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In the present work, a control Lyapunov-barrier function (CLBF)-based economic model

predictive control (EMPC) system is designed to optimize process economics, and ensure sta-

bility and operational safety simultaneously based on a prediction model using an ensemble

of  recurrent neural network (RNN) models. As accurate first-principles models are not avail-

able  for many  industrial processes, RNN models are utilized in this work to approximate the

dynamics of a general class of nonlinear systems in an operating region. The ensemble of

RNN models are incorporated in the design of CLBF-EMPC, under which guaranteed closed-

loop stability and process operational safety are achieved for the nonlinear systems with two

types of unsafe regions, i.e., bounded and unbounded sets. The application of the proposed

RNN-based CLBF-EMPC method is demonstrated through a chemical process example with
achine learning

conomic model predictive control

onlinear processes

the case studies of a bounded and an of unbounded unsafe region, respectively.

©  2019 Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.

on that, the integration of CLBFs in process control system
.  Introduction

afety is a major consideration in chemical process indus-
ries as the failure of safety-critical chemical systems may
ead to severe consequences for both lives and property (Smith
t al., 2003; Sanders, 2015). One novel perspective on process
afety that has been advocated in several recent works (e.g.,
eveson and Stephanopoulos, 2014; Venkatasubramanian,
011; Mannan et al., 2015) is a systems view of process safety
n which accidents are seen as the result of the process state

igrating to an unsafe operating region from which an acci-
ent may quickly follow (like, for example, in the case of
eactor thermal runaway). This is different from standard
ndustrial thinking, which generally designs the systems that
nsure operational safety of a chemical process via alarms
n individual process components. To address the safety

onsiderations regarding the avoidance of unsafe regions
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during operation, control barrier functions (CBF) (Wieland
and Allgöwer, 2007; Tee et al., 2009; Niu and Zhao, 2013;
Ames et al., 2019) that can enforce invariance of a level
set of the barrier function due to its Lyapunov-like proper-
ties are utilized to maintain the process in a safe operating
region for all times. Additionally, CBFs have been combined
with control Lyapunov functions (CLF) via optimization-based
method (Ames et al., 2014; Jankovic, 2017) (e.g., quadratic
programming) or weighted average method (Romdlony and
Jayawardhana, 2016) to simultaneously guarantee stability
and safety. For example, in Romdlony and Jayawardhana
(2016), control Lyapunov-barrier functions (CLBF) that are
developed via the combination of independently designed
CLFs and CBFs have been used to solve the problem of stabi-
lization with guaranteed safety for nonlinear systems. Based
ngineering, University of California, Los Angeles, CA 90095-1592,

designs that will allow the operation of safety-critical systems

ier B.V. All rights reserved.
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in a stable and safe manner has been demonstrated in Wu
et al. (2019a).

Process economics is another important issue in chemi-
cal process industries due to increasing energy and material
consumption. To attain higher economic profitability than the
steady-state operation strategy, economic model predictive
control (EMPC), a novel predictive control scheme formulated
with an economic objective function is proposed to operate
the system in a time-varying fashion (Heidarinejad et al., 2013;
Angeli et al., 2012; Müller et al., 2013; Ellis et al., 2014). Though
economic benefits are enhanced under EMPC, potential safety
concerns may be brought up due to the possible extreme oper-
ating conditions in a chemical process (e.g., high temperature,
pressure and flow rate in a chemical reactor) and EMPC sys-
tems addressing directly process operational safety should
be designed. Motivated by these safety considerations, CLBF-
based EMPC was proposed to address the tasks of simulta-
neous economic optimality, closed-loop stability and process
operational safety. However, a key requirement for CLBF-based
EMPC to achieve desired economic performance with guar-
anteed stability and safety is the availability of an accurate
process model for the chemical process under control.

Modeling nonlinear processes has been extensively stud-
ied in the literature, within which, machine learning, a
method of data analysis that help engineers learn from
data and make decisions with minimal human intervention,
has attracted an increasing attention and shown promising
potential for modeling large-scale and complex nonlinear pro-
cesses. Specifically, recurrent neural networks (RNN) have
been utilized for modeling nonlinear dynamic systems using
time-series data and have been demonstrated to be able to
capture ‘difficult nonlinearities’ via a rich class of nonlinear
functions (Kosmatopoulos et al., 1995; Ali et al., 2015; Wong
et al., 2018). Additionally, a systematic method for incorpo-
rating RNNs in process control has been proposed in Wu
et al. (2019c), in which RNN-based predictive controllers are
designed to optimize process operational performance based
on the prediction of process dynamics from RNN models. In
this direction, machine learning techniques can be employed
in CLBF-based EMPC to dynamically operate the system and
improve closed-loop economic performance based on the pre-
dictions of RNN models.

Motivated by the above, in this work, we develop a
machine-learning-based CLBF-EMPC that can handle stabil-
ity, operational safety and closed-loop economic performance
via CLBFs and RNN modeling techniques. The rest of the paper
is organized as follows: in Section 2, we  introduce the class of
nonlinear systems considered, the recurrent neural network
models, and the constrained control Lyapunov-barrier func-
tions. In Section 3, a CLBF-based EMPC using an ensemble of
RNN models is developed with provable feasibility, stability
and safety accounting for bounded disturbances and bounded
modeling errors between RNN models and the actual nonlin-
ear process. In Section 4, the proposed RNN-based CLBF-EMPC
is applied to a chemical process example with two case stud-
ies including a bounded and an unbounded unsafe region, to
demonstrate its guaranteed operational safety.

2.  Preliminaries

2.1.  Notation
The Euclidean norm of a vector is denoted by the operator | · |
and the weighted Euclidean norm of a vector is denoted by the
operator | · |Q where Q is a positive definite matrix. xT denotes
the transpose of x. The notation LfV(x) denotes the standard

Lie derivative Lf V(x):= ∂V(x)
∂x f (x). A scalar continuous function

V : Rn → R is proper if the set {x ∈ Rn|V(x) ≤ k} is compact for
all k ∈ R, or equivalently, V is radially unbounded (Malisoff
and Mazenc, 2009). For given positive real numbers  ̌ and �,
Bˇ(�):={x ∈ Rn || x − � | < ˇ} is an open ball around � with radius
of ˇ. The null set is denoted by ∅. Set subtraction is denoted by
“\”, i.e., A \ B := {x ∈ Rn|x ∈ A, x /∈ B}. A function f(·) is of class C1

if it is continuously differentiable. A continuous function  ̨ : [0,
a) → [0, ∞)  is said to belong to class K if it is strictly increasing
and is zero only when evaluated at zero.

2.2.  Class  of  systems

We consider the class of continuous-time nonlinear systems
with the following state-space form:

ẋ = F(x, u, w):=f (x) + g(x)u + h(x)w, x(t0) = x0 (1)

where x ∈ Rn is the state vector, u ∈ Rm is the manipulated
input vector, and w ∈ W is the disturbance vector, where
W:={w ∈ Rl || w | ≤ �, � ≥ 0}. The manipulated input vector is
constrained by u ∈ U := {umin ≤ u ≤ umax} ⊂ Rm, where umin and
umax represent the minimum and the maximum value vectors
of inputs allowed, respectively. f(·), g(·), and h(·) are suffi-
ciently smooth vector and matrix functions of dimensions
n × 1, n × m,  and n × l, respectively. Without loss of generality,
the initial time t0 is taken to be zero (t0 = 0), and it is assumed
that f(0) = 0 such that the origin is a steady-state of the system
of Eq. (1) with w(t) ≡ 0.

A positive definite and proper control Lyapunov function
(CLF) V is assumed to exist for the nominal system of Eq. (1)
with w(t) ≡ 0 such that the small control property (i.e., for
every ε > 0, ∃ı > 0, s.t. ∀x ∈ Bı(0), there exists u that satisfies
|u| < ε and LfV(x) + LgV(x)u < 0, (Sontag, 1989)) and the following
condition are satisfied:

Lf V(x) < 0, ∀x ∈ {z ∈ Rn\{0} | LgV(z) = 0} (2)

Under the above assumption, a stabilizing feedback control
law �(x) ∈ U that renders the origin of the closed-loop system
asymptotically stable for all x in a neighborhood of the origin
exists for the nominal system of Eq. (1) (i.e., w(t) ≡ 0) in the
sense that Eq. (2) holds for u = �(x) ∈ U.

2.3.  Recurrent  neural  network  model

A recurrent neural network (RNN) model that approximates
the nonlinear dynamics of the system of Eq. (1) is developed
with the following form:

˙̂x = Fnn(x̂, u):=Ax̂ + �Ty (3)

where x̂ ∈ Rn is the RNN state vector and u ∈ Rm is
the manipulated input vector. y = [y1, . . .,  yn, yn+1, . . .,  ym+n] =
[�(x̂1), . . .,  �(x̂n), u1, . . .,  um] ∈ Rn+m is a vector of both the net-
work state x̂ and the input u, where �(·) is the nonlinear
activation function (e.g., a sigmoid function �(x) = 1/(1 + e−x)). A
is a diagonal coefficient matrix, i.e., A = diag{ − a1, . . .,  − an} ∈
Rn×n, where ai is assumed to be positive such that each state x̂i
is bounded-input bounded-state stable. � is a weight matrix,

i.e., � = [�1, . . .,  �n] ∈ R(m+n)×n with �i = bi[wi1, . . .,  wi(m+n)], i = 1,
. . ., n, where bi is a constant and wij is the weight connecting
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he jth input to the ith neuron where i = 1, . . .,  n and j = 1, . . .,
m + n). Since the RNN model of Eq. (3) is an input-affine sys-
em, it can also be written in the form that is similar to Eq.
1):

˙  = f̂  (x) + ĝ(x)u (4)

here f̂ ( · ) and ĝ(  · ) can be derived from the coefficient matri-
es A and � in Eq. (3) and are assumed to be sufficiently
mooth. During the training process of an RNN model, the
odeling error between the RNN system of Eq. (3) and the non-

inear system of Eq. (1) is required to be bounded by |	| = |F(x, u,
) − Fnn(x, u)| ≤ 
 |x| ≤ 	m, where 	m > 0 is the upper bound of the
odeling error 	 within the operating region and 
 > 0, such

hat the RNN model of Eq. (3) has the same steady-state as the
onlinear system of Eq. (1). Similarly, we  assume that there
xists a control Lyapunov function V and a stabilizing con-
roller u = �nn(x) ∈ U that renders the origin of the RNN system
f Eq. (3) asymptotically stable in the sense that Eq. (2) (with f̂
nd ĝ replacing f and g) is satisfied for the RNN system of Eq. (4)
nder u = �nn(x) ∈ U. Additionally, throughout the manuscript,
e will use x and x̂ to represent the state of the nonlinear

ystem of Eq. (1) and of the RNN model of Eq. (3), respectively.

emark 1. It is noted that in general, it is difficult to guar-
ntee the boundedness of modeling error for all states in
tate-space. During the training process, the modeling error
onstraint is applied to both training dataset and validation
raining dataset that cover the initial conditions in the oper-
ting region as a stopping criterion of the training process.
herefore, the modeling error within the operating region can
e regarded as being bounded after the training process is
nished.

emark 2. The dataset for training an RNN model gener-
lly come from the process data in industry, experiments,
nd simulations. In this work, we run extensive open-loop
imulations with different combinations of initial conditions
nd control actions within the operating region to guarantee
hat the obtained RNN model can well represent the nonlin-
ar process in this region. Additionally, we  develop multiple
NN models based on a k-fold cross-validation. Specifically,
he entire dataset is separated into k subsets and each time
e  use one of them as validation dataset and the remaining

 − 1 subsets as training datasets. Therefore, we  derive k dif-
erent RNN models for the same nonlinear process without
aving to increasing the amount of data samples.

.4.  Stabilization  and  safety  via  control
yapunov-barrier  function-based  control

n Wu et al. (2019c), it has been demonstrated that the RNN-
ased controller u = �nn(x) ∈ U is able to stabilize the nonlinear
ystem of Eq. (1) at the origin provided that the RNN model
s trained with a sufficiently small modeling error. Another
mportant issue that remains to be investigated is process
perational safety under the RNN-based controller. Specifi-
ally, it is noted that an unsafe region might exist for the
peration of chemical processes based on the safety analy-
is either from first-principles models or process operational
ata. Generally, there are two types of unsafe regions: (1)
nbounded sets, for example, an unsafe region consisting

f all the states above a threshold that indicates an unsafe
peration, and (2) bounded sets, which can be characterized
based on multiple process states accounting for their inter-
action (e.g., a combination of temperature and concentration
of reactants that reflect reaction rates in a chemical process
example). Bounded unsafe sets are also commonly used in
motion planning for robots and self-driving cars, which can
be found in Mehra et al. (2015). In this work, we  will address
both bounded unsafe regions (denoted by Db) and unbounded
unsafe regions (denoted by Du) and demonstrate that simul-
taneous closed-loop stability and process operational safety
for the nonlinear system of Eq. (1) can be achieved under the
RNN-based predictive controller.

Assuming that there exists a set of unsafe states D  ⊂ Rn in
state-space, within which the operation of the system of Eq.
(1) becomes unsafe, a feedback controller will be designed to
achieve simultaneous closed-loop stability and process opera-
tional safety for the nonlinear system of Eq. (1) in the following
sense:

Definition 1. Wu  et al. (2019a)

Consider the system of Eq. (1) subject to the input con-
straints u ∈ U. If there exists a control law u = �(x) ∈ U such
that for any initial state x(t0) = x0 in a safe stability region U,
where U ∩ D  = ∅ and {0} ⊂ U,  x(t) remains inside U,  ∀t ≥ 0, and
the origin of the closed-loop system of Eq. (1) can be rendered
asymptotically stable, we say that the control law �(x) main-
tains the process state within a safe stability region U at all
times.

Based on a control Lyapunov function that satisfies
the small control property and Eq. (2), and a control
barrier function (CBF) that is designed to ensure bounded-
ness of state in a safe operating region (see Wieland and
Allgöwer, 2007), a constrained control Lyapunov-barrier func-
tion (CLBF) is developed in Romdlony and Jayawardhana
(2016), Wu  et al. (2019a) via the weighted average of a
CLF and a CBF for the input-constrained nonlinear sys-
tem of Eq. (1) to achieve process safety and stability
simultaneously. The definition of a constrained CLBF is as fol-
lows:

Definition 2. Given a set of unsafe states in state-space D, a
proper, lower-bounded and C1 function Wc(x) : Rn → R is a con-
strained CLBF if Wc(x) has a minimum at the origin and also
satisfies the following properties:

Wc(x) > �, ∀x ∈ D  ⊂ �uc (5a)

L
f̂
Wc(x) < 0,

∀x ∈ {z ∈ �uc\(D  ∪ {0} ∪ Xe) | LĝWc(z) = 0}
(5b)

U�:={x ∈ �uc | Wc(x) ≤ �} /= ∅ (5c)

where � ∈ R, and Xe:={x ∈ �uc\(D  ∪ {0}) | ∂Wc(x)/∂x = 0} is a
set of stationary states (other than the origin) in state-
space. It is noted that Xe is excluded in Eq. (5b) since
L
f̂
Wc(x) for the RNN model of Eq. (4) is rendered to be

zero for x /= 0 due to ∂Wc(x)/∂x = 0, ∀x ∈ Xe. The construc-
tion method of the constrained CLBF of Eq. (5) can be
found in Romdlony and Jayawardhana (2016) and Wu  et al.
(2019a).

We assume that a feedback control law u = �nn(x) ∈ U that

renders the origin exponentially stable within an open neigh-
borhood �uc that includes the origin in its interior exists for
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the RNN system ẋ = Fnn(x, u) (also in the form of Eq. (4), i.e.,
ẋ = f̂ (x) + ĝ(x)u) in the sense that there exists a C1 CLBF Wc(x)
that has a minimum at the origin and satisfies the following
inequalities ∀x ∈ �uc:

ĉ1|x|2 ≤ Wc(x) − �0 ≤ ĉ2|x|2, (6a)

∂Wc(x)
∂x

Fnn(x, �nn(x)) ≤ −ĉ3|x|2, ∀x ∈ �uc\Bı(xe) (6b)

∣∣∣∣ ∂Wc(x)
∂x

∣∣∣∣ ≤ ĉ4|x| (6c)

where ĉj( · ), j = 1, 2, 3, 4 are positive real numbers, Wc(0) = �0

is the global minimum value of Wc(x) in �uc, and Bı(xe) is
a small neighborhood around xe ∈ Xe. Due to the existence
of a set of stationary points (for x /= 0) in the presence of
a bounded unsafe region (Braun and Kellett, 2018), ∂Wc(x)

∂x is
close to zero in a neighborhood around the stationary point
xe, where ∂Wc(x)

∂x = 0, and thus, Eq. (6b) does not hold for all
x ∈ Bı(xe). An example of the feedback control law �nn(x) that
satisfies the above conditions can be developed using the
universal Sontag controller (Lin and Sontag, 1991) with Wc(x)
replacing the Lyapunov function V(x) (Wu  et al., 2019a). Addi-
tionally, by continuity and the smoothness assumed for f, g
and h in the nonlinear system of Eq. (1), there exist positive
constants M,  Lx, Lw, L′

x, L′
w such that the following inequalities

hold for all x, x′ ∈ U�, u ∈ U, and w ∈ W:

|F(x, u, w)|  ≤ M (7a)

|F(x, u, w)  − F(x′, u, 0)|  ≤ Lx|x − x′| + Lw|w| (7b)

| ∂Wc(x)
∂x

F(x, u, w) − ∂Wc(x′)
∂x

F(x′, u, 0)|  ≤ L′
x|x − x′| + | ≤ L′

w|wm|(7c

The following theorem is established to demonstrate that
closed-loop stability and process operational safety can be
achieved simultaneously for the RNN system of Eq. (3) (also
in the form of Eq. (4)) under the controller u = �nn(x) ∈ U. Simi-
lar analysis for the nonlinear system of Eq. (1) associated with
bounded and unbounded unsafe regions can be found in Wu
and Christofides (2019).

Theorem 1. Consider the RNN system of Eq. (3) with a constrained
CLBF Wc(x) of Eq. (5) that has a minimum at the origin and the
controller u = �nn(x) ∈ U that satisfies Eq. (6).  The state of the closed-
loop system of Eq. (3) is guaranteed to be bounded in U� for all times
for any x0 ∈ U� under u = �nn(x) ∈ U. Additionally, the origin can be
rendered exponentially stable under u = �nn(x) ∈ U in the case of an
unbounded unsafe region Du, while discontinuous control actions u =
ū(x) ∈ U (i.e., ū(x) /= �nn(x)) that can drive the state in a direction
of decreasing Wc(x) are required for x ∈ Bı(xe) in the presence of a
bounded unsafe region Db.

Proof. The boundedness of the state in the safe operating
region U� can be proven by showing that Ẇc ≤ 0, ∀x ∈ U� holds
for both bounded and unbounded unsafe regions under the
controller u = �nn(x) ∈ U. In the presence of an unbounded
unsafe region Du, exponential stability of the origin is derived
under the continuous control actions u = �nn(x) ∈ U since it
has been demonstrated that in the absence of stationary
points (for x /= 0), i.e., Xe = ∅, it holds that ∂Wc(x)

∂x Fnn(x, �nn(x)) ≤

−ĉ3|x|2 < 0, ∀x ∈ U�\{0} in Eq. (6b). However, considering that
the origin is not the unique minimum in state-space in the
presence of a bounded unsafe region Db, discontinuous control
actions u = ū(x) ∈ U are required to drive the state away from
stationary points (i.e., Xe) and towards the origin provided that
the value of Wc(x) decreases over time under u = ū(x) ∈ U.  The
detailed proof is omitted here as it is similar to those for The-
orems 1 and 2 in Wu and Christofides (2019). �

3.  CLBF-based  EMPC  using  an  ensemble  of
RNN  models

In this section, an EMPC that incorporates RNN  models and
CLBF-based constraints will be developed to ensure closed-
loop stability and process operational safety for the nonlinear
system of Eq. (1). Specifically, we first present the formula-
tion of Lyapunov-based EMPC that was proposed to derive
closed-loop stability only for the nonlinear system of Eq. (1)
(Heidarinejad et al., 2013). Additionally, a machine learning
paradigm, termed ensemble learning, is introduced to com-
bine multiple RNN models together to improve the prediction
accuracy compared to a single RNN model. Subsequently,
we present the formulation of the CLBF-EMPC and provide
detailed stability and safety analysis for the nonlinear system
of Eq. (1) under CLBF-EMPC.

3.1.  Lyapunov-based  EMPC  (LEMPC)

The LEMPC design based on the RNN model of Eq. (3) is for-
mulated as the following optimization problem:

J = max
u ∈ S()

∫ tk+N

tk

le(x̃(t), u(t))dt (8a)

s.t. ˙̃x(t) = Fnn(x̃(t), u(t)) (8b)

x̃(tk) = x(tk) (8c)

u(t) ∈ U, ∀t ∈ [tk, tk+N) (8d)

V(x̃(t)) ≤ �e, ∀t ∈ [tk, tk+N),

if V(x(tk)) ≤ �e
(8e)

V̇(x(tk), u(tk)) ≤ V̇(x(tk), �nn(tk))

if V(x(tk)) > �e
(8f)

where x̃(t) is the predicted state trajectory, S() is the set of
piecewise constant functions with period ,  and N is the num-
ber of sampling periods in the prediction horizon. The LEMPC
is implemented in a sample-and-hold fashion, i.e., u(t) = u(tk),
∀t ∈ [tk, tk+1), where tk+1 := tk +  and  is the sampling period.
The economic objective function of Eq. (8a) is the time inte-
gral of le(x̃(t), u(t)) over the prediction horizon. The RNN model
of Eq. (3) is utilized in Eq. (8b) to predict the states within the
prediction horizon given the initial condition x(tk) and inputs
u(t), ∀t ∈ [tk, tk+N). The state measurement of Eq. (8c) at t = tk

is taken as the initial condition for the prediction model of
Eq. (8b). The input constraints of Eq. (8d) are applied over the
entire prediction horizon. The LEMPC of Eq. (8) incorporates
two  Lyapunov-based constraints to maintain the state in ��,
which is a level set of Lyapunov function, i.e., �� := {x ∈ Rn |
V(x) ≤ �, � > 0}. Specifically, under the constraint of Eq. (8e), the

predicted state is required to be bounded in ��e if the current
state x(tk) ∈ ��e , where �e < �; however, under the constraint
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f Eq. (8f), the state is forced to move towards the origin if x(tk)
s in ��\��e .

.2.  CLBF-based  EMPC

ased on the RNN-based LEMPC of Eq. (8), an RNN-based
LBF-EMPC is developed in this section. Before we present

he formulation of CLBF-EMPC, ensemble learning, a machine
earning paradigm that combines multiple machine learning

odels to produce better predictions, is employed to improve
NN prediction performance. Specifically, we train k distinct
NN models for the same process, (i.e., the nonlinear sys-
em of Eq. (1)) using k-fold cross-validation to form an RNN
nsemble, and then calculate the final prediction results by
aking average of k RNN models. It is demonstrated in Wu
t al. (2019c) that the overall prediction performance of an
nsemble of multiple RNN models outperforms that of a sin-
le RNN model when implemented as the prediction model
n MPC. Following the development method of multiple RNN

odels in the context of ensemble learning in Wu et al. (2019c),
he CLBF-EMPC scheme using an ensemble of RNN models is
epresented by the following optimization problem:

 = max
u ∈ S()

∫ tk+N

tk

L(x̃(t), u(t))dt (9a)

.t. ˙̃x(t) = 1
Ne

Ne∑
j=1

F
j
nn(x̃(t), u(t)) (9b)

˜ (tk) = x(tk) (9c)

(t) ∈ U, ∀t ∈ [tk, tk+N) (9d)

Wc(x̃(t)) ≤ �e, ∀t ∈ [tk, tk+N),

if Wc(x(tk)) ≤ �e
(9e)

Ẇc(x(tk), u(tk)) ≤ Ẇc(x(tk), �nn(tk))

if Wc(x(tk)) > �e
(9f)

here the notation follows that in Eq. (8) and the CLBF-EMPC is
gain implemented in a sample-and-hold fashion. Addition-
lly, to simplify the notation, we use x instead of x̂ to represent
he RNN state in CLBF-EMPC since the optimization problem
s merely based on the RNN model of Eq. (3). It is noted that
nstead of using a single RNN model, Eq. (9b) utilizes an ensem-
le of RNN models F

j
nn, j = 1, . . .,  Ne, where Ne is the total number

f RNN models, to predict the evolution of states under a set
f control actions. Similarly, two CLBF-based constraints are

ncorporated in the design of CLBF-EMPC to ensure bounded-
ess of the state in the safe stability region U� in Eq. (5). The
onstraint of Eq. (9e) is activated when the state x(tk) is in U�e ,
here �e < �. When the state leaves U�e due to disturbances
r model mismatch (which will be discussed in the following
ection), the constraint of Eq. (9f) is applied to drive the state
owards the origin. As a result, the state will move into U�e
ithin finite sampling periods. Additionally, we assume that

he state measurements of the closed-loop system of Eq. (1)
s available at each sampling time. The CLBF-EMPC optimiza-
ion problem of Eq. (9) will calculate an optimal input sequence

*(t), ∀t ∈ [tk, tk+N), but only the first control action of u*(t) will
e applied over the next sampling period.
Before we  establish the theorem to demonstrate simulta-
neous closed-loop stability and process operational safety for
the nonlinear system of Eq. (1) under the RNN-based CLBF-
EMPC of Eq. (9), the following proposition is developed to
provide an upper bound for the error vector between the states
of the nonlinear system of Eq. (1) and of the RNN system
of Eq. (3).

Proposition 1. Consider the nonlinear system ẋ = F(x, u, w) of Eq.
(1) subject to bounded disturbances |w(t)| ≤ wm. If the modeling
error is bounded, i.e., |	| = |F(x, u, 0) − Fnn(x, u)| ≤ 
 |x| ≤ 	m, then there
exists a class K function fw( · ) and a positive constant � such that the
following inequalities hold ∀x, x̂ ∈ U� and w(t) ∈ W with the same
initial condition x0 = x̂0 ∈ U�:

|x(t) − x̂(t)| ≤ fw(t):=Lwwm + 	m
Lx

(eLxt − 1) (10a)

Wc(x) ≤ Wc(x̂) + fe(|x − x̂|) (10b)

where

fe(|x − x̂|):= ĉ4
√
� − �0√
ĉ1

|x − x̂| + �|x − x̂|2 (11)

Proof. The proof is omitted here due to space limitations.
Interested readers may refer to the proof of Proposition 3 in
Wu et al. (2019c). �

3.3.  Stability  and  safety  under  CLBF-EMPC

Closed-loop stability and safety for the nonlinear system of
Eq. (1) under the CLBF-EMPC of Eq. (9) will be proven in this
section. It should be noted that for the operation of the non-
linear system of Eq. (1) under EMPC, the system is considered
stable and safe if the state can be bounded in a safe stabil-
ity region for all times for any initial condition inside of this
region. In other words, the system is not required to be oper-
ated at the steady-state like what it is under tracking MPC
since it is demonstrated that economic performance can be
improved under time-varying operation than the steady-state
operation.

The following proposition is developed to demonstrate that
the feedback controller u = �nn(x) ∈ U that maintains the state
of the RNN model of Eq. (3) in the safe operating region U� also
ensures the boundedness of the state of the nonlinear system
of Eq. (1) within U� accounting for bounded disturbances (i.e.,
|w(t)| ≤ wm), bounded modeling error (i.e., |	| = |F(x, u, 0) − Fnn(x,
u)| ≤ 
 |x| ≤ 	m) and sample-and-hold implementation of control
actions.

Proposition 2. Consider the system of Eq. (1) under the sample-
and-hold implementation of the controller u = �nn(x) ∈ U that meets
the conditions of Eq. (6).  If there exists a positive real number

 < ĉ3/ĉ4 such that for all x ∈ U� and u ∈ U, the modeling error
between the RNN model of Eq. (3) and the nonlinear system of Eq.
(1) is constrained by |	| = |F(x, u, 0) − Fnn(x, u)| ≤ 
 |x|, and there exist
�w > 0,  > 0 and � > �e that satisfy

− c̃3
ĉ2

(�e − �0) + L′
xM  + L′

wwm ≤ −�w (12a)

�e ≤ � − fe(fw()) (12b)
Xe ⊂ U�e (12c)
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where fw(t) and fe(t) are given by Eqs. (10a) and (11), respectively,
then for any x(tk) ∈ U�, the state of the nonlinear system of Eq. (1)
is guaranteed to be bounded in U� for all times.

Proof. We first prove that Ẇc(x) based on the state of
the nonlinear system of Eq. (1) can be rendered negative
under continuous implementation of u = �nn(x) ∈ U for any
x ∈ U�\U�e . The time-derivative of Wc(x), ∀x ∈ U�\U�e is derived
as follows using Eqs. (6b) and (6c):

Ẇc = ∂Wc(x)
∂x

F(x, �nn(x), 0)

= ∂Wc(x)
∂x

(Fnn(x, �nn(x)) + F(x, �nn(x), 0) − Fnn(x, �nn(x)))

≤ −ĉ3|x|2 + ĉ4|x|(F(x, �nn(x), 0) − Fnn(x, �nn(x)))

≤ −ĉ3|x|2 + ĉ4
|x|2
(13)

Therefore, if 
 is constrained by 
 < ĉ3/ĉ4, it holds that
Ẇc ≤ −c̃3|x|2 < 0, ∀x ∈ U�\U�e by letting c̃3 = −ĉ3 + ĉ4
. Next,
we consider the impacts of bounded disturbances and of
the sample-and-hold implementation of control actions (i.e.,
u(t) = u(tk), ∀t ∈ [tk, tk+1), where tk+1 := tk +  and  is the sam-
pling period) on closed-loop stability of the nonlinear system
of Eq. (1). Assuming x(tk) = x̂(tk) ∈ U�\U�s , the time-derivative
of Wc(x) in Eq. (13) for the nonlinear system of Eq. (1) sub-
ject to bounded disturbances (i.e., |w| ≤ wm) can be derived as
follows:

Ẇc(x(t)) = ∂Wc(x(t))
∂x

F(x(t), �nn(x(tk)), w)

= ∂Wc(x(tk))
∂x

F(x(tk), �nn(x(tk)), 0)

+ ∂Wc(x(t))
∂x

F(x(t), �nn(x(tk)), w)

− ∂Wc(x(tk))
∂x

F(x(tk), �nn(x(tk)), 0)

(14)

Using Eq. (6b), Eq. (13) and the Lipschitz condition in Eq. (7),
Ẇc(x(t)) is bounded by the following inequality for all t ∈ [tk,
tk+1) and x(tk) ∈ U�\U�e :

Ẇc(x(t)) ≤ − c̃3
ĉ2

(�e − �0) + ∂Wc(x(t))
∂x

F(x(t), �nn(x(tk)), w)

− ∂Wc(x(tk))
∂x

F(x(tk), �nn(x(tk)), 0)

≤ − c̃3
ĉ2

(�e − �0) + L′
x|x(t) − x(tk)| + L′

w|w|

≤ − c̃3
ĉ2

(�e − �0) + L′
xM + L′

wwm

(15)

From Eq. (15), it is obtained that Ẇc(x(t)) ≤ −�w holds for all
x(tk) ∈ U�\U�e and t ∈ [tk, tk+1) if Eq. (12a) is satisfied.

So far we  have demonstrated that for any state x(tk) ∈
U�\U�e , the state does not leave U� under the sample-and-hold
implementation of u = �nn(x) ∈ U. It remains to show that for
x(tk) ∈ U�e , the state of the nonlinear system of Eq. (1) will not

leave U� within one sampling period if the state predicted by
the RNN system of Eq. (3) is bounded in U�e . Specifically, for any
x(tk) = x̂(tk) ∈ U�e , the following inequality is derived based on
Eq. (10) and Eq. (11) for t ∈ [tk, tk+1):

Wc(x(t)) ≤ Wc(x̂(t)) + fe(|x(t) − x̂(t)|)
≤ Wc(x̂(t)) + fe(fw(t − tk))

≤ �e + fe(fw())

(16)

Therefore, if U�e is characterized to satisfy Eq. (12b), it follows
that Wc(x(t)) ≤ �, which implies that the state of the nonlinear
system of Eq. (1) is bounded in U� within one sampling period.
This completes the proof that the closed-loop state of the non-
linear system of Eq. (1) subject to bounded disturbances (i.e.,
|w(t)| ≤ wm) is guaranteed to be bounded in the safe operating
region U� for any initial condition x0 inside of this region under
the sample-and-hold implementation of u = �nn(x) ∈ U. �

Remark 3. The issue of convergence to the stationary points
(for x /= 0) in the presence of a bounded unsafe region Db is
addressed by designing the set ��e to include the set of station-
ary points inside (i.e., Eq. (12c)). Specifically, since the state of
the nonlinear system of Eq. (1) is not required to move towards
the origin (or any stationary points) within ��e under the con-
straint of Eq. (9e), the state will not get stuck in a stationary
point unless it is exactly the state where the objective function
of CLBF-EMPC of Eq. (9) attains its maximum value. Therefore,
the boundedness of the state in �� is guaranteed for the non-
linear system of Eq. (1) with both bounded and unbounded
unsafe regions when implementing u = �nn(x) ∈ U in a sample-
and-hold fashion. However, it should be noted that when the
system is required to be operated at the steady-state under a
tracking MPC, the stationary points need to be handled by a
set of discontinuous control actions such that the state can
escape from the stationary points and converge to the origin
(Wu  et al., 2019a; Wu and Christofides, 2019).

Based on Propositions 1 and 2, we establish the following
theorem to demonstrate guaranteed closed-loop stability and
process operational safety for the nonlinear system of Eq. (1)
under the CLBF-EMPC of Eq. (9).

Theorem 2. Consider the system of Eq. (1) with a CLBF Wc that
satisfies Eq. (5).  If there exist � > �e and 
 < ĉ3/ĉ4 that satisfy the
conditions in Propositions 1 and 2, then given any initial state x0 ∈
U�, recursive feasibility of the CLBF-EMPC optimization problem of
Eq. (9) and the boundedness of the state in the safe stability region
U� are guaranteed for all times.

Proof. We first prove that a set of feasible solution exists
for the CLBF-EMPC optimization problem of Eq. (9) for
all states x(t) ∈ U� by showing that the input trajectories
u(t) = �nn(x(tk+i)) ∈ U, ∀t ∈ [tk+i, tk+i+1) with i = 0, . . .,  N − 1 meet
the constraints of the CLBF-EMPC optimization problem of Eq.
(9). The discussion mainly focuses on the constraints of Eqs.
(9e)–(9f) as the satisfaction of the input constraint u ∈ U of Eq.
(9d) is readily shown for the controller u = �nn(x) ∈ U. Specifi-
cally, if x(tk) ∈ U�e , the constraint of Eq. (9e) is satisfied under
the sample-and-hold implementation of u = �nn(x) ∈ U since
the state of the RNN system of Eq. (3) will be steered towards
the origin or the stationary points in the presence of a bounded
unsafe region. In any case, the state is maintained in U�e under
u = �nn(x) ∈ U. On the other hand, if x(tk) ∈ U�\U�e , the set of

control actions u(t) = �nn(x(tk+i)) ∈ U, i = 0, . . .,  N − 1 is again a
feasible solution that meets the constraints of Eq. (9f) (i.e.,
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Table 1 – Parameter values of the CSTR.

T0 = 300 K F = 5 m3/h
V = 1 m3 E = 5 ×104 kJ/kmol
k0 = 8.46 × 106 m3/kmol h H = −1.15 × 104 kJ/kmol
Cp = 0.231 kJ/kg K R = 8.314 kJ/kmol K
�L = 1000 kg/m3 CA0s = 4 kmol/m3

Qs = 0.0 kJ/h CAs = 1.22 kmol/m3

Ts = 438 K
he inequality constraint of Eq. (9f) becomes an active con-
traint). This completes the proof of recursive feasibility for
he CLBF-EMPC of Eq. (9).
he proof of the boundedness of the state in U� follows the
onclusions in Propositions 1 and 2. We  first consider the case
here x(tk) ∈ U�e . As it is required by the constraint of Eq. (9e)

hat the state x(t), ∀ t ∈ [tk, tk+1) predicted by the ensemble of
NN models of Eq. (9b) be bounded in U�e , it follows from Eq.

16) that the state of the nonlinear system of Eq. (1) does not
eave U� within one sampling period. At the next sampling
eriod, if x(tk+1) remains in U�e , it is again bounded in U� fol-

owing the above analysis. However, if x(tk+1) enters U�\U�e , the
onstraint of Eq. (9e) is activated to drive the state of the RNN
odel of Eq. (3) towards the origin. Since it is proven in Propo-

ition 2 that Ẇc based on the state of the nonlinear system
f Eq. (1) can be rendered negative accounting for bounded
isturbances and modeling error within one sampling period
nder u = �nn(x) ∈ U (a feasible solution to the CLBF-EMPC opti-
ization problem), the state of the nonlinear system of Eq. (1)

s also able to move towards the origin and ultimately enters

�e within finite sampling periods. This completes the proof of
losed-loop stability of the nonlinear system of Eq. (1) under
LBF-EMPC.
dditionally, since the safe stability region U� does not inter-
ect with the (bounded and unbounded) unsafe region (i.e.,

� ∩ D  = ∅) according to the definition of the constrained CLBF
f Eq. (5), the state trajectory under the time-varying operation
f the nonlinear system of Eq. (1) does not enter the unsafe
egion for all times. Therefore, process operational safety in
erms of avoidance of the unsafe region is also guaranteed
nder CLBF-EMPC. �

emark 4. It is noted that closed-loop stability and safety in
heorem 2 holds for the system of Eq. (1) subject to bounded
isturbances (i.e., |w(t)| ≤ wm) as the effects of disturbances
ave been accounted for in the sample-and-hold implemen-

ation of the control actions, which requires the disturbances
(t) and the sampling period  to be sufficiently small such

hat Eq. (15) is satisfied. However, in the presence of time-
arying disturbances that are not sufficiently small as is
ssumed in the manuscript (i.e., |w(t)| ≤ wm does not hold),
he nonlinear system of Eq. (1) may lose closed-loop stabil-
ty and safety in terms of the boundedness of state in the
afe stability region due to a considerable model mismatch
etween the actual nonlinear process under disturbances and
he RNN models that are developed for the nominal sys-
em of Eq. (1) with w(t) ≡ 0. In this case, real-time adaptive

achine-learning-based predictive control can be employed
o mitigate the impact of disturbances by updating RNN mod-
ls online using the most recent process data (Wu et al., 2019b).
pecifically, if x(tk) ∈ U�\U�e , we  can develop an event-trigger
echanism based on the decreasing rate of CLBF to activate

n online update of RNN models when Wc(x(t)) ≤ Wc(x(tk)) −
w(t − tk), ∀t ∈ [tk, tk+1) is violated, where �w is obtained in
q. (12a) as the upper bound for Ẇc accounting for sample-
nd-hold implementation and sufficiently small disturbances.
dditionally, to derive a new ensemble of RNN models when
(tk) ∈ U�e , we  can utilize an error-trigger mechanism based on
he accumulated prediction errors since Nb samplings periods

go (i.e., Ernn(tk) =
∑Nb

i=0
|xp(tk−i)−x(tk−i)|

|x(tk−i)|+ı , where xp and x are pre-

icted states and actual state measurements, respectively, and

 is a small positive real number to avoid the division by small
umbers).
4.  Application  to  a  chemical  process
example

In this section, a chemical process example is utilized to
illustrate the application of the proposed CLBF-EMPC scheme
that incorporates an ensemble of RNN models for predic-
tion. We  consider a well-mixed, non-isothermal continuous
stirred tank reactor (CSTR) where an irreversible second-order
exothermic reaction takes place. The reaction converts the
reactant A to the product B via the chemical reaction A → B. A
heating jacket that supplies or removes heat from the reactor
is used. The CSTR dynamic model derived from material and
energy balances is given below:

dCA
dt

= F

V
(CA0 − CA) − k0e

−E/RTC2
A (17a)

dT

dt
= F

V
(T0 − T) + −H

�LCp
k0e

−E/RTC2
A + Q

�LCpV
(17b)

where CA is the concentration of reactant A in the reactor, V
is the volume of the reacting liquid in the reactor, T is the
temperature of the reactor and Q denotes the heat input rate.
The concentration of reactant A in the feed is CA0. The feed
temperature and volumetric flow rate are T0 and F, respec-
tively. The reacting liquid has a constant density of �L and a
heat capacity of Cp. H, k0, E, and R represent the enthalpy
of reaction, pre-exponential constant, activation energy, and
ideal gas constant, respectively. Process parameter values are
listed in Table 1.

The CSTR is initially operated at the unstable
steady-state (CAs, Ts) = (1.95 kmol/m3, 402 K), and (CA0sQs)
= (4 kmol/m3, 0 kJ/h). The manipulated inputs are the inlet
concentration of species A and the heat input rate, which
are represented by the deviation variables CA0 = CA0 − CA0s ,
Q = Q − Qs, respectively. The manipulated inputs are bounded
as follows: |CA0| ≤ 3.5 kmol/m3 and |Q| ≤ 5 ×105 kJ/h.
The states and the inputs of the closed-loop system are
xT = [CA − CAsT − Ts] and uT = [CA0Q], respectively, such that
the equilibrium point of the system is at the origin of the
state-space, (i.e., (x∗

s , u∗
s ) = (0,  0)).

The explicit Euler method with an integration time step of
hc = 2 ×10−5 h is applied to numerically simulate the dynamic
model of Eq. (17). The RNN model is developed in Python using
an open-source neural network library, termed Keras. The
nonlinear optimization problem of the CLBF-EMPC of Eq. (9) is
solved using the python module of the IPOPT software package
(Wächter and Biegler, 2006), named PyIpopt with the sampling
period  = 2 ×10−3 h. The RNN model is called within the CLBF-
EMPC of Eq. (9) each sampling step. Specifically, the RNN model
is used in the objective function and the constraints of the
CLBF-EMPC optimization problem to predict future states over
the prediction horizon giving the state measurement at each

sampling step.
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Fig. 1 – Closed-loop state trajectories for the system of Eq.
(17) within one operating period under the CLBF-EMPC and
the LEMPC, respectively, where the initial condition is (0, 0)
and the unbounded set of unsafe states Du is the gray area
on the top of U�.
4.1.  Development  of  an  RNN  ensemble

To implement the RNN-based CLBF-EMPC in the closed-loop
simulation of the nonlinear system of Eq. (17), we developed an
ensemble of RNN models that well approximate the nonlinear
dynamics of Eq. (17) in an operating region around the steady-
state. Extensive open-loop simulations starting from various
initial states in the operating region considered associated
with different inputs u ∈ U are performed to obtain a suffi-
ciently large dataset consisting of state trajectories that can
be used for training. The RNN model is constructed with one
input layer, two hidden layers consisting of 96 and 64 recur-
rent units, respectively, and one output layer. The RNN inputs
are the initial states x and the input sequences u for each state
trajectory, and the RNN outputs are the predicted state trajec-
tory over the simulation period. It is noted that the data points
with the time interval of hc (i.e., the integration time step for
the explicit Euler method) are treated as the internal states for
RNN models, and will be used during the training process of
RNN models. A 10-fold cross-validation is utilized to develop
an ensemble of 10 RNN models for the CLBF-EMPC of Eq. (9).
Parallel computing is employed to generate 10 RNN models
in parallel to speed up the entire training process. Addition-
ally, when implementing the ensemble of RNN models as the
prediction model for the CLBF-EMPC of Eq. (9) in the closed-
loop simulations below, we  also parallelize the computation
of multiple RNN models to improve the computational effi-
ciency of real-time implementation of CLBF-EMPC. It is noted
that the size of ensemble affects the prediction performance of
RNN models and the computational efficiency of closed-loop
implementation. In Wu et al. (2019c), we demonstrated that
as the number of regression models used in MPC increases,
the closed-loop performance was improved in terms of less
oscillation. Therefore, the optimal number of RNN models is
determined by increasing the number of RNN  models in an
ensemble until no further improvement is noticed for more
RNN models being used. Additionally, as we  are using parallel
computing to carry out multiple RNN predictions concurrently,
the computation time will slightly increase as the number
of RNN models increases due to the increasing communica-
tion time between the host computing core and other worker
cores. Therefore, in this example, 10 RNN models were used
to achieve the desired prediction performance and efficient
computation simultaneously. The details of developing an
ensemble of RNN models for this CSTR example can be found
in Wu  et al. (2019c).

4.2.  Simulation  results

The control objective of EMPC is to maximize the profit of the
CSTR process of Eq. (17) by manipulating the inlet concentra-
tion CA0 and the heat input rate Q, while maintaining the
closed-loop state trajectories in the safe stability region U� for
all times. The objective function of the CLBF-EMPC is of the
following form:

le(x̃, u) = k0e
−E/RTC2

A (18)

Additionally, a material constraint is incorporated in the
CLBF-EMPC of Eq. (9) to make the averaged reactant mate-

rial available within the entire operating period tp to be its
steady-state value, CA0s. The material constraint is formulated
as follows:
1
tp

∫ tp

0

u1(�)d� = 0 kmol/m3 (19)

where the averaged reactant material in deviation form, u1,
is equal to 0. We first demonstrate the application of the pro-
posed CLBF-EMPC control scheme to an unbounded unsafe
region Du in state-space. The unsafe region is characterized
as an unbounded set with high temperature and concentra-
tion for the CSTR of Eq. (17): Du:={x ∈ R2|F(x) = x1 + x2 > 47},
where the threshold is set to be 47. As the objective of EMPC
is to dynamically optimize the profit of the CSTR process of
Eq. (17) by maximizing the production rate r = k0e

−E/RTC2
A, it

is observed in Fig. 1 that under the Lyapunov-based EMPC of
Eq. (8) that does not account for safety issue, the closed-loop
state is driven to the top of the operating region where temper-
ature is much higher than the steady-state value, to obtain an
increased economic profits compared to the steady-state oper-
ation (i.e., the system is operated at steady-state for all times).
Additionally, by designing the unbounded unsafe region with
the form of F(x) = x1 + x2, it is noted that the temperature in
the reactor plays a more  important role in characterizing the
unsafe region Du than the concentration due to its larger mag-
nitude. This is consistent with the operation of an exothermic
reaction in CSTR, where rapid increases in temperature might
lead to potential safety problems. However, it should be men-
tioned that reactant concentration is still accounted for in the
characterization of the unbounded unsafe region Du due to its
impact on the reaction rate.

Following the construction method of a CLBF in Wu  et al.
(2019a), we design a Control Lyapunov function with the stan-

dard quadratic form V(x) = xTPx,  where P =
[

1060 22

22 0.52

]
. The

matrix P in CLF is determined by trial-and-error to maxi-
mize the stability region (i.e., the largest level set of Lyapunov
function V in the region where the time-derivative of V can
be rendered negative under the Lyapunov-based controller).
Additionally, the CLF can also be constructed using the con-
struction method for a constrained CLF in Mahmood and
Mhaskar (2014), Homer and Mhaskar (2017). Then, we  char-
acterize a set H that contains Du: H:={x ∈ R2|F(x) > 45}, and
design the control barrier function B(x) as follows:

B(x) =
{

eF(x)−47 − 2 × e−2, if x ∈ H
(20)
−e−2, if x /∈ H
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Fig. 2 – Closed-loop state trajectories for the system of Eq.
(17) within four operating periods under the CLBF-EMPC
and the LEMPC, respectively, where the initial condition is
(0, 0) and the unbounded set of unsafe states Du is the gray
area on the top of U�.
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Fig. 3 – Input profiles for the closed-loop system of Eq. (17)
within four operating periods under CLBF-EMPC, where the
unsafe region is the gray area on the top of U�.

Fig. 4 – Closed-loop state trajectories for the system of Eq.
(17) within four operating periods under the CLBF-EMPC
and the LEMPC, respectively, where the initial condition is
(0, 0) and the bounded set of unsafe states Db is embedded

(17) under CLBF-EMPC are shown in Figs. 4 and 5 . Specif-
he control Lyapunov-barrier function Wc(x) = V(x) + �B(x) + 	

s constructed with the following parameters: � = 0, c1 = 0.1,

2 = 1061, c3 = 5808, c4 = 2259, 	 = � − c1c4 = −225.9, and
 = 4.6 × 107. The definitions of the above parameters can
e found in Wu  et al. (2019a).

The closed-loop simulation results for the system of Eq. (17)
nder the RNN-based CLBF-EMPC of Eq. (9), and the LEMPC of
q. (8) are shown in Figs. 1–3 . Specifically, Fig. 1 shows the
omparison of the state trajectories under LEMPC and CLBF-
MPC, respectively. It is demonstrated that starting from the
nitial condition (0, 0), the state trajectory for one simulation
eriod tp = 0.128 h under CLBF-EMPC is maintained below the
nbounded unsafe region Du for all times, while the one under
EMPC exceeds the threshold and enters Du near the end of
imulation.

In the second simulation, we  run the closed-loop sim-
lation for successive four operating period, where each
perating period is tp = 0.128 h. The material constraint is

mposed in each operating period such that the averaged reac-
ant material (in deviation form) within each operating period
quals zero. It is demonstrated in Fig. 2 that the state trajectory
nder the CLBF-EMPC of Eq. (9) remains in the safe stability
egion U� within four operating periods, while the one under
EMPC enters the unsafe region during the first operating
eriod and stays there for the remainder of the process oper-
tion. Both state trajectories progress in a circular manner in
he stability region (the solid ellipse) because the material con-
traint forces the decrease of the reactant concentration near
he end of each operating period. This can also be observed in
he input profiles for the closed-loop system of Eq. (17) within
our operating periods shown in Fig. 3, where CLBF-EMPC con-
umes the maximum allowable CA0 at the beginning of each
perating period and lowers the consumption near the end.

In addition, we calculate the total economic profits over
our operating periods, i.e., LE =

∫ 4tp
t=0

k0e
−E/RTC2

Adt,  for the
losed-loop system of Eq. (17) under the different controllers.
t was obtained that the LE values are 8.42, 8.01 and 5.24 for
he closed-loop CSTR under LEMPC, CLBF-EMPC, and steady-
tate operation, respectively, from which it is demonstrated
hat economic profits are significantly improved (around 52%)
nder EMPC compared to the steady-state operation. The rea-
on for a slightly larger LE under LEMPC than CLBF-EMPC is
hat the state under LEMPC enters the unsafe region during
he simulation where increased production rate is obtained

ue to higher temperature (Fig. 2).
within U�.

The second example is to demonstrate the effectiveness
of the CLBF-EMPC of Eq. (9) for the system with a bounded
unsafe region Db in state-space. The bounded unsafe region
Db is designed to be a set embedded within the stability region
as shown in the above example to demonstrate that the CLBF-
EMPC of Eq. (9) is able to achieve economic optimality while
maintaining the state out of Db for all times. The unsafe

region is developed as an ellipse: Db:={x ∈ R2|F(x) = (x1+0.92)2

1 +
(x2−42)2

500 < 0.06}. H is defined as H:={x ∈ R2|F(x) < 0.07}. The
control barrier function B(x) is defined as follows:

B(x) =

⎧⎪⎨
⎪⎩ e

F(x)
F(x) − 0.07 − e−6, if x ∈ H

−e−6, if x /∈ H

(21)

The control Lyapunov-barrier function Wc(x) = V(x) + �B(x) + 	

is developed following the same construction method
as in the first example with the following parameters:
c1 = 0.1, c2 = 1061, c3 = maxx ∈ ∂H|x|2 = 2295, c4 = minx ∈  ∂D|x|2 =
1370, 	 = �c − c1c4 = −160, and � = 1 ×109. Since there exist sta-
tionary point in state-space in the case of a bounded unsafe
region, we let ∂Wc(x)

∂x = 0 and obtain the stationary point of
Wc(x) (for x /= 0) as xe = (−1.004, 47.48). Therefore, U�e should
be designed to include this point inside such that it does not
affect closed-loop stability under CLBF-EMPC.

The simulation results for the closed-loop system of Eq.
ically, in Fig. 4, it is demonstrated that the state trajectory
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Fig. 5 – Input profiles for the closed-loop system of Eq. (17)
within four operating periods under CLBF-EMPC, where the
bounded set of unsafe states D is embedded within U .
b �

under CLBF-EMPC is maintained in the safe stability region
U� for all times (i.e., four successive operating periods with
tp = 0.128 h). However, the state trajectory under LEMPC enters
the bounded unsafe region Db since the design of the LEMPC of
Eq. (8) does not account for any safety constraints. Similarly,
Fig. 5 shows the input profiles for the closed-loop system of
Eq. (17) within four operating periods under the CLBF-EMPC
of Eq. (9), where CA0 shows variation due to the material
constraint of Eq. (19) applied in each operating period. Addi-
tionally, the accumulated economic profits are calculated for
the closed-loop system of Eq. (17) in the presence of a bounded
unsafe region. It was found that the LE values are 8.42, 8.47
and 5.24 for LEMPC, CLBF-EMPC, and steady-state operation,
respectively. This again demonstrates that process economics
is optimized under EMPC while closed-loop stability and pro-
cess operational safety are both guaranteed. It is noted that the
total economic profits under LEMPC and under CLBF-EMPC are
very close since the two state trajectories both stay in a region
above the unsafe set for most of the process operation time
(Fig. 4). The only difference is that the state trajectory under
CLBF-EMPC avoids the bounded unsafe region for all times,
while the one under LEMPC does not.

Additionally, it is noted that the RNN-based MPC is
computationally more  demanding than the first-principles-
model-based MPC  because the RNN model is essentially a
complicated nonlinear function which requires more  compu-
tation time for prediction. In our example, the computation
time for running RNN-based MPC  is around 2.3 s, which is less
than one sampling period (i.e., 2 × 10−3 h = 7.2 s) such that it
can be implemented in real-time optimization and control.
The above case studies demonstrate that the CLBF-EMPC of
Eq. (9) based on an ensemble of RNN models achieved desired
model prediction results for the nonlinear system of Eq. (17),
and thus, is able to optimize control actions that maintain
the closed-loop state within the safe stability region U� for all
times. Additionally, we  demonstrate the applicability of the
CLBF-EMPC of Eq. (9) to both bounded and unbounded unsafe
regions in a CSTR example. The economic profits over mul-
tiple operating periods are calculated and compared under
LEMPC, CLBF-EMPC and steady-state operation, respectively,
from which it can be concluded that significant improvement
of economic benefits can be achieved under EMPC.

5.  Conclusion
In this work, we  proposed an RNN-based CLBF-EMPC sys-
tem that can be utilized to operate the nonlinear process
in a time-varying manner to achieve economic optimality
with guaranteed closed-loop stability and process operational
safety. Under the condition that an accurate process model
(i.e., the first-principles model) is not available, an ensemble
of RNN models was developed to approximate the dynamic
behavior of nonlinear processes using process data in an
operating region. The RNN-based CLBF-EMPC that utilizes
an ensemble of RNN models for prediction, and CLBF-based
constraints to ensure boundedness of the state in the safe
stability region was designed for nonlinear processes with
bounded and unbounded unsafe regions. The effectiveness
of the proposed RNN-based CLBF-EMPC method was demon-
strated through an application to a chemical process example,
within which simultaneous economic optimality and oper-
ational safety were achieved for two types (bounded and
unbounded) of unsafe regions.
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