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This work focuses on the design of stochastic Lyapunov-based economic model predictive control (SLEMPC) systems
for a broad class of stochastic nonlinear systems with input constraints. Under the assumption of stabilizability of the
origin of the stochastic nonlinear system via a stochastic Lyapunov-based control law, an economic model predictive
controller is proposed that utilizes suitable constraints based on the stochastic Lyapunov-based controller to ensure eco-
nomic optimality, feasibility and stability in probability in a well-characterized region of the state-space surrounding
the origin. A chemical process example is used to illustrate the application of the approach and demonstrate its eco-
nomic benefits with respect to an EMPC scheme that treats the disturbances in a deterministic, bounded manner.
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Introduction

While tracking model predictive control, in which the cost
function has its minimum at the steady-state (typically taken
to be the origin), has been extensively researched and prac-
ticed in industry (see, for example, the review papersl_3) since
the mid-70s, economic model predictive control (EMPC), in
which the cost function does not have in general its minimum
at the steady-state and penalizes directly process economics,
has been a relatively recent development (over the last decade)
and continues to pose challenging control problems.* Part of
the appeal of EMPC is that it provides a direct way for inte-
grating in a single layer the process economic optimization
layer (responsible for calculating economically optimal oper-
ating steady-states) and the process feedback control layer
(where tracking MPC is typically employed) that are tradition-
ally utilized in industrial chemical process control to optimize
process economics by allowing for dynamic (off steady-state)
feedback control-based operating policies. This allows for the
opportunity to shift chemical manufacturing operations from
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steady-state operation to dynamic operation to optimize the
process economic performance and thus, effectively combine
dynamic economic process optimization and feedback control
into one layer. Several control designs have been proposed
within this new EMPC paradigm (e.g., Refs. 5-9).

One important issue that requires further study is the han-
dling of process model uncertainty within EMPC. In Ref. 10, a
multi-stage scenario-based nonlinear model predictive control-
ler was utilized to deal with uncertainties in economic nonlin-
ear MPC. In Ref. 8, the way to address uncertainty is to
assume that the uncertain process variables are bounded, uti-
lize a nominal process model within EMPC, and then establish
robustness of the EMPC with respect to the worst-case values
(typically the bounds) of the uncertain variables such that
the state of the closed-loop system stays within a well-
characterized region of the state-space as long as the uncertain
variables are within their bounds (which must be sufficiently
small). This robustness treatment of the uncertain variables is
particularly useful when no information is provided for the
uncertain variables other than the bounds. However, if the
uncertain process variables are unbounded (or if the bounds
are very conservative such that they are not sufficiently small),
the traditional Lyapunov-based economic model predictive
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control (LEMPC) framework above may be unable to deal
with such disturbances and lead to controller infeasibility, par-
ticularly in the presence of input constraints.

Therefore, an alternative way to handle process model uncer-
tainty within EMPC is to model the disturbances in a probabilis-
tic manner and consider EMPC of stochastic nonlinear systems
with the goal of deriving closed-loop stability results in proba-
bility, taking advantage of the probability distribution of the
uncertain variables and targeting less conservative results for
closed-loop operating regions than the EMPC that treats the dis-
turbances in a deterministic, bounded manner.

In this direction, MPC of stochastic nonlinear systems has
received some attention recently. In Refs. 11 and 12, min-max
and tube-based economic MPC methods were developed for
nonlinear uncertain systems to achieve desired closed-loop
performance and reduced computational time. The works'>"'*
utilized the Markov-chain Monte Carlo technique to solve
constrained stochastic optimization problems to guarantee the
convergence to a near-optimal solution in a probabilistic
sense. In Ref. 15, a Lyapunov-based model predictive control
(LMPC) method was proposed for stochastic nonlinear sys-
tems, which guaranteed probabilistic stability (in the sense of
driving the state to a steady-state) and feasibility from an
explicitly characterized region of attraction. At this stage,
even though the EMPC problem has attracted considerable
research interest, the EMPC problem for nonlinear stochastic
systems has not been investigated sufficiently. Specifically,
computationally-efficient EMPC designs for handling distur-
bances that are not required to be small are needed with theo-
retical results regarding their ability to maintain the process in
a well-defined region of state-space without being overly con-
servative such that the benefits of EMPC are reduced.

Motivated by these considerations, this work focuses on the
design of stochastic Lyapunov-based economic model predic-
tive control (SLEMPC) designs for a broad class of stochastic
nonlinear systems with input constraints. Under the assump-
tion of stabilizability of the origin of the stochastic nonlinear
system via a stochastic Lyapunov-based control law, an eco-
nomic model predictive control method is proposed that uti-
lizes suitable constraints based on the stochastic Lyapunov-
based controller to ensure economic optimality, feasibility and
stability in probability in a well-characterized region of the
state-space surrounding the origin.

The rest of the manuscript is organized as follows: in Pre-
liminaries, the notations, the class of systems considered, and
the stabilizability assumptions are given. In Main Results, we
first introduce the LEMPC and establish its robustness for non-
linear systems with bounded disturbances. Subsequently, we
develop a SLEMPC for nonlinear systems subject to stochastic
disturbances with unbounded variation, and establish the prob-
abilistic stability and feasibility for the closed-loop system
under the sample-and-hold implementation of the SLEMPC
within an explicitly characterized set of initial conditions.
Finally, a nonlinear chemical process example is used to dem-
onstrate the application of the proposed SLEMPC and also its
advantages through the comparison of its economic benefits
with the LEMPC.

Preliminaries
Notation

Throughout the paper, (Q, F, P) denotes a probability space,
where Q is the set of all possible outcomes, F is a g-algebra of
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events, and P is the probability measure function of the event.
Consider a stochastic process x(7,w) : [0, c0)XQ — R" on
(Q, F,P). For each w € Q, x(-,w) is a realization or trajectory
of the stochastic process, and we abbreviate x(z, w) as x,(f).
Given an event A, E(A), P(A), E(A|-), and P(A|-) are the
expectation, the probability, the conditional expectation, and the
conditional probability of the occurrence of A, respectively. The
hitting time (or first hit time) tx of a set X is defined as the first
time that the state trajectory hits the boundary of X. Based on this,
we also define tx(f)=min {tx,¢} and txr(¢f)=min {tx, T, 1},
where T is defined as the operation time. The notation | - | is used
to denote the Euclidean norm of a vector, and the notation | - |,
denotes the weighted Euclidean norm of a vector (i.e., || 0 =xT0
x where Q is a positive definite matrix). x” denotes the transpose
of x. Ry denotes the set [0, c0). The notation LV (x) denotes the
standard Lie derivative LV (x) : = a\(/)_(:) f(x). Given a set D, we
denote the boundary of D by OD, the closure of D by D, and the
interior of D by D°. Set subtraction is denoted by “\”, ie.,
A\B: ={x e R"|x € A,x ¢ B}. A continuous function « : [0, a)
— [0, 00) is said to be a class K function if o(0)=0 and it is
strictly increasing. The function f{x) is said to be a class C* function
if the /" derivative of f exists and is continuous for all
i=1,2,... k.

Class of systems

Consider a class of continuous-time stochastic nonlinear
systems described by the following stochastic differential
equation (SDE):

dx(t)=f (x(1))di+g(x (1) ju(t)d+h(x (1) )dw(z) (1)

where x € R" is the stochastic state vector and u € R is the
input vector. The available control action is defined by
U:={u€R"|tmin <u<tpy} CR". The disturbance w(r)
is a standard g-dimensional independent Wiener process defined
on the probability space (Q,F,P). f(-), g(), h(-) are suffi-
ciently smooth vector and matrix functions of dimensions nX1,
n X m, n X g, respectively. For the sake of brevity, it is
assumed that the steady-state of the nominal system with w(z)
= 0is (x},u})=(0,0), and the initial time ¢, is taken to be zero
(to=0). In Eq. 1, f(x(7))+g(x(¢))u(t) is the deterministic drift
and h(x(z)) is the diffusion matrix. We also assume that /(0)=
0 so that the disturbance term of Eq. 1 vanishes at the origin.

Definition 1. '®'7 Consider an n-dimensional Ito process
dx(t)=f(x(2))dt+h(x(¢))dw(t), where f and h are an nX1
vector and n X q matrix, respectively. Let V(t,x(t)) be a C*
map from [0,00)XR" — R. Then, the process Y (t)=V (t,x(t))
is also an Ito process which satisfies the following equation:

AV (t,x(t)) n AV (t,x(1))
ot Ox

av(o=| F0)+ 5 Tr{ ()T

PV (t,x(t OV (t,x(t
X %h(x(r)) }} di+ %h(x(r))dw(r)
(@)
Definition 2. Given a C? Lyapunov  function

V:R" — Ry, the infinitesimal generator (denoted by the
operator L) of the system of Eq. 1 is defined as follows:
1 OV
LV(x)= LiV(x)+L,V(x)u+ ETr{h(x) Wh(x)} (3)
' X
where  f=[fi---fl", ¢=[g1-- gm], and gi=[gi--- g,
(i=1,2,---,m). Throughout the work, we assume that

LiV(x), LV(x), and h(x)" f’;ﬁ,ﬁ” h(x) are locally Lipschitz.
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Definition 3. '® Consider the unforced stochastic nonlin-
ear system of Eq. 1 as follows:

dx(1)=f (x(2))dt+h(x(t))dw(t) )

Assuming that the equilibrium of the system of Eq. 4 is at
the origin, then the origin is said to be asymptotically stable
in probability, if for any € >0, the following conditions

hold:
lim P(1 =0)=1, lim P >€)=0
im (lim [x(r)|=0) im (Sfil)’ lx(@)] > €)
(5)
Proposition 1. (Dynkin’s Formula'’)  Assuming

x(0) € ZCR", T>0 and the solution x(z) of Eq. 4 exists
for all time, then x(7) satisfies the following condition for
te€0,tzr(1)]:

Tz7(t)
IE(V(X(TZ,T(I))))—V(X(O))=E(JO LV(x(s))ds) ~ (6)
Proposition 2. '® Given the system of Eq. 4, if for all
x € Dy C R", where D is an open neighborhood of the ori-
gin, £V < 0 holds Vr € (0,00), then E(V(x(7))) < V(x(0)),
Vt € (0,00) and the origin of the system of Eq. 4 is asymp-
totically stable in probability.

Stabilizability assumptions

Consider the nominal system of Eq. 1 with w(r) =0
described by the following differential equation:

= (x(1)) g (x(0) u(t) O

We first assume that there exists a stabilizing feedback control
law u=®,(x) € U such that the origin of the deterministic sys-
tem of Eq. 7 can be rendered asymptotically stable for all
x € D; C R", where D is an open neighborhood of the origin
when a small control property is satisfied, in the sense that
there exist a positive definite C' control Lyapunov function V
and a class K function ogp(-) that satisfy the following
inequality:

V=LV (x)+LV (x)®y(x) < —o(]x]) ®
An example of a feedback control law that is continuous for

all x in a neighborhood of the origin and renders the origin
asymptotically stable is the following control law'®

4
pty/P*+l4|

p)=¢ T f 7 it g#0 gy
0, it ¢=0
', if ;(x) < u™
®u(0)=1 @i(x), if W< () Su™ (9b)
umx i @;(x) > umax

where P denotes L;V ,g) g denotes (L,V(x )7) =Ly, V(x)---
Lgmv( )l f [fl n] , and gl igll gm] ,i=l,2,~~-,m
@,;(x) of Eq 9a represents the i"”" component of the control law
@, (x) before considering saturation of the control action at the
input bounds. @, ;(x) of Eq. 9b represents the i/ component
of the saturated control law @, (x) that accounts for the input
constraint u € U. Based on the above controller @, (x) that sat-
isfies Eq. 8, the set of initial conditions from which the con-
troller @, (x) can stabilize the origin of the input-constrained
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system of Eq. 7 is characterized as: ¢,={x € R"|V+
kV(x) <0,u=®,(x) € U,k > 0}. Additionally, we define a
level set of V(x) inside ¢, as Qy : ={xe¢,|V(x)<p'},
which represents the stability region in the next LEMPC
subsection.

We also assume that there exists a stochastic stabilizing
feedback control law u=®;(x) € U such that the origin of the
system of Eq. 1 can be rendered asymptotically stable in prob-
ability for all x € D, C R", where D, is an open neighborhood
of the origin, in the sense that there exists a positive definite
C? stochastic control Lyapunov function V that satisfies the
following inequalities:

LY=L,V (0 +LV )0, (0) 3707 Ly < —an (1)
(10)
h(x)" ?;2 h(x) >0 (11)

where o (+) is a class K function. One of the candidate control-
lers that can render the origin of the stochastic system of Eq. 1
asymptotically stable in probability is given in the form of
Eq. 9% where p denotes LV (x)+ 1 Tr{h(x)" Z¥h(x)}, ¢
denotes (L,V(x N’ Again, the controller @, (x) is the saturated
control law that accounts for the input constraints u € U.

Similarly, based on the controller @;(x), we define the set of
initial conditions for the stochastic system of Eq. 1 from
which the origin is rendered asymptotically stable in probabil-
ity: ¢,={x e R"| LV+kV(x) <0,u=Dy(x) € U,k >0}. Tt
should be noted that u=®(x) is not the only controller that can
be used to characterize ¢,. For example, the controller @, (x)
that is designed for the nominal system of Eq. 1 can still be
applied to characterize a set of initial conditions for the stochas-
tic system of Eq. 1. However, the resulting set of initial condi-
tions is more conservative than the set of initial conditions ¢,
for the nominal system of Eq. 1 due to the positive semi-
definite Hessian term in Eq. 10. It may also be more conserva-
tive than the set of initial conditions ¢, characterized for the sto-
chastic system of Eq. 1 using the controller ®;(x) since @, (x) of
Eq. 9 does not account for the disturbance in its formulation.
Furthermore, if the diffusion term vanishes, the feedback control
law that satisfies Eqs. 10 and 11 is identical to the one for deter-
ministic problems.

Similarly, we define a level set of V(x) inside ¢, as
Q,: ={xe ¢, |V(x) < p}. Although the level set Q, of V(x)
in ¢, is an invariant set for the nominal system of Eq. 7 under
®,(x), the level set Q, in ¢, is not invariant for the stochastic
system of Eq. 1 under ®@;(x) due to the unbounded variation of
w(t). However, based on Proposition 2, the origin of the sys-
tem of Eq. 1 is still rendered asymptotically stable in probabil-
ity within Q, under ®;(x).

Main Results

In this section, the optimization problems of Lyapunov-
based EMPC (LEMPC) and stochastic LEMPC (SLEMPC)
are first presented. Then, stability and feasibility in probability
of the closed-loop system of Eq. 1 are investigated under the
sample-and-hold implementation of the SLEMPC.

Lyapunov-based EMPC for nominal systems

LEMPC optimizes an economic cost function L,(-,-) and
maintains the closed-loop states of the nominal system of Eq.
7 in a stability region €, which is characterized as a level set
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of V inside ¢,,. The LEMPC design8 is given by the following
optimization problem:

t+1pA
Jé‘s?’A%L Lo(R(0), u(0)) i (12a)
s.x(0)=f (%(1)) +g (X (1))u(r) (12b)
i(tk)=x(tk) (12¢)
u(t) €U, Vt€ [, tr+t1pA) (12d)
V(E(r)) < py, V1 € [t it 1pA), i x(1) € Q) (12e)

V(x(t), u(ty)) < V(x(n), ®.(x(%))), if x(t;) € Qp/\Q‘;Q

(12f)

where ¥ is the nominal predicted state trajectory, S(A) is the
set of piecewise constant functions with period A, 1p is
the number of sampling periods of the prediction horizon, and
V(3. a0)) represens 250 x(0)) s(a( ).
is a level set of V inside qb Q, :={xeR"|V(x) <p,}
where 0 < p;, < p’ such that Q, C Q. It is chosen to make
the region Q, : ={x € ¢, |V(x) < p’} a forward invariant set
under the LEMPC of Eq. 12.

In the optimization problem of Eq. 12, the objective func-
tion of Eq. 12a is the integral of L,(%(¢), u(t)) over the predic-
tion horizon. The constraint of Eq. 12b is the nominal system
of Eq. 7 that is used to predict the states of the closed-loop sys-
tem. Eq. 12¢ defines the initial condition ¥(#;) of the nominal
system determined from a state measurement x(¢;) at ¢ = .
Eq. 12d represents the input constraints applied over the entire
prediction horizon. The constraint of Eq. 12e maintains the
predicted states in the interior Q% of Q, , when the current
state x(7) € Q). However, if x(t) € Qy \Q ,» the constraint
of Eq. 12f is actlvated to decrease V(x) at the first sampling
time in the prediction horizon such that x(¢z) for the nominal
system of Eq. 7 will move toward the origin. Since V(x) is
required by Eq. 12f to decrease in a sampling period at least at
the worst-case rate that it would decrease under the Lyapunov-
based controller ®,(x) implemented in a sample-and-hold
fashion, it is guaranteed that within finite sampling steps, x(¢)
for the nominal system of Eq. 7 will enter Q°, agaln It is nota-
ble that due to the robustness properties of (I),,, the LEMPC of
Eq. 12 can maintain the closed-loop state within Q, even in
the presence of small bounded disturbances when p/, and A are
sufficiently small.

Lyapunov-based EMPC for uncertain systems

Consider that a bounded disturbance w(¢), rather than a
disturbance of Wiener process w(f), is introduced into the
nominal system of Eq. 7 (i.e., the uncertain system can be
written by the following differential equation: x(¢)=f(x(¢))+
g(x(t))u(r)+ h(x(t))w(r)). Consider that the bound on this dis-
turbance is not necessarily sufficiently small. A straightfor-
ward method to eliminate the impact of the bounded
disturbances is to take the worst case scenario (i.e., the bound
of w(f)) into consideration in the control design. An LEMPC
with a form similar to that in Eq. 12 is therefore developed to
account for the disturbances bounded by |w(7)| < 0, and is
given as follows:

i +TpA ~
max J Lo(R(6), u(r)) dt (13a)
s.t.X(0)=f (¥(1)) + 2 (¥() u(r) (13b)
)Z(l‘k):)((tk) (13C)
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u(r) e U, Vte [, tyt1pA)
V(x(1)) < pl, Vi € [ty e t1pA), if x(1) € QS

ple

u(te)) <V (x(t), Du(x(10))). if x(1) € \QS,
(13f)

where the notations and constraints of Eqs. 13a—13f follow the

(13d)
(13e)

V(x(tk)a

notations and constraints of Eqs. 12a—12f except that V in Eq.

12f is replaced by ‘} in Eq. 13f which includes the disturbance
term |L,V(x)0| to account for the worst case of the bounded
disturbances: V=LV (x)+L,V(x)u+|L,V(x)0|. Similarly, we
can characterize the set of initial conditions from which the
controller ®,(x) can stabilize the origin of the input-
constrained uncertain system of Eq. 7 with [w(z)| < 0 as: ¢/,=
{x € R" | V4KV (x)=L;V(x)+ L, V( (xX)0]+ xV(x) <
0, u=®,(x) € U,k > 0}. The regions Q; and Q; are level
sets of V within ¢/,. Though a controller @, is required that
meets this condition to guarantee that a control law exists for
the system in the presence of bounded disturbances that can

asymptotically stabilize the origin of the closed-loop system,
if 0 is very big, since u is bounded, it is not guaranteed that

there is any u that can cause V-I—rcv(x) < 0. Therefore, obtain-
ing deterministic results for control of systems with
unbounded disturbances may be difficult, even if L,V and 0
are known. In other words, the set of initial conditions (j);
becomes more conservative than ¢,,, or may not even exist in
the presence of large bounded disturbances.

Stochastic Lyapunov-based EMPC (SLEMPC)

Inspired by the LEMPC design, the SLEMPC design is
given by the following optimization problem:

ttTpA
Mga(lz)JA Lo(R(6), u(e)) dt (142)
s.t.X(0)=f (¥(1)) + 2 (¥() u(r) (14b)
() =x(t) (14¢)
u(t) e U, Vte [, tir+1pA) (144d)
V(X(t) < pe, V1 € [tr, ti+1pA), if x(1) € Q) (14e)

LV (x(t), utr)) < LV (x(te), Ds(x(t))), if x(2x) € Qp\Q),

(14f)

where the notations and constraints of Eqs. 14a—14f follow the
notations and constraints of Eqgs. 12a—12f except that we use
ps Pe Os(x) and LV to replace p', p,, ®,(x) and V respec-
tively to indicate that ®,(x) is used in developing Eq. 14 rather
than @,. Q, is a level set inside ¢, Q, : ={x € R"|[V(x)
< p.} where 0 < p, < p such that Q, C Q,. The optimal
input trajectory determined by the optimization problem of the
SLEMPC is denoted by u*(), which is calculated over the
entire prediction horizon ¢ € [f, #;+1tpA). The control action
computed for the first sampling period of the prediction hori-
zon u*(f;) is sent to the actuators to be applied over the sam-
pling period and the SLEMPC is re-solved at the next
sampling time.

In the optimization problem of Eq. 14, the constraints of
Eqgs. 14a—14d, like the constraints of Eqs. 12a—12d, define the
objective function, the prediction model, the initial condition
of the prediction model, and the input constraints of the
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optimization problem, respectively. If the current state x(#)
belongs to Q° the constraint of Eq. 14e maintains the pre-
dicted states in Q’OJL However, if x(#) € Q,\Q) , the constraint
of Eq. 14f is activated to decrease V(x) at the first sampling
time at least at the rate that it would decrease under the sto-
chastic Lyapunov-based controller @ (x) such that x(s) will
move toward the origin within this sampling period in proba-
bility. Therefore, if the constraint of Eq. 14f is applied recur-
sively, x(¢) will enter Q;’ within finite sampling steps in
probability, which will be proved later.

Remark 1. There exist differences between the feedback
control law @, (x) applied in the LEMPC of Eq. 12 and ®(x)
applied in the SLEMPC of Eq. 14. Specifically, ®,(x) satis-
fies Eq. 8 and forces the states of the closed-loop nominal
system of Eq. 7 to converge to the origin. However, under the
control law ®g(x) that satisfies Eq. 10, the origin of the sys-
tem of Eq. 1 subject to stochastic disturbances is rendered
asymptotically stable in probability. In our previous work,® it
is shown that if the constraint of Eq. 12f is recursively applied
in a sample-and-hold fashion, the states of the closed-loop
nominal system of Eq. 7 are guaranteed to be bounded in a
small region around the origin ultimately. Similarly, it will be
shown in subsequent sections that if the constraint of Eq. 14f
is recursively applied in a sample-and-hold fashion for any
x(0) € Q,, the states of the closed-loop stochastic system of
Eq. 1 still converge to a small region around the origin, but in
probability.

Remark 2. All the controllers of Egs. 12—14 use the nom-
inal system model of Eq. 7 in Egs. 12b, 13b, and 14b which
allows the state predictions of the LEMPCs of Egs. 12 and
13, and the SLEMPC of Eq. 14 to be deterministic. One of
the advantages of applying the deterministic prediction
model is that it can offer significant savings in computation
time compared to existing methods for calculating the propa-
gation of stochastic uncertainties through the dynamics of
the nonlinear system of Eq. 12" Also, based on the
SLEMPC of Eq. 14 with a deterministic model and appropri-
ate constraints, we are still able to obtain probabilistic results
for a process that accounts for the distributional information
of the stochastic disturbances (i.e., the diffusion term of the
system of Eq. 1), which will be proved in the next sections.

Sample-and-hold implementation

Since the control actions are implemented in a sample-and-
hold fashion in the SLEMPC, in this subsection, we investi-
gate the impact of the sample-and-hold implementation on the
stability of the closed-loop system of Eq. 1 following similar
arguments to those in Refs. 15 and 22. The results given in
Theorem 1 will then be used in the next subsection “Stability
in Probability” to derive the probabilities of closed-loop stabil-
ity of the system of Eq. 1 under the SLEMPC of Eq. 14. Spe-
cifically, the probability of the set Q, remaining invariant
under the sample-and-hold implementation of the SLEMPC of
Eq. 14 with a sampling period A is given as follows.

Theorem 1. Consider the system of Eq. 1 under the
SLEMPC of Eq. 14 applied in a sample-and-hold fashion
(e, u(®)=u(iA), ViA <t < (i+1)A, i=0,1,2,...). Let
t=iA, i >0, then given any probability 2 €(0,1], there
exists Py < Pmin < Po < p Where Q, : ={x e R"|V(x) < p,}
is a small level set around the ongm "where LV is not guaran-
teed to remain negative for the nominal system of Eq. 7 under
the sample-and-hold implementation of u(f), and a sampling
period A" : =A"(A) such that if A € (0, A"], then
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P( sup V(x(1)) <p) > 14, Vx(tx) € Q) (15)
1€t i +A) ¢
PO sup V(1) < o) = 12 %al) €9, (16)
1€t +A) !
P( sup LV(x(1)) <
1€ty +A)

—€<0) > 1-4, Vx(tx) € Q,\Q)

a7

Proof. Let Ap:={w € R|sup, ,+a|w(t)| < B}.
Using the results for standard Brownian motion,” given any
probability A € (0, 1], there exists a sufficiently small B,
such that P(Ag)=1—4. Also, because x is almost surely local
Holder-continuous'® with exponent r < 1/2, for each realiza-
tion x,(f) with x(r) € Q, and w € Ag, there almost surely
exists a positive real number ki, such that sup ., ;a7
| (1) —x(t)] < ki(A*), where r<1/2. Therefore, for
all w € RY, the probability of the event Ay : ={sup .1, , +a")
[x(1)=x(tx)] < ki (A")"} is: P(Ay) > 1—A. Based on the
sample-and-hold implementation of the control actions under
the SLEMPC of Eq. 14, i.e., u(t)=u(ty),Vt € [ty, ty +A"), we
first prove the probability of Eq. 15. Since V(x) satisfies the
local Lipschitz condition, there exists a positive real number
ka, such that [V (x(2)) =V (x(tx))| < ka|x(t) = x(t)|, Yx € ¢

Therefore, for any w that satisfies Ay, if A* < A= (p/‘2 k’: e)b 2
it follows that |V(x(¢))=V(x(t))| < p—p.,Vt € [tx, tx +A").
Furthermore, Vx(#) € Q) , it is obtained that V(x(z)) < p,
Vi € [t, 5+ A") since —(p—p,) < V(x(t) =V (x(t)) < p—p,
and SUP e, V(x(t%x))=p,. Therefore, VYweR?, if

x(t) € Q) , the "probability of x(t) staying inside Q, w1thm
one samphng period is P(sup,e[,A wian) Vx(0) <p) > 1-
Similarly, if A" <A, (p““"kp) Y, for any x(t) € Q)
probability of Eq. 16 that x(¢) stays inside Q, w1th1n one
sampling period is P(sup ,cp, , +a) V(x(t)) < ppin) > 14
Next, we prove the probability of Eq. 17 by first deriving
the following equation for all # € [f, ty +A"):

LV(3(0)) = £V (x00)+ (£V(x(0)) ~ £V (1))
= £V (3(0)) + (LY (5(0)) LV (x(0))) (LY (x()
LV (et + 3T () D iy

Ox?
L 7 PV (x(1))
— 5 Tr{ha(n) = 5~

h(x(1))}
(18)

For any x(t;) € Q,\Q , it holds that V(x(#)) > p,, which

implies LV (x(#)) < —kV(x(t)) < —kp, by the definition of
92 -

¢g- Since LV (x), LV (x), and h(x(1))" Z7 h(x(1)) are locally

Lipschitz, there exist positive real numbers k3, k4, ks, such

that LV (x(6)) =LV (x(t))| < kslae(6) =x (@), [LeV (x(2) u(ti)
2

~LgV (x(t)Ju(te)| < k() —x(a0)], and. |5 Tr{n(x(r))" #552
he(0)} = 3T {h(e(e0) T A (x(n) | < ksx(r)—

x(t)|, Vx € ¢y Let 0<e<kp, and A" <A3=
(Emrne k’:’jrk:ik )( ). It follows from these conditions and Eq. 18 that
Vw € Ay, L‘V(x(t)) < —e<0, Vt € [t, t; +A") holds. There-
fore, by choosing the sampling period A € (0, A*], given any ini-
tial ~ condition  x(r) € Q,\Q), the probability that
LV(x(t)) < —e is as follows: P(sup ., ,, +a) LV (x(7)) < —¢)
> 1 —/. Finally, let A* < min {A;, Ay, A3}, then the probabili-
ties of Eqs. 15-17 are all satisfied for A € (0, A™]. |
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Remark 3. Theorem 1 gives the conditions under which
the closed-loop state under the SLEMPC of Eq. 14 does not
leave €, in probability within a sampling period when the
initial condition is within Q;A, and also gives the conditions
under which, under repeated‘application of the constraint of
Eq. 14f at subsequent sampling periods regardless of the
location of the state measurement at #;, the closed-loop state
moves toward a neighborhood of the origin in a sampling
period or once it enters it, does not leave that neighborhood
in a sampling period, in probability. The conditions developed
require that the sampling period be sufficiently small for the
probability desired for the results, and also that the level sets
of the Lyapunov function bounded by ps, p,uin, pes and p be
sized sufficiently with respect to one another and A so that
the results hold. For example, a critical step in the proof
requires that |V (x(¢)) =V (x(#))| < kaki A", where A is a direct
function of upper bounds on level sets of V. Consider A;, for
example. If p—p, is larger (i.e., Q, is more conservative),
then there is a larger difference between V(x(7)) and p for
t € [te, e +AY), which gives greater conservatism to the
probabilistic results. This concept of creating a larger gap
between p, and p to reduce the likelihood that the closed-
loop state will exit the stability region during a sampling
period will be demonstrated in the section “Application to
a Chemical Process Example.” Furthermore, to achieve a
certain probability of staying inside either Q, or Q, ., A
has to be small enough. Since A is dependent on the differ-
ence between the upper bounds on two level sets of V in
the proof of Theorem 1, there is a tradeoff between making
A smaller and making the smaller level set (Q, or Q,)
less conservative compared to the larger region (Q, or
Q, ) while achieving the same probability of maintaining
the closed-loop state within this larger region. This indi-
cates that there are parallels at a theoretical level between
the conditions required in Ref. 8 for guaranteed closed-
loop stability in the presence of sufficiently small bounded
disturbances (i.e., the disturbances, sampling period, and
upper bounds on level sets of the Lyapunov function must
be sufficiently small) and the conditions which have been
derived in Theorem 1 (where to achieve certain probabili-
ties of closed-loop stability, the bounds on the disturban-
ces, sampling period, and upper bounds on level sets of the
Lyapunov function are all again required to be sufficiently
small, as defined with respect to one another, to achieve
the theoretical results).

Stability in probability

In this subsection, the probabilistic stability of the SLEMPC
of Eq. 14 applied in a sample-and-hold fashion is established
through three aspects, which are the probability of the closed-
loop states x() staying in €, when initialized within €, , the
probability of x(#) moving to Q, when it is outside that region,
and the probability of x(#) converging to a small ball around
the origin Q,  if at some point it is required to operate the
system of Eq. 1 at the steady-state by applying the constraint
of Eq. 14f all the time. Theorem 2 below provides the proba-
bilities with respect to the above three events. Example trajec-
tories exemplifying each of these events are also shown as the
realizations starting from x', x* and x°, respectively in Figure
1. In the following theorem, we will make use of Eq. 6.
Though x(0) in that equation represents a general initial condi-
tion and could therefore conceptually be replaced with #;, for
ease of presentation in the following, we refer to x(#) as x(0),
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and therefore represent the time within each prediction hori-
zon as extending from 0 to A.

Theorem 2. Consider the system of Eq. 1 under the
SLEMPC of Eq. 14 applied in a sample-and-hold fashion,
i.e., u(t)=u(0), V¢ € [0,A). Then, given the initial condition
x(0) € Q,, positive real numbers p > p, > p.. > p, and p,
€ [p,, p] and probability . € (0, 1], there exist a sampling
period A € (0,A"(4)] and probabilities B, f,7,7 € [0,1]
such that

P([:;i)‘/(x(t)) <p) = (1=p)(1=2), ¥x(0) € Qy  (jg)

P(tpngs (A) < 10,(A)) =2 (1=7)(1-4), ¥x(0) € Q,\Q),

(20)
P(sup V(x(1)) < p, g, < 00,
t€[0,A) ’
SUP /c(0.4) V(x(t"'TR”\Qj’,A)) < Pmin) @D
> (1-F)(1=9)(1-2)°,  Vx(0) € Q,\Q,
where
sup ., Vi(x
. P xcoq,, (x) <8 (22a)
inf (crrnq, V(%)
sup V) <y (22b)
xeQ, \Q P
%
sup V@) <y (22¢)
xeQ, \@; P
Sup cpq, V(%) , @2d)

infxeR"\QﬂmA V(X) -

in

Proof. The proof consists of four parts. In the first part,
we show that under the SLEMPC of Eq. 14, any state tra-
jectory initiated from x(0) € Q, has the probability defined
by Eq. 19 of staying in Q, throughout a sampling period.
However, if x(0) € Q, \Q) ., where p. € [p,,p], we prove
that under the SLEMPC of Eq. 14, there exists the proba-
bility of Eq. 20 for the state of the closed-loop system to
move back into Q, before it leaves €, in a sampling
period. Additionally, we show that under the SLEMPC of
Eq. 14, if the contractive constraint of Eq. 14f is applied all
the time to operate the system of Eq. 1 at its steady-state,
the state of the closed-loop system will ultimately enter a
small ball Q,  around the origin while always remaining
in Q, with the probability of Eq. 21. Lastly, we show that
the above results that are derived for one sampling period
can be generalized to overall probabilities over the entire
operating period. For the sake of simplicity, we denote the
probabilities and expectations conditional on the event of
Ay as P*(+) and E*(-).

Part 1 : Because (1—2) > (1-p)(1—1), for p,1 € (0,1],
the result of Eq. 15 causes Eq. 19 to hold for x(0) € Q) .
Therefore, to show that Eq. 19 holds for all x(0) € Q, , it 1s
necessary to show that the extreme case x(0)¢€ 0Q,
satisfies Eq. 19. Assuming x(0) € 0Q, , under the con-
straint of Eq. 14f, the optimization problem of Eq. 14 is
solved such that LV is forced to be negative at t=0,
which implies that Eq. 17 holds with the probability of
the event Ay.
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Figure 1. A schematic representing the characterized
set of initial conditions ¢4, the level sets
Qp, Q,.,Q ., and Q,, together W|th three
example realizations starting from x', x2, and
x3, which correspond to the events Ilsted in
Theorem 2.

Using Eq. 6, the following equation can be derived with Z=
Q,\Q) ;1€ [0,A) and T=o0:

REAS (1)

E*(V(x(tra, 0, (1)) =V (x(0)) +E* (J LV (x(s))ds)
(23)

0

We can also derive the following probability as in Ref. 24,
for all x(0) € 09, :

B (Vistera o, 0))=|  Vistera, o )

>

#| Vit ()P 2 2P (Vis(era, o, (0) 2 )
(24)

Using Eq. 23 and setting /= inf wern\@, V(x), the following
inequality is derived Vx(0) € 9Q,, :

P*(V(x(¢)) > p, for some 7 € [0,A))

T.Op\Q5,

)
V(x(O))-i—E*(L LV(x(s))ds) Vo)
inf yerna, V00 :

< <-
1nfx€R”\Qp V(x)

(25)

where the last inequality follows from Eq. 23 and the fact that
the value of LV is negative, conditioned on Ay. Bounding
Eq. 25 with Eq. 22a and taking the complementary events, the
following probability is obtained: inf ()caq, P*(V(x(1)) <
p,Vt € [0,A)) > (1—p), from which the probablhty of Eq. 19
is obtained via the definition of conditional probability.

Part 2 : If x(0) € Q,\Q , we consider the event that the
closed-loop realization of the system of Eq. 1 moves back to
Q, before reaching the boundary of Q, in a sampling
period, of which the probability is obtained in this part.
Consider that these hitting times occur within a sampling
period. Assuming x(0) € 9Q, , where Q, : ={x € ¢, |V (x)
< Pes Pe € [P0y p]}, We can show that P (tq, s < o0)=1
using similar arguments as in Ref. 24. Then consider the
event Ar={tpn\q; > Tq,}, which implies that the state of
the closed-loop system of Eq. 1 reaches the boundary of Q,
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before it reaches the boundary of €, . The probability of Ay
is determined via Eq. 24 and the fact that the event {TR”\QE’)‘

V (x(z \Qo ) . .
> 1q,} belongs to the event {%2 1}, which is

shown as follows:

V(x(m\"))Z]) YO (o
p p

Bounding Eq. 26 by Eq. 22c, it follows that
SUP 1(0)eQ,, \@, P* (‘CR"\QO > 1q,) <7'. Therefore, taking the
complementary event of Ar and using the definition of con-
ditional probability, the probability of Eq. 20 is obtained. If
we consider that neither hitting time TRM\Qg, NOT T, occurs
within the sampling period, then trnqe (A)=1q,(A)=A,
which is always a true statement, and therefore the inequal-
ity of Eq. 20 is again obtained.

Part 3 : Next, we consider the scenario where the contrac-
tive constraint of Eq. 14f is implemented recursively to drive
the state of the system of Eq. 1 to its equilibrium, rather
than causing it to remain in Q, only, and calculate the prob-
ability of the closed-loop trajectory entering €,  in finite
time. Since we assume that the constraint of Eq. 14f is
applied for all x(0) € Q,\Q) , LV < —¢ holds from Eq. 17
with the probability of Ay. As a result, the following equa-
tions can be derived using the same steps for Egs. 23 and 26
when LV < —¢ holds Vx(0) € Q,\Q) :

P* (TR”\Q;L’ > TQN) S P*<

E'(V(x(tr.0,\0 (1)) < V(x(0)) (27a)
P (trna > ta,) < P (W > 1)< YHO)

Due to the fact that P~ (rRu\Qo =1q,)=0, the following prob-
ability is obtained by boundmg Eq 27b with Eq. 22b and
taking the complementary events:

inf P (tpmae < >1— 28
K028\, (e, <) 2177 .

It remains to show that for all x(0) € Q,, there exists a
characterizable probability that the states of the closed-loop
system will stay in €, . The results of Eq. 16 cover the
case that x(0) € Q) and w1ll be used in the proof of Eq. 21
below. First, however we will cover the proof of Eq. 21
when x(0) € 0Q, and obtain the following probability using
the same steps as performed in Eq. 25:

V(x(0)

P*(V(x(2)) > puin, for some ¢ € [0,A)) < Y-
xeR”

V(%)
29

Pmin

Using Eq. 22d, and taking the complementary event, we can
derive the following probability:

inf P (V(x(1)) < ppin, V2 € [0,A)) > (1-5)  (30)

X(0)€0Q,,

Therefore, the probability of Eq. 21 is obtained from Eqgs. 28
and 30, the strong Markov property and the definition of
conditional probability. When x(0) € Q7 , Eq. 16 holds.
Because (1—4) > (1-2)(1—f'), we agam have that Eq. 21
holds even if x(0) € Q7 .

Part 4 : The probablhtles of Eqgs. 19-21 are derived to
quantify the probabilistic closed-loop stability of the system
of Eq. 1 under the SLEMPC of Eq. 14 during one sampling
period. Moreover, we can further calculate the probabilities
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of Egs. 19-21 over the entire operation period [0,tyA) for
the SLEMPC of Eq. 14. For example, assuming the initial
condition x(0) € Q, , the probability that the states of the
closed-loop system stay within Q, with 7 € [0,7yA) is the
product of each probability within one sampling period
because the events corresponding to the state of the closed-
loop system of Eq. 1 remaining inside Q, during each sam-
pling period starting from different given initial conditions
are independent. Specifically, Vx(0) € Q, , let V(x(r+iA))=
pi < p,i=0,1,....;ty—1, and let As={sup co.a)V(x(?))
< p} represent the event that under the SLEMPC of Eq. 14,
the stability region Q, remains invariant over the operation
period ¢ € [0,7yA). Then the probability of Ag extended
from Eq. 19 can be calculated as follows:

PAs) > (1-1™ J[ (-8) (31

i=0,1,...,ty—1
where f3; follows a similar definition of f§ to that of Eq. 22a

SUp ,ean, V(%)

— < B
M rex, V) =

pi=max {B, B} (32)

From Eq. 32, B; takes the maximum value of f8 and f3 for
the reason that if x(r) € Q, C Q, , the probability is already
given in Eq. 19, while the probability for the case that x(z)
€Q, DQ, is, however, dependent on the value of p; (ie.,
Eq. 32 should be used to recover Eq. 22c). |

Remark 4. The sampling period [#, #+A) is used in The-
orem 1 to obtain the general results of sample-and-hold
implementation. In Theorem 2, the sampling period [0, A) is
used to obtain the probability of closed-loop stability under
the SLEMPC. However, it should be noted that without loss
of generality, [0,A) can be replaced with the general form |
fr,tr+A) in Theorem 2 because the result of Theorem 2
does not depend on t =0 or t =¢,.

Remark 5. It should be noted that the prediction horizon
length tp will affect the control action u(f). However, since
all the u(r) have to satisfy the constraint of the SLEMPC of
Eq. 14, the corresponding probability has to be greater than
the lower bound (i.e., Eqs. 19-21). But the probability itself
may be different. Additionally, from Eq. 31, it is observed
that as the operation time 7y — oo, the lower bound of the
probability that the trajectory is contained in , tends to
zero. It should be noted that while the length of the predic-
tion horizon influences the probability of closed-loop stabil-
ity (but not the lower bound of the probability of closed-
loop stability), this dependence is not unique to the MPC,
but to all control designs that try to keep the process state
within a specific region in state-space when it is influenced
by disturbances of unbounded variation (i.e., the probability
to keep the process state within Q, goes to zero as the pro-
cess operation time ty — o0). In the practical application of
SLEMPC, the operation time 7ty is considered as a finite
number. Based on this practical consideration, the probabili-
ties derived in this work can still provide the probability that
the trajectory is contained in Q, within finite operation time.

Remark 6. Under repeated application of the constraint of
Eq. 14f, the same result (i.e., the probability of Eq. 21) as in
the stochastic LMPC work,"> where the closed-loop state is
driven, in probability, to a neighborhood of the origin under
the Lyapunov-based controller, is achieved. However, under
the regular operation of the SLEMPC of Eq. 14, where the
system of Eq. 1 is operated in a bounded region of state-
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space that is not necessarily a neighborhood of the origin,
the other two probabilities of Eqgs. 19 and 20 are established
to derive the probabilistic closed-loop stability. Note that the
closed-loop stability under the SLEMPC of Eq. 14 is con-
ceptually different from the one in Ref. 15 (i.e., it allows for
time-varying operation to maximize profit in a predefined
region around the steady-state, rather than enforcing steady-
state operation). Therefore, the contribution of the SLEMPC
of Eq. 14 lies in its potential to be economically beneficial
while still providing probabilistic closed-loop stability in the
sense of maintaining (with probability) the closed-loop states
in a well-characterized stability region.

Remark 7. As for Egs. 15-17, the proof of Egs. 19-21
reveals that the probabilities of the closed-loop stability
results in these equations holding are impacted by the
desired value of A, the sampling period, p., p, ps, and pPupin.
First, because the results of Eqs. 15—17 are used in deriving
the results in Eqs. 19-21, the principles for selecting 4, A,
De> P> Ps» and pyi, described in Remark 3 hold in this case.
In addition, to manipulate the probabilities in Eqs. 19-21
further, p., p, ps, and pyi, can be adjusted to manipulate the
values of 8, 7, 7, and f’ in Eq. 22.

Remark 8. In Theorem 2, it is established that under the
proposed SLEMPC of Eq. 14, the probabilistic closed-loop
stability results for the stochastic nonlinear system of Eq. 1
can be achieved via the known distributional information of
the stochastic disturbances. Also, based on the previous
work on LEMPC,8 it has been established that closed-loop
stability for the system of Eq. 1 with sufficiently small dis-
turbances can be guaranteed under the LEMPC of Eq. 12. If
we compare the SLEMPC of Eq. 14 with the LEMPC of
Eq. 12, the advantage of the SLEMPC is its ability to cope
with stochastic disturbances of which the variation is
unbounded, which is a more general case in practice com-
pared to the LEMPC applied to the system with bounded
disturbances. However, it should be noted that because of
stochastic disturbances with unbounded variation, there is no
way to stabilize the steady-state with certainty for both
SLEMPC and LEMPC, and therefore backup controllers and
safety systems of Eq. 14 should be designed that are able to
handle the process state exiting the stability region.

Remark 9. It is noted that the probability of maintaining
the closed-loop state within the stability region throughout the
prediction horizon changes at each sampling period as meas-
urements occur. For example, at #, the probability of the
closed-loop state remaining within the stability region through-
out the remainder of the prediction horizon may be as in Eq.
31. However, if at ¢, the closed-loop state is still within the
stability region, then there is certainty that at ¢, the state was
within this region. Therefore, the probability that the closed-
loop state remains within the stability region becomes Eq. 31,
but with 7,y replaced by ty—1. Therefore, though the probabil-
ity of maintaining the closed-loop state within the prediction
horizon throughout the entire period of operation may look
low at 7y, this is not the probability that will continue to hold
at each sampling period, but it will become higher at each
sampling period as the closed-loop state does not exit €,.

Feasibility in probability

Due to the consideration of stochastic disturbances with
unbounded variation, no guarantee can be made that the opti-
mization problem of Eq. 14 is recursively feasible. Therefore,
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Theorem 3 below provides the probability that the SLEMPC
of Eq. 14 is recursively feasible for time 7 € [0, tyA).

Theorem 3. Consider the system of Eq. 1 under the
SLEMPC of Eq. 14 applied in a sample-and-hold fashion
with @;(x) meeting Eq. 10. Then, if x(0) € Q,, the probabil-
ity of the event A which represents that the SLEMPC of
Eq. 14 is solved with satisfaction of recursive feasibility for
time 7 € [0, TyA) is as follows:

PAr) > (1= ]

i=0,1,. .y —1

(1=8) (33)

Proof. To calculate the probability of Az, we first show
that P(Ar|As)=1. Based on the probability of the event Ag
associated with the operation period [0,tyA) of Eq. 31, we
can develop the following proof for probabilistic recursive
feasibility. If x(#;) € Q‘;B at time t=#,=kA where k € [0, 7y],
then the constraints of Eqgs. 14d and 14e over the prediction
horizon are guaranteed to be satisfied by u(f)=d,(%(,)) € U,
Vit € [ty ty41), g=k, ... . k+1p—1 since O4(xX(z,)) € U by def-
inition can force V(¥(1;)) < V(x(tx)) < po, ¢=k, ..., k+tp—
1 if using the deterministic prediction model of Eq. 14b.®
Additionally, if x(t) € QP\Q:’I‘), again let
u(ty)=®y(x(#x)) € U, and this again satisfies Eq. 14d and it
trivially satisfies the constraint of Eq. 14f. Therefore, as long
as x(t) € Q,, Vr € [0,7yA), according to the above two sce-
narios, the optimization problem of Eq. 14 can be solved
recursively while satisfying all the constraints, which implies
the probability of recursive feasibility is equal to the probabil-
ity of closed-loop stability (i.e., P(Ar|As)=1). Combined
with Eq. 31, P(AF) is obtained via the definition of condi-
tional probability. |

Remark 10. The SLEMPC of Eq. 14 cannot guarantee
closed-loop stability or recursive feasibility with certainty
(only in probability). As a result, it is possible that the state
may leave the stability region when the process of Eq. 1 is
operated under the SLEMPC of Eq. 14. Once the state of the
closed-loop system of Eq. 1 leaves the stability region Q,,
there is no systematic way to design a control law to drive
the state back into Q,. A potential approach that could be
tried is to find a new control law ®g(x), under which a larger
set of initial conditions (i.e., ¢;) can be characterized, and
thus, the state may be driven back toward the origin for
states outside the current Q,. However, the problem caused
by stochastic disturbances with unbounded variation is essen-
tially a trade-off between the higher economic benefits and
the closed-loop stability in larger probability. Specifically, if
we want to add more conservatism to the SLEMPC design
of Eq. 14 (i.e., choosing a smaller p,), then we should be
sacrificing economic performance. Therefore, in order to
achieve a balanced solution for both process economics and
closed-loop stability, it is suggested to conduct numerical
simulations to determine the optimal controller parameters.

Application to a Chemical Process Example

In this section, a chemical process example is used to illus-
trate the application of the proposed SLEMPC and how the
performance of a nonlinear process under this controller com-
pares with that of the process under LEMPC. Specifically, a
nonisothermal continuous stirred tank reactor (CSTR) where
an irreversible second-order exothermic reaction takes place is
considered. In the reactor, the reactant A is converted to the
product B via the chemical reaction A — B. The CSTR is
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Table 1. Parameter Values of the CSTR

To=300 K F=5 m?/hr
V=1 m’ E=5X10" kJ /kmol
ko=8.46X10° m?3/kmol hr AH=—1.15X10* kJ/kmol

C,=0231 ki/kg K
p=1000 kg/m?
0,=0.0 kI/hr
T,=438 K

R=8.314 kJ/kmol K
CA()‘:4 kmol/m3
C4,=1.22 kmol/m?

coated with a heating jacket that supplies or removes heat
from the reactor. Based on material and energy balances, the
CSTR dynamic model is of the following form:

F
dc =V(CAO—CA)dt—koe’E/RTCidt+al (Ca—Coy)dw: (1)
(34a)

F AHky
dT=— (To—T)dt— —— ¢ ERT 2 gy
V( 0o—T) oC, e A

dt+02(T—TS)dw2(t)

(34b)

J’_
pC,V

where C, is the concentration of reactant A in the reactor, V is
the volume of the reacting liquid in the reactor, T is the tem-
perature of the reactor and Q denotes the heat input rate. The
concentration of reactant A in the feed is Cy9. The feed tem-
perature and the volumetric flow rate are T, and F, respec-
tively. The liquid has a constant density of p and a heat
capacity of C),. ko, E, and AH are the reaction preexponential
factor, activation energy and the enthalpy of the reaction,
respectively. Process parameter values are listed in Table 1.

The CSTR is initially operated at the steady-state x;=(Cay, T)
=(1.22 kmol/m?, 438 K) and u,=(Cao, Qs)=(4 kmol/m?,
0 kJ/hr). The manipulated inputs are the inlet concentration of
species A and the heat input rate, which are represented by the
deviation variables AC40=Ca0—Cao,, AQ=0—Qj, respectively.
The manipulated inputs are bounded by: |[AC 40| < 3.5 kmol /m?
and |AQ| < 5% 10° kJ /hr. Therefore, the states and the inputs in
deviation variable form for the closed-loop system are x =[Cy —
Cas T—T,) and u’ =[AC 40 AQ), respectively, such that the equi-
librium point of the system is at the origin of the state-space. The
disturbance terms dw; and dw, in Eq. 34 are independent standard
Gaussian white noise with the standard deviations ¢, =2.5x10"3
and g,=0.15, respectively. It is noted that the disturbance terms
of Eq. 34 vanish at the steady-state. Also, the disturbances
become larger as the closed-loop states of Eq. 34 deviate from the
steady-state (normal operating conditions), which is consistent
with the fact that it is more likely to introduce the noise into the
system under off steady-state operating conditions.

The control objective of the SLEMPC of Eq. 14 is to maxi-
mize the economic cost of the CSTR process of Eq. 34 while
keeping the closed-loop state trajectories in the stability region
Q,. Thus, the objective function of Eq. 14a that is maximized
is the production rate of B: L,(%,u)=koe ®/KTC%. The
Lyapunov function is designed using the standard quadratic
form V(x)=xTPx, where the positive definite matrix P=
[ 1060 22

22 0.52
ditions ¢, for the stochastic system of Eq. 34. The stability
region Q,, is a level set inside ¢, which is chosen as p = 368.
Additionally, the explicit Euler method with an integration
time step of h.=10"* hr is applied to numerically simulate
the dynamic model of Eq. 34. The nonlinear optimization

] is chosen to characterize the set of initial con-
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Table 2. Experimental Probability for Different Values of p,

pe/p P(A)
0.99 48.6%
0.95 67.2%
0.92 77.8%
0.90 87.5%
0.87 97.2%

problem of the SLEMPC of Eq. 14 is solved using the [POPT
software palckage25 with the sampling period A=1072 hr.
Based on the results in the “Sample-and-hold Implementation”
section, we can obtain a larger probability of closed-loop sta-
bility for the system of Eq. 34 as the sampling period A
becomes smaller. However, considering the practical applica-
tion of MPC, and the time scale of the dynamics of the CSTR
process, we choose A=10"2 hr and mainly focus on the
impact of p, on the probabilistic closed-loop stability in the
simulations below.

We first demonstrate that the choice of the difference
between p, and p, for a fixed A, impacts the likelihood that the
closed-loop state is maintained within Q, throughout a sam-
pling period, as implied by the theoretically derived probabil-
ity bounds of Theorems 1 and 2. We derived the experimental
probabilities via 500 simulation runs. Let Ay denote the event
that the maximum value of V(x) in each realization is less than
p with the operating time #;=1 hr and the initial condition
xI'=1[0 0]. The results are reported in Table 2. Also, the plots
of the maximum value of V(x) in each realization with respect
to the number of simulation runs are shown in Figure 2 for p,
=0.99p (the top one) and p,=0.87p (the bottom one), respec-
tively. From Table 2, it is observed that P(Ay) increases in an
approximately linear fashion as p, decreases, and the probabil-
ity that the states of the closed-loop system of Eq. 34 remain
in Q, reaches 97.2% as p, decreases to p,=320. Therefore,
letting p,=320, it is observed from the top plot of Figure 2
that almost all the points fall below p, which implies that the
closed-loop system under the SLEMPC can be regarded as a
system with the closed-loop states bounded within Q, with rel-
atively high probability in this case.

400 —p =368
— =p.=364.3
« max V(z(t))

4 * x L e
a1, Tt e s i,
* % >k k¥
* o H#E
360 .
0 100 200 300 400 500

300 . . . . )
0 100 200 300 400 500

The number of simulation runs
Figure 2. The maximum value of V(x(t)) in each realiza-
tion originating from (0, 0) for 500 simulation
runs, in which p =368 and p,=364.3 (top), and
p =368 and p,=320 (bottom).

[Color figure can be viewed at wileyonlinelibrary.com]
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Figure 3. The stability region Q, for the closed-loop
CSTR under the stochastic Lyapunov-based
controller @5(x) (top), and the stability region
Q, for the closed-loop CSTR under the
Lyapunov-based controller ®,(x) (bottom).

Next, we will show the application of the LEMPC of Eq. 13
to the uncertain system of Eq. 34 subject to stochastic distur-
bances. In general, LEMPC is designed using the nominal sys-
tem model and applied to the uncertain system with bounded
disturbances. However, because unbounded variations in w are
included in the process model of Eq. 34, we do not have a case
with bounded disturbances, but we can approximate a reason-
able bound so that most of the disturbances are included
within the bounds such that the LEMPC of Eq. 13 can be
designed. For example, since the disturbances dw(¢) are of
standard normal distributions, let the disturbances be bounded
by 0;=2.20¢; and 0,=2.20,, respectively; this implies that
97.2% of the disturbance values will fall within the above
interval. Under the LEMPC of Eq. 13, the set of initial condi-
tions ¢£1 and the level set inside qb; can be characterized
appropriately. Figure 3 displays the level sets Q, and Q,
inside the sets ¢, and qﬁi,, respectively. It is observed from
Figure 3 that ¢/, is more conservative than ¢, to achieve
robustness of the LEMPC to the disturbances within the 2.2¢
intervals. As a result, a larger level set of V is chosen as the
stability region under the stochastic Lyapunov-based control-
ler ®;(x) than the standard Lyapunov-based controller @, (x).
Specifically, Q, C ¢/, with p'=46 and Q, C ¢, with p = 368
are chosen as the stability regions for the LEMPC of Eq. 13
and the SLEMPC of Eq. 14, respectively. Furthermore, we let
p., =40, such that for all |w(¢)| < 6, the closed-loop trajectory
of the system of Eq. 34 does not reach the boundary of Q,
within one sampling period for any x(0) originating on the
boundary of €, under any control action.

Again, through 500 simulation runs, the stability region Q,
remained invariant under the LEMPC of Eq. 13. Additionally,
the average of the total economic cost LE=I(;“ L.(x, u)dt under
the SLEMPC of Eq. 14 with Q, and the LEMPC of Eq. 13
with Qs are calculated via 500 simulations runs with the same
initial condition x”=[0 0]. The averaged total economic cost
over the operation time #,=1 hr is Lg=27.2 under the
SLEMPC, which represents an improvement of approximately
63% compared to Lg=16.7 under the LEMPC of Eq. 13, and
103% compared to Lgp=13.4 under steady-state operation.

DOI 10.1002/aic 3321



Therefore, under the SLEMPC of Eq. 14, the stability region Q,
that accounts for the distributional information /(x) of the uncer-
tainty term leads to higher economic benefits for the closed-loop
system of Eq. 34 than the LEMPC with a conservative stability
region Q,, and steady-state operation. In addition, it has been
shown through 500 simulation runs that by choosing p,=320,
the closed-loop states of the system of Eq. 34 can be bounded in
Q, under the SLEMPC of Eq. 14 with the same probability of
97.2% as the one under the LEMPC of Eq. 13. Therefore, it is
concluded that the closed-loop system of Eq. 34 under the
SLEMPC with p=368 and p,=320 may achieve an
acceptable probability of closed-loop stability and a satisfactory
process economic performance simultaneously.

Conclusion

In this work, a stochastic Lyapunov-based EMPC method
was developed for stochastic nonlinear systems with input con-
straints. We first characterized a closed-loop stability region for
which the probability that the closed-loop state trajectory would
remain within could be quantified. We then reviewed a
Lyapunov-based EMPC method for nonlinear systems subject
to bounded disturbances, and presented the optimization-based
control strategy of the SLEMPC and the probabilities that the
SLEMPC would remain feasible at each sampling time and
would maintain the closed-loop state within the stability region.
The application of the proposed SLEMPC method was demon-
strated through a chemical process example, from which it was
demonstrated that under the SLEMPC, the system operating in
the stability region in probability outperformed the one under
the LEMPC in terms of economic benefits.
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