inactive and
the protective feedback action acts alone. Although portions of these
excursions enter €2, nominal handoff is not permitted before repair
has been confirmed. The maximum reactor temperature before repair
is 320.15 K, which remains below T, =329.5 K and Ty, = 330 K.
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Fig. 10. Temperature-deviation response for the same 0-1.5 h simulation. The ordinate is 7 — T}, and time is reported in hours. The shaded regions are labeled
by their absolute-temperature ranges. Vertical markers identify supervisory activation at 128 s, repair confirmation at 3600 s, and nominal handoff at 3872 s. Blue,

orange, and green segments denote nominal control, safety operation, and recovery, respectively.

legend, the reader is referred to the web version of this article.)

Fig. 10 presents the same evolution in time. The ordinate is the
temperature deviation T — T, whereas the shaded regions retain the
absolute-temperature meanings shown in the state space figure. The
repeated temperature excursions before ¢ 3600 s correspond to
containment while the abnormal condition remains unresolved. Af-
ter repair, the temperature follows the recovery trajectory and then
approaches its nominal value after handoff.

At repair confirmation, indicated by the red circle in Fig. 9, the state
remains outside ©,«, with V(x(#; ) ~ 7.13 X 10*. Repair confirmation
terminates the unresolved-disturbance policy but does not immediately
reset the supervisory latch or return the process to nominal operation.
Instead, the recovery policy starts from the state reached at repair.

At each recovery sampling instant, the feedback action ug, is
selected first, after which a; supplies only the additional safety action
required by the Lyapunov and temperature conditions. For this trajec-
tory, the temperature condition imposes no positive lower bound on «,
whereas the positive intensities selected from the Lyapunov condition
range from 0.00561 to 0.0184. Consequently, all 272 recovery intervals
use the combined feedback and safety action, and no interval uses
the feedback action alone. This does not imply that the safety input
is required for every admissible recovery trajectory; the same policy
selects a;, = 0 whenever uy , alone satisfies both recovery conditions.

The continuous trajectory first enters Q,» at¢ = 3871.97 s, or 271.97 s
after repair. At the next sampling instant, = 3872 s, the state satisfies
V(x) = 6998 < p* = 7000. The Safeness Index condition, SI-LMPC
feasibility test, and one-interval handoff checks are also satisfied at
the same sampling instant in this simulation. Thus, sampled entry and
accepted nominal handoff coincide for this trajectory. This coincidence
does not imply that entry into Q. is generally sufficient for nominal
handoff.

For comparison, Eq. (61) gives a continuous-time entry bound of
566.3 s, and Eq. (62) gives a sampled bound of 567 s, corresponding
to 567 sampling intervals. The observed 272 s recovery satisfies both
bounds. Following handoff, the supervisory latch is reset, ¢, = 0, o, =0,
and the nominal SI-LMPC is resumed. No supervisory reactivation or
SI-LMPC fallback occurs during the remaining 1528 s. At the end of the
simulation, V'(x(5400)) ~ 4.90 and T'(5400) — T, ~ —0.14 K, showing
continued motion toward the nominal equilibrium.

The maximum evaluated intersample Lyapunov residual during re-
covery is —37.52 < 0, and no recovery infeasibility, sample-hold viola-
tion, actuator chattering, shutdown, or supervisory reactivation is ob-
served. This recovery check uses the saved 0.01 s trajectory; m, = 60 has
not been established as a uniform bound over a complete recovery set.
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(For interpretation of the references to color in this figure

Remark 9. The reduction in the cycle-normalized material-loss met-
ric obtained in this application by testing smaller cycle commands
ajc.md, while enforcing @, > a,, should not be interpreted as a gen-
eral monotonic relationship between valve opening and cumulative
material loss. Although a smaller applied intensity may reduce the
instantaneous relief rate, it may require the relief valve to remain open
for a longer period and may therefore result in equal or even greater
total material loss. Conversely, a larger intensity generally provides a
stronger immediate protective effect and may bring the process to a
safer condition more rapidly. Hence, the preferred intensity cannot in
general be determined from the valve opening alone. The proposed
cycle-to-cycle feedback instead adjusts aj%‘md according to completed
measurements of J; /7., while the saturated required intensity a,
enforces the prescribed estimated rate condition whenever feasible
and the numerical implementation requests shutdown when a required
safety condition is infeasible.

5. Conclusion

This work developed an integrated control and safety system archi-
tecture for nonlinear safety-critical processes that coordinates feedback
regulation and active protection under abnormal disturbances using
a safety system with a relief valve, shutdown, and recovery after
repair. During nominal operation, the proposed SI-LMPC incorporates
safety considerations into the control objective while retaining the
Lyapunov condition required for closed-loop stability. Once the process
state escapes the closed-loop stability region under a large distur-
bance that cannot be handled by the control system, the supervisory
policy avoids prediction using a potentially unreliable abnormal pro-
cess model and instead uses sampled measurements together with a
certified characterization of the safety input effect to determine the
minimum protective action required during each sampling interval to
be taken by the safety relief valve. Cycle-to-cycle adjustment can then
reduce unnecessary safety system action without violating this certified
requirement. Under specific assumptions, the resulting framework es-
tablishes robust forward invariance and ultimate boundedness during
nominal operation, physical safety throughout certified active safety
operation, and finite-time return to the nominal closed-loop stability
region after repair through a recovery policy that prioritizes feedback
control and supplements it with the safety system input only when nec-
essary. In the MIC hydrolysis CSTR study, feedback cooling alone was
unable to contain the tested abnormal disturbance, whereas both the
binary and smart safety systems maintained containment. Compared
with conventional on/off safety relief valve operation, the proposed
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safety system operation policy reduced the reported 50-cycle mean and
final-cycle discharge-rate metrics by 34.55% and 40.78%, respectively,
without increasing the observed maximum reactor temperature. After
repair, the recovery policy returned the process to the nominal closed-
loop stability region and completed the nominal handoff 272 s after
repair. Overall, the proposed architecture demonstrates that rigorous
process protection does not require either prediction with an unreliable
abnormal process model or indiscriminate use of full-intensity safety
action, thereby providing a systematic means of reconciling physical
safety, reduced material loss, and recovery within a unified supervisory
framework.
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