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1 | INTRODUCTION

Machine learning has gained increasing attention in modeling nonlinear
systems due to powerful learning strategies, the availability of big data
sets, and the development of computing resources. While the training
error of machine learning models could be sufficiently low with good-
quality datasets and a careful tuning of model hyper-parameters, a fun-
damental challenge for the implementation of machine learning models
in chemical process control is the generalization performance on unseen
data. Generalization error bound provides an efficient way to measure
the effectiveness of training and accuracy of machine learning models.
The generalization error bound relies on various factors, including data
sample size, bounds of weight matrices, and the number of neurons and
layers. Many recent studies have been done to obtain the generalization
error bounds for the implementation of neural networks in classification
problems with single output.2™* Additionally, in Bartlett et al.,> a margin-
based multi-class generalization bound was derived for the neural net-
works based on their margin-normalized spectral complexity. In Chen
et al.® and Wu et al.” the generalization error for RNNs was developed
for multiclass classification problems, and regression problems of multi-

input and multi-output (MIMO) nonlinear systems, respectively.

| Aisha Alnajdi?> | Quanquan Gu® |

Panagiotis D. Christofides®*

In this study, we present machine-learning-based predictive control schemes for
nonlinear processes subject to disturbances, and establish closed-loop system stabil-
ity properties using statistical machine learning theory. Specifically, we derive a gen-
eralization error bound via Rademacher complexity method for the recurrent neural
networks (RNN) that are developed to capture the dynamics of the nominal system.
Then, the RNN models are incorporated in Lyapunov-based model predictive control-
lers, under which we study closed-loop stability properties for the nonlinear systems
subject to two types of disturbances: bounded disturbances and stochastic distur-
bances with unbounded variation. A chemical reactor example is used to demonstrate

the implementation and evaluate the performance of the proposed approach.

generalization error, machine learning, model predictive control, recurrent neural networks,
stochastic nonlinear systems

Additionally, model predictive controllers (MPC) using machine learn-
ing models have been studied in recent years, with successful applications
to a number of chemical engineering problems.®** As machine learning
models can capture complex process dynamics, machine-learning-based
MPCs have demonstrated their superior closed-loop performance when
compared with the MPCs using (usually linear) data-driven models in tradi-
tional industrial process control systems. Most existing works on data-
driven or learning-based MPC derived closed-loop stability properties
based on the assumption that the generalization error is bounded. How-
ever, this assumption may not hold in practice. Additionally, machine learn-
ing models are typically approximations of the nominal system dynamics,
and thus, how to deal with uncertainty in processes within machine-learn-
ing-based MPCs is an important issue that requires further study.

Motivated by the above considerations, we develop RNN-based
MPC schemes for nonlinear systems with model uncertainty in this
manuscript. While MPC of stochastic nonlinear systems has been

12-16 yery few research

extensively studied in literature, for example,
works study machine-learning-based MPC for stochastic nonlinear
systems. A recent work developed an artificial neural network for a
stochastic multiscale chemical engineering system under uncertainty

in MPC.Y” However, at this stage, machine-learning-based MPC of
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stochastic nonlinear systems is still in its infancy. In this study, we
perform a probabilistic closed-loop stability analysis for the nonlinear
systems subject to two common types of disturbances (unknown-but-
bounded disturbances and stochastic disturbances with unbounded
variation) under RNN-MPC based on the generalization error bound
derived for RNN models. The theoretical study provides a guidance
showing how to improve machine learning models in a systematic way
in order to achieve desired accuracy in both open-loop and closed-loop
simulations. The rest of this article is organized as follows: in Section 2,
the notations, the nonlinear systems, and the RNN formulation are pres-
ented. In Section 2.4, a generalization error bound is derived for RNNs
through Rademacher complexity approach. In Section 3, closed-loop
stability results are developed for the nonlinear systems subject to
bounded, and unbounded, stochastic disturbances, respectively. Finally,
in Section 4, we use a chemical reactor as an example to illustrate the
relation between training sample size and the RNN generalization error

as well as the probability of closed-loop system stability.

2 | PRELIMINARIES

21 | Notation

The transpose of x is denoted by x'. The Lie derivative is
LV(x) = %f(x). The operator |-| denotes the Euclidean norm of a
vector. | -|o denotes the weighted Euclidean norm of a vector, where Q is
a positive definite matrix. The Frobenius norm of A is denoted by
|Allg.  Set denoted by “\”, that s,
A<B:={xeR" | xeA, x¢ B}. Given a set D, the boundary of D is den-
oted by 9D, and the interior of D is denoted by D°. The first hit time
(or the hitting time) of a set X is defined as the first time that the state
trajectory hits the boundary of X, and is denoted by zx. Also, we

subtraction s

define zx(t) =min{zx,t} and zxr(t)=min{zx,T,t}, where T is the
operation time.

R, represents nonnegative real numbers. A function f(x) belongs
to class C¥ if for all i=1, 2,....k, the ith derivative of f exists and is
continuous. A function f:R” — R™ is I-Lipschitz continuous, if for all
a, beR", |f(a)—f(b)| <I|a—b| holds, where | 20 is a real constant. A
continuous function a: [0,a) — [0,0) belongs to a class K function if it
is zero only when evaluated at zero, and is strictly increasing. E[X] is
the expected value of a random variable X, and P(A) is the probability
of the event A occurring.

2.2 | Class of systems

The following state-space model represents the class of continuous-

time nonlinear systems considered in this work:
x=F(x, u):=f(x) +g(x)u, x(to) =Xo, (1)

where the n-dimensional state vector is denoted by xeR", and u e R¢

denotes the k-dimensional manipulated input vector bounded by
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ueU. The set U defines the maximum umax and the minimum value
Umin for input vectors, that is, U:={Umin SUSUnax} C R¥. The vector
f(-) and the matrix functions g( - ) are sufficiently smooth with dimen-
sions nx 1, and n x k, respectively. We assume that f(0) =0 without
loss of generality, and therefore, the origin is a steady-state of
Equation (1). Additionally, we assume that to =0 (i.e., the initial time
is zero).

We assume that there exists a feedback controller u=®(x) e U
under which the origin can be rendered exponentially stable. The
stabilizability assumption implies that there is a C* Lyapunov function
V(x) such that for all x in D the following inequalities hold:

c1lx? <V(x) < cox)?, (2a)
‘9\;)(:‘) Fx,®(x)) < — cax2, (2b)
‘a\gi") <calX, (2¢)

where D is an open neighborhood around the origin,and ¢;,i=1, 2, 3, 4
are positive constants. We follow the method in Wu et al.** to gener-
ate the data by carrying out extensive open-loop simulation for the
system of Equation (1) with various inputs u € U and initial conditions
Xo to develop a set of time-series data for x € Q,, where Q, is a level
set of Lyapunov function (i.e., Q,:={x€R"|V(x) < p}, p > 0) utilized as
the operating region. Then, we develop recurrent neural network
(RNN) models for capturing system dynamics and predicting state
evolution. Specifically, the RNN models predict future states x(t),
t >t based on the current state measurements x(t) at time t =t, and
the manipulated inputs u(t), t > ti.

2.3 | Recurrent neural networks
In this section, we consider a general RNN model developed with m
sequences of data (Xit,Y;:), where y;; € R% is the RNN output, and
Xit € R*, i=1,...m, and t=1,...T (T is the time length) is the RNN
input, to capture the system dynamics of Equation (1). The RNN
input/state/output vectors are written in boldface to differentiate the
notations from those for the nonlinear system of Equation (1). Addi-
tionally, to simplify the discussion, we develop the RNN model of
Equations (3) and (4) to predict future states for one sampling period
(denoted by A) with internal steps T:%, where h. is the integration
time step used by the Explicit Euler method to solve the continuous-
time system of Equation (1), and A is the sampling period within which
the control action u(t) remains unchanged (i.e., for all t=1,..,T).
The RNN model predicts one sampling period forward, including all
the internal states every h. time step. As a result, for t=1,...,T, the
predicted states are the RNN output y;¢, and the inputs and the cur-
rent state measurements are RNN input x;;.

The time-series data is generated independently following the

Rdx><T

data distribution over x R¥*T_ Then, we develop the dataset by
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generating m data sequences of the same distribution. To simplify the
discussion, a one-hidden-layer RNN (Figure 1) is considered. The RNN

states in the hidden layers h; € R% are

hit = on(Uhjt_1 +Wx;y), (3)

where the weight matrices W € R%*% and Ue R%*% are associated
with the input and hidden state vectors, respectively. The element-
wise nonlinear activation function is denoted by o, (e.g., ReLU). The

output layer y;; is calculated using the following equation:
Yie =oy(Vhit), (4)

where the activation function o, and the weight matrix V € R%*% are
associated with the output layer.
We have the following standard assumptions on the RNN model

and datasets.

1. The RNN

i.e, [X¢<Bx, foralli=1,..,mand t=1,..,T.

Assumption inputs are bounded,

Assumption 2. The Frobenius norms of the weight

matrices are bounded as follows:

Wl < Bwr. IVl < Bvr. IVl < Bur (5)

Assumption 3. All the datasets (i.e., training, validation,
and testing) are drawn from the same distribution.

Assumption 4. ¢y, is a 1-Lipschitz continuous activation
function, and is positive-homogeneous in the sense that

on(az) = aop(z) holds for alla 20 and zeR.

Remark 1. Assumptions 1-4 are standard assumptions in
machine learning theory. Specifically, Assumptions 1, 2
assume the boundedness of RNN inputs and weight matri-
ces. This is consistent with the practical implementation of
RNN training that only a finite class of RNN hypotheses

are searched for the optimal solution. Assumption 3 is also

O

RAnXdn
v \%
U
w w
R%

FIGURE 1

Rtly

GNe
)
0@
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a basic assumption that is widely adopted in machine
learning modeling works. Note that we only require that
the testing, validation and training data are drawn from
the same distribution, and there is no specific requirement
for the type of data distribution. This is a reasonable
assumption from a practical application point of view as it
implies that the training, validation and testing data sets
are obtained from the same chemical process. The RNN
models trained from the process operational data will be
tested against data that come from the same target distri-
bution. Assumption 4 requires positive-homogeneity of
the activation function. For example, Rectified Linear Unit
(ReLu), a popular nonlinear activation function in the
machine learning domain, is a candidate of activation func-

tion that meets this assumption.

2.4 | RNN generalization error

The RNN learning algorithms provide no information on the generali-
zation performance for unseen testing data since they are evaluated
on training data only. Therefore, the generalization error is used to
measure the neural network's predictive capability for any data not
utilized in training. Specifically, an upper bound is developed in this
section for the RNN generalization error. Then we demonstrate that
with high probability, this error is bounded if the development of

RNN models meets a few requirements.

2.5 | Preliminaries

Let # be the hypothesis class of RNN functions h(-) that map a
dy-dimensional input x e R* to a d,-dimensional output y € R%. The
predicted output of the RNN model and the loss function are denoted by
y:=h(x;) and L(y:Y;), respectively, where L(y,y) calculates the
squared difference between the predicted output y and the true output
y. We have the following error definitions for training RNN models.

Definition 1. Given a data distribution D, and a func-
tion h that predicts y (output) based on x (input), the

generalization error or expected loss/error is:'®

L(h(x).y)p(x,y)dxdy (6)

where the joint probability distribution for x and y is
represented as p(x,y), and the vector space for all possi-
ble outputs and inputs are denoted by Y and X,
respectively.

Since in most cases p is an unknown distribution, we utilize empir-
ical error as an approximation measure for the expected error. The

empirical error is calculated as follows.
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Definition 2. Given a dataset S=(s1,....5m), Si= (X,Vi),
with m data samples drawn from the data distribution D,
the empirical risk or error is:'®

BslLh(0.y)] =" Lih(x).y) @)

1
mi=

Since the RNN data is generated within a compact set, the RNN
predicted outputs y; and the true outputs y; are assumed to be
bounded by r; >0, t=1,...,T, that is, |y:|, [y¢| <r:. Thus, the following
inequality from local Lipschitz continuity holds for the loss function of
mean squared error (MSE) for all |y;| <r¢, and [y;| <r:.

[L(y2,¥) —L(y1.Y) | <L ly2 —vals (8)

where the local Lipschitz constant is denoted by L,.

2.6 | Rademacher complexity

Rademacher complexity is used to quantify the richness of a function
class in computational learning theory. The definition of empirical

Rademacher Complexity is presented below.

Definition 3. Given a set of data samples S=(s,...,5m),

and a hypothesis class % of real-valued functions, the

definition of empirical Rademacher complexity of & is*®:

supizm:

Rs(F)=E
(#)=E feFMiAF

Eif(si):| 9)

where E:(el,...,em)T, and ¢; are Rademacher random
variables that are independent and identically distrib-
uted (i.i.d.) and satisfy P(e; = —1) =P(¢;=1) =0.5.

The Rademacher complexity is used to derive the generalization

error bound in the following lemma.

Lemma 1. (c.f. Theorem 3.3 in Mohri et al.'®) Let % be
the hypothesis class that maps {x1,...x:} € Rt
(i.e., the first t-time-step inputs) to y; € R% (i.e., the t-th
output), and G; be loss function set with 7.

Gr={g:: (x,y) — L(h(x),y),he x} (10)

where y and x are the true output vector and the RNN

input vector, respectively. Then, given a dataset con-

sisting of m i.i.d. data samples, the inequality below

holds in probability for all g; € G; over the data samples
T

S=(Xit.Yit) ;g i=1,00m:

m 2
Bla )] -3 0s )+ 2500 + 3y 5 (1)
i=1
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The RHS of Equation (11) represents the upper bound for the generali-
zation error, which relies on various factors. Specifically, the first term of
the RHS in Equation (11) represents the empirical risk, the second term
represents the Rademacher complexity, and an error function of the
samples size m and the confidence § is represented in the last term.
Note that the last and the first terms can be computed once a set of
training data of size m and the confidence § are given. Therefore, our

goal is to derive the Rademacher complexity bound for %s(Gt).

2.7 | Generalization error bound
We first present a few lemmas to provide preliminary results following

the proof technique in.2*

Lemma 2. (c.f. Lemma 4 in Wu et al.”) Given a dataset
S= (x,-,t,y,;t)tT:l, of mi.i.d. data samples, i=1,...m, and a
real-valued function class %) that corresponds to the
k-th component of the class # of vector-valued func-
tions, the scaled empirical Rademacher complexity
MR () =E[suph e 7, > imq€ih(x;)] satisfies the follow-

ing inequality:

mRBs(#) :%Iog exp (xl]E { sup i e;h(xi)} )

he %\ i—1
1
<> E
z°g<

hseuzekexp (/1 ; e;h(x;)) ] >

(12)

where 1 is an arbitrary positive real number.

Additionally, since the RNN models of Equations (3) and (4) are
essentially complex nonlinear functions that are difficult to measure
the learning capacity, the following lemma provides a useful tool to
peel off RNN weights and nonlinear activation functions through
layers.

Lemma 3. (c.f. Lemma 6 in Wu et al.”) Given any mono-
tonically increasing and convex function p:R—R,, and
a vector-valued RNN function class # with a positive-

homogeneous, 1-Lipschitz, activation function op( - ), the

)

m
> eihisa

i=1

inequality below holds:

m

> eihi

i=1

E sup p
Wl <Bwp. |lUllp < Bup.h € #

m
su B €iX;
e EKP ( W,F Z iRt

i=1

(13)

<2E + BU,F

)

Based on Lemma 3, the following lemma derives a Rademacher
complexity bound for the real-valued RNN function class # that cor-

responds to the k-th output of the class # of vector-valued functions.
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Lemma 4. (c.f. Lemma 7 in Wu et al.”) Given a dataset
S= (x,;t,y,»vt)::i, of mi.i.d. data samples, i=1,..,m, and a
class of real-valued functions, #, k=1,...,d,, that cor-
responds to the k-th output at t-th time step, and satisfy
Assumptions 1-4, the Rademacher complexity can be
bounded using the following inequality:

MBx (1+ \/2l0g(2)t)
Hyy) < 14
@S( k,t) \/m ( )
where M=17®u"p,, B,

Finally, we consider the class of loss function for the vector-
valued RNN models, and use the contraction inequality in Maurer®? to

further bound the RNN generalization error as follows.

& really depends on the level of trust of this bound. To
derive a tighter bound with higher confidence, we essen-
tially need to reduce the other two terms in Equation (15)
by increasing the training sample size m and carefully train-
ing the RNN models to obtain a desired training error. It
should be mentioned that the choice of § affects the
generalization error bound in the sense that a tighter
bound implies less likelihood, but does not directly
affect the generalization performance after the training
is completed since § is not involved in the RNN training
process. In practice, we first require the RNN generali-
zation error to be bounded by a constant or a function
of state (e.g., Em<y|x| in the next section) such that
MPC stability results hold. Based on this bound, we then

tune the RNN hyperparameters and execute the training

Theorem 1. (c.f. Theorem 1 in Wu et al”) Given a
dataset S= (x,»_t,y;,t)zzl with i.i.d. data samples, i=1,...,m,
and the loss function class G; associated with the RNN
function class %, that predicts outputs at the t-th time
step, with probability at least 1 — 6§ over S, the following
inequality holds for the RNN models with the activation
functions and weight matrices that satisfy Assumptions 1-4.

log %)
2m

E[g¢(x,y

<0 (eryMBX(l * \sz log(z)t)) +3

m

1
+> 8 0%i),

i=1

where M is given in Equation (14), By is the RNN input
bound defined in Equation (1), L, is the local Lipschitz
constant defined in Equation (8), and d, is the RNN out-

put dimension.

Remark 2. Based on Theorem 1, to minimize the error
between the actual process dynamics and the RNN model,
we should first collect as much data as possible since the
generalization error of Equation (15) decreases with
increasing training samples m. Subsequently, we need to
carefully tune the RNN hyper-parameters (e.g., weight
bounds, and the number of layers and neurons) to
achieve a desired training and validation performance. It
should be noted that a complex RNN model can gener-
ally learn the training data well, but may not generalize
well due to overfitting. Therefore, to reduce overfitting,
a number of approaches such as regularization, dropout
and early stopping methods can be adopted to improve
the generalization performance of RNN models.

Remark 3. The RNN generalization error bound of
Equation (15) implies that with a larger & (i.e., a lower prob-
ability 1 —5), the RNN generalization error is less likely
to be bounded by a tighter bound. Therefore, the choice of

(15)

process to achieve a desired training performance and
model complexity. Finally, we can approximate the
probability 1 —6§ by calculating how many testing sam-
ples meet the generalization error bound.

3 | PROBABILISTIC STABILITY ANALYSIS
The RNN models are incorporated within MPC in this section to provide
the prediction of future states. We develop the MPC scheme using RNN
models (RNN-MPC), and study the system stability properties for the
nonlinear system of Equation (1) subject to disturbances. We demonstrate
that under RNN-MPC, the state of the closed-loop system remains inside
the stability region in probability for all times in the presence of process
disturbances.

RNN model is

continuous-time nonlinear system for simplifying the analysis of its

The single-hidden-layer represented as a

stability properties®*:
X=Fm(X, Uu)=AX+0z (16)

where ueR¥ is the manipulated input, and X€R" is the RNN state
vector. A and © are the weight matrices, and z is a vector associated
with the X and u. The readers are referred to Wu et al.” for the details
of Equation (16). In the following sections, the Lyapunov-based MPC
schemes using RNN models are designed to stabilize the nonlinear
system in a probabilistic manner in the presence of process distur-
bances. Specifically, we consider two types of disturbances:
unknown-but-bounded disturbances and stochastic disturbances with
unbounded variation, and establish the probabilistic closed-loop sta-

bility results for the nonlinear systems under RNN-MPC.

3.1 | Nonlinear systems with bounded
disturbances

The class of continuous-time nonlinear systems subject to bounded dis-

turbances is described by the following ordinary differential equation:
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x=F(x, u, w):=f(x) +g(x)u+h(x)w, x(to) =xo (17)

where the notations are the same as those in Equation (1). The dis-
turbance vector w is bounded by W :={w € R? |w| s wy,| wp, 20}. h(x)
is a sufficiently smooth matrix function of dimension nx q. Based
on the boundedness of x, u, and w, and the Lipschitz property of
F(x, u, w), there exist positive constants Mg, L, L;, Ly, L;N such that

forallwe W, ueU, x,x € Q,, the following inequalities hold:

[F(X, u, 0) —F(x, u, w)| <Ly |w|+Lx [x—x| (18a)
!
‘7\;(;‘ JF(, u, 0)— a\;)((x)F(x, u w)| <L, W +L x—x|  (18b)

IF(x, u, w)| <M (18¢)

Under the assumption of exponential stabilization of the origin of the
RNN model of Equation (16) for states in an open set D around the
origin by a feedback controller u=®,,(x) € U, a ¢! Lyapunov function
V(x) can be found such that for all states x in D, the following inequal-
ities hold:

Veol
af() <ca x|, (19a)
AV(x -
%an(x,tbm(x)) < —Calx?, (19b)
~ 2 U7 =~ 102
c1lx|? < V(x) <Calx?, (19¢)

where G, i=1, 2, 3, 4 are positive constants. Similarly, we character-
ize the stability region for the RNN model of Equation (16) as a com-
pact set embedded in D as follows: Qo= {xeﬁ\V(x) sﬁ}, where
p > 0. The following proposition demonstrates that for the RNN model
developed with a sufficiently small modeling error, the nominal system
of Equation (17) with w(t) =0 can be stabilized under u=®p,(x) €U
with high probability.

Proposition 1. Consider the nominal system of
Equation (17) with w(t)=0 and an RNN model that is
trained with m i.i.d. data samples and satisfies the condi-
tions in Theorem 1. Under the stabilization assumption
of Equation (19), if there exists a positive real number y
that satisfies y <C3/cs, and constrains the modeling
error, i.e., | Fan(X, u) —F(x, u, 0)| sy|x|, for all ue U and
Xe Q;, then for all x e Q;, the origin of the nominal sys-
tem is rendered exponentially stable with probability at
least 1 — & under u=®,,(x) € U.

Proof. Following the proof of Proposition 2 in Wu

I.,11

eta the time derivative of V is obtained as follows

using Equations (19a) and (19b):

AI?BIl:'J R NALJﬂ

a\g)((x)F(x, Dpn(x), 0)

< Calx| - [F(X, @pn(x), 0) = Fan(X, @nn(x))| —53‘X|2,

(20)

where the term |F(X, @pn(X), 0) — Fpn(X, @pn(X))| is the modeling mis-
match between the nominal system of Equation (17) and the RNN
model. Using the generalization error results derived in Theorem 1,

we have the following bound for the modeling error:

|Fon(X, @an(x)) —F(X, ®nn(x), O)| <Em, (21)

where Ep represents the generalization error that is bounded by the
RHS of Equation (15). Since Equation (15) depends on the training
sample size, we can find the minimum data sample size my(|x|, hc, &)
such that the modeling error is upper bounded by Ey < |x|. By choos-
ipg the sample size m2my(|x|, hc, §), the following equation holds for
V(x) (x # 0), with probability at least 1 — 5.

LY
V:g(an(X, Dpn (X)) +F(X, Pnn(X), 0) — Fpn(X, Ppn(x)))
< —Ca|X*+ |Fan (X, @an(x)) = F(x, ®pn(x), O)] -4 |X]
~ c ~ 22
< fC3|x|2+C3A—|X|-c4 x| (22)
Ca
< —Galx?
<0

where €3 = —C3 + Cay < O for any y <¢3/C4. This implies that with a cer-
tain probability, V can be rendered negative (i.e., P[\7< 0} 21-4),and
therefore, the state of the nominal system of Equation (17) moves
toward the origin under u = ®,,(x) € U for all xo € Q;

Remark 4. Note that the minimum data sample size
mn(|x|,he,8) that satisfies Epm <y |x| is a function of |x|, h,
and 6. Specifically, by substituting the RHS of
Equation (15) into Ep, it is straightforward to show that
the solution to Ep <y |x| is a function of the confidence
level 5. Additionally, it is observed from Ey <y |x| that
the solution depends on the value of x in the way that a
smaller x value (i.e., the states closer to the origin) leads
to a tighter generalization error bound Ep, which
requires more data to be used for training. In the
extreme case where the state x is sufficiently close to
the origin, a large number of data is needed to render
Enm sufficiently low in order to meet the condition
Em <7 |x|, which is computationally impracticable in gen-
eral. Therefore, to reduce the computational time in
training RNN models, we do not require this condition
to hold in a small neighborhood around the origin, and
we will demonstrate in Theorem 2 that closed-loop sta-
bility remains unaffected under RNN-based MPC

despite this loose condition. Lastly, my(-) is also a
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function of h. since we calculate the modeling error
of Equation (21) by approximating the derivatives
using finite differences with a sufficiently small time

step he.

Proposition 2. Consider the RNN model X = Fp, (X,u) of
Equation (16) developed satisfying Assumptions 1-4
and the nonlinear system x=F(x,u,w) of Equation (17)
with bounded disturbances |w| < wp,. There exists a pos-
itive constant x and a class K function fy(-) such that
for all x,X € Q;, with probability at least 1—4, the fol-
lowing inequalities hold with xo =X € Q; (i.e., the same
initial condition):

Lme + EM (
L

x(t) =X(t)] < fu(t) = et —1)

X

V(x) <xlx—X| +\/\£_|x %+ V()

Proof. The results are derived following the proof tech-
nique used in Proposition 3 in Wu et al.'? Note that in
Wu et al,'! the modeling error is assumed to
be bounded by a constant number almost surely
(i.e., with probability 1). However, the modeling error
IF(X, u, 0) —

with probability at least 1 — 6§ since we use the generali-

Fan(x, u)| in this work is bounded by Ey

zation error to represent the model mismatch for any
states in the stability region including those which are
not used in training. The key steps for the proof are
presented below. We first define an error vector e(t) =
x(t) —X(t) that represents the modeling error between
the RNN model state ?:an(?, u) and the actual
nonlinear system state x=F(x, u, w) subject to bounded
disturbances. The time derivative of error vector is

bounded for all X, x € Q;, w(t) € W, and u € U as follows:

| w) —F(x, u, 0)[ +|F(x, u, 0) -
()|+wam+EM

|| = IF(x, u, w) —Fun(X, u)|
(x, Fon (%, u)l,
Lxle

where the last inequality is obtained using Equation
(18a) and the modeling error constraint of Equation (21).
Since the initial error e(0) is zero for the same initial
condition xg=Xo, the evolution of error vector is

bounded as follows:

Additionally, using Taylor series expansion and ignoring

higher-order terms, we have

(23a)

(23b)

(24)

(25)

WU ET AL
.o T -
V00 < V) + 2% 151 ix— 2
o (26)
<V(®) Cj/[\x X|+xx— x|
where the last inequality is obtained using

Equations (19a), (19¢), and « is a positive real number.

This completes the proof of Proposition 2.

Subsequently, the RNN models are utilized within MPC to pro-

vide the prediction of future state evolution. The optimization prob-

lem of RNN-MPC is presented as follows*%2°;

j:ug&)j::'“LMpc(ﬂt), u(t))dt (272)
st. X(t) =Fan(X(t), u(t)) (27b)
u(t) €U, VEE [t tian) (27¢)
X(te) =x(t) (27d)
V(x(t), u) < V(x(t), @m(x(t))),
if X(t) €~ Q,, (27e)
V(X(t)) < ppns VEE [t ten), TEX(B) €Q,., (27f)

where Lypc denotes the objective function of MPC that attains its
minimum value at the origin. X is the state predicted by the RNN
model Fun(x,u). The RNN-MPC of Equation (27) is applied in a
sample-and-hold fashion in which control actions remain unchanged
within each sampling period, with control actions optimized over the
prediction horizon from t, to t,,n as a piece-wise function in S(A).
The goal of RNN-MPC is to stabilize the nonlinear system at the
steady-state in the way that the state is maintained in the stability
region Q; at all times, and is driven into a small terminal set around
the origin ultimately. Equation (27b) is the prediction model, and
Equation (27c¢) is the input constraint. The feedback measurement of x
at each sampling time is utilized as the initial state for solving
(27b).  The
Equations (27¢e) and (27f) ensure stability for the closed-loop system

Equation two Lyapunov-based constraints of
under RNN-MPC. The following theorem establishes the closed-loop
stability properties for the uncertain system of Equation (17) subject

to bounded disturbances w € W under RNN-MPC.

Theorem 2. Consider the nonlinear system of Equation
17 under the RNN-MPC of Equation (27) with the con-
troller ®p,(x) that meets Equation (19). Let A>O0,

and ¢, >0 satisfy Equations (28)

.b\ > Pmin ~ Pnn > Ps
and (29).
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C: ’ ,
—Eﬁps FLMEA+L Wi < — ey (28)
2

and
P = max{\?(i(t +A) [ueU, x(t) e Q/,s} (29a)

34\//;) 2
Prin Z P T = fw(A) +x(fw(A))%,
a (A)+x(fw(A))

(29b)

where fw(t):%(e“f—l). Then, by choosing the
sample size m to be greater than the minimum sample
size my(|x|,hc,8) that satisfies Ep <y | x|, for any initial
state xp € Q; and for each sampling time step, system
stability is achieved for the disturbed system of
Equation (17) with w € W with probability at least 1 — 6,
under the RNN-MPC of Equation (27) in the sense that
X(t) ultimately converges to Q,

min *

Q;at all times, that is, x(t) € Q, vt20.

and is maintained in

Proof. The proof follows the proofs of Proposition
3 and Theorem 2 in Wu et al.” for the nominal system
of Equation (17) with w(t) =0, and we present a proof
sketch here to help readers understand the key steps.
The main difference is that the system of Equation (17)
is subject to sufficiently small bounded disturbances
|w(t)| <wp in this work, which needs to be accounted
for in the controller design and stability analysis, while
in Wu et al.,” the results were developed for the nomi-
nal system of Equation (17) with w(t)=0. We first
obtain the time derivative of V for any x(t) eQ;\Q,,S
under the controller u= ®p,(x) € U:

:7XF(X(tk)v q)nn(x(tk))v O)

+ VO ext), @), w)
V(x(t)

ox

(30)

<

F(x(tc), @ (x(t)), O)

Using the results in Proposition 1 and Equation (18b), we can further
bound Equation (30) for x(t) € QnQ,,uc U, and w € W as follows:

Vix(t) < WF(X(O@M(X(W”’W) %ﬂ ’
_%F(X(tk%@nn (x(t)),0) ey

C ’ ’
< —E—zps FLUMeA+ L, Wi

Therefore, if Equation (28) is satisfied, with probability at least 1 -,
V(x(t)) is rendered negative for any x(tx) € Q1 Q,, which implies the

convergence of state toward the terminal set, as well as the

Prmin

boundedness of state within Q/A) in probability. Additionally, , and
Q,,. of Equation (29) are the two small sets around the origin which
contain Q, as their subsets (i.e., pin > pn > p5)- Specifically, we do not
require the modeling error to be bounded by Ey within Q,, and thus,
Equation (31) does not hold for the state in Q, . This loose condition
of modeling error within Q, significantly reduces the computational
complexity for training RNN models with the data sufficiently close to
the origin. The set Q, is characterized to ensure that for any state
within Q, , the predicted state remains inside Q, under any control
actions within the bounds. As a result, the state of the actual
nonlinear system of Equation (17) subject to disturbances w(t) e W is
bounded in the set Q,  that is characterized accounting for the
modeling error and disturbances.

3.2 | Nonlinear systems with stochastic
disturbances

In addition to the robustness treatment of the process disturbances as
bounded uncertain variables, another approach to dealing with model
uncertainty is to develop controllers that achieve stability in probabil-
ity for the closed-loop system by modeling the disturbance terms in a
probabilistic manner and taking the distribution information of distur-
bances into account. Specifically, we consider the nonlinear system
with stochastic disturbances in the form of the following stochastic
differential equation (SDE):

dx(t) =f(x(t))dt +g(x(t))u(t)dt +h(x(t))dw(t), (32)

where the notations follows those in Equation (1). The disturbance
vector w(t) is represented by a standard Wiener process. The steady-
state of the nominal system with w(t) =0 is assumed to be at the ori-
gin, that is, (x{, u;) = (0, 0). In Equation (1), f(x(t))+g(x(t))u(t) and
h(x(t)) are the deterministic drift and the diffusion matrix, respec-
tively. h(0) is assumed to be zero such that h(x(t))dw(t) (i.e., the dis-
turbance term) vanishes at the origin. Similarly, we assume that
LyV(x), LV(x), and h(x)T 2% h(x) are locally Lipschitz. For the system

of Equation (32), if for any >0, the following conditions hold, then

the origin is asymptotically stable in probability.

lim IP’<Iim [x(t) :O> =1,
X(0)—0 \t—eo

lim ]P’(sup|x(t)| >e> =0

x(0)=0 \t=0

(33)

It is assumed that a stochastic feedback controller u=®;(x) € U exists
such that for all x e D, C R” (D, is an open neighborhood of the origin),
exponential stabilization of the origin of the RNN model of
Equation (16) is achieved in probability. The stabilizability assumption
implies that a C?, positive definite stochastic Lyapunov function V

exists and meets the following conditions:
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aV(X)an(x, <I>s(x))+%Tr{hTa—Vh} < —a|x)? (34)

oJx

PV(x)= Er

v

"5

h(x) 20, (35)
where ZV(x) represents the infinitesimal generator of the
system of Equation (32), and a; is a positive real number. ¢4 =
{XeR" | LV+«V(x) <0, k>0, u=®d,(x) € U} is characterized as a set
of initial conditions from which the exponential stabilization of the origin
of the RNN model of Equation (16) can be achieved in probability using
the controller u = ®;(x) € U. Subsequently, a level set of V(x) inside ¢y,
thatis, Q,:={x € ¢4 | V() <p}, p>0,is chosen as the operating region.

Based on u=®,(x)c U, the following Lyapunov-based MPC
scheme is designed to stabilize the stochastic nonlinear system of

Equation (32), where the notations follow those in Equation (27).

rticen
urensi(rl)th Lupc(X(t), u(t))dt (363)
st X(t) =Fan(X(t), u(t)) (36b)
u(t)eU, Vtelty, tun) (36¢)

X(ti) =x(te) (3¢6d)
LV(x(t), ulte) S LV(), O, (x(1)iFx(t) €, Q0 (36e)
V(’)?(t)) <Pnn» Vte [tk, tk+N),if X(tk) € Q;’m (36f)

Theorem 3 establishes the probabilistic stability properties for the uncer-
tain system of Equation (32) under the RNN-MPC of Equation (36).

Theorem 3. Consider the system of Equation (32) under
the MPC of Equation (36) using RNN models that meet
the Assumptions 1-4. By letting m 2 my(|x|, hc, ), given
any initial condition x(0) € Q,, probability 1< (0,1], and
positive real numbers satisfying p>punin>pa and
Pc € [pnnsp), there exists a sampling period A>0 and
probabilities g,y € [0,1] such that the following inequal-
ities hold for t € [ty, k1), tirn =tk + A.

IP’( sup V(x(t))<pmin>z(l—é)(l—ﬂ)(l—ﬁ), Vx(t) €9, (37)
te

[thotes)
P(TRn < m{,) >(1-6)(1—-7)(1-4), Vx(t) €Q, Q2 (38)

where

V(x)
V(x)

SUPx e 90,

Pnn

infycriq,

Pmin

<p (39a)

sup L

o
xeQ, 08 P

<

Proof. The two probabilities in Equations (37) and (38)
can be interpreted as follows. Equation (37) gives the
probability that the future state remains inside Q,
(i.e., the terminal set around the origin) during one sam-
pling period for any initial state inside Q, (@, is a sub-
set of Q,  as defined in Equation 29). Equation (38) is
the probability that the state hits the boundary of Q,
before it leaves the stability region Q, for any initial
states in Q,Q,, . The proof consists of three parts. In
the first part, we demonstrate that the infinitesimal gen-
erator £V for the stochastic system of Equation (32) is
rendered negative (Equation 34) under the controller
u=®(x) €U for all xeQ, with a certain probability,
which is a key step in the derivation of Equations (37)
and (38). Specifically, Equation (34) holds almost surely
for the RNN model since the stability region Q, is char-
acterized using the RNN model and the controller
u=®s(x) € U; however, due to the existence of generali-
zation error, Equation (34) holds for the nonlinear sys-
tem of Equation (32) in a probabilistic manner (i.e., with
probability at least 1 —§), which leads to the probability
of 1—6 on the RHS of Equations (37) and (38). Further-
more, the final probability of £V being negative also
needs to account for the impact of stochastic,
unbounded disturbance. In the second part, we prove
the probabilities in Equations (37) and (38), and demon-
strate that the probability terms (i.e., 1—p, 1—y, and
1—2) depend on the size of the sets Q,, Q, , Q

Pmin

and
the sampling period. Finally, in the third part, we prove prob-
abilistic closed-loop stability for the stochastic nonlinear sys-
tem of Equation (32) under the RNN-MPC of Equation (36).

Part 1 : We first prove that there exists a sufficiently
small sampling period A such that ZV(x(t)) can be
rendered negative for all the states x(t) €Q,~Q) in
probability. Following the proof of Theorem 1 in
Wu et al.,’® we define an event that the disturbance
w(t) is bounded within one sampling period as follows:
Ag:={w e R |sup; ¢ 4, ¢, +a)|W(t)| < B}. Then, there exists
a sufficiently small ball B such that P(Ag)=1—4 holds
for any probability 2= (0,1] under the disturbance w(t)
following standard Brownian motion. As a result, for
w € Ag, the probability P(Aw) 21— 4 holds for the event
Aw = {SUPt f g IX(E) = X(t)| <k (A)"}, ke >0, <3,
which states that the state evolution is bounded within
one sampling period in the presence of a bounded dis-
turbance.?! Subsequently, we prove that ZV(x(t)) is
negative for any x(t)e€Q, \Q/‘js accounting for the

modeling error between RNN model and the nominal

(39b)
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ZV(x(t) =

system of Equation (32). Specifically, by letting the train-
ing sample size m 2 my(|x|, he, 8) such that the modeling
error is constrained by y [x| for any x(tx) € Q,~Q7, the
following equation holds under u = ®;(x) € U, with prob-

ability no less than 1 — 6.

2 (Fan(00)) + F04(0),0) — Fon(6,5()

+1Tr{h(x)T”72V(X)h(x)}

2 ox2
—a1|x\2 + | Fan (% ®s(x)) — F(x, @5 (x),0)| - Ca|X|

—aa|X|? +7|xX|-Calx| < —as|x|* <0,

IA

IA

where a; = —aj +Cay <0 for any y < ay /4. Equation (40)
shows that under the stochastic stabilizing controller
u=®(x) designed for the RNN model, the infinitesimal
generator ZV(x(t)) for the stochastic nonlinear system
of Equation (32) is rendered negative for erﬂ\Qgs
with probability at least 1 — 6, provided that the training
sample size is chosen appropriately to ensure a suffi-
ciently small and bounded modeling error. As a result,
we can find a positive real number x such that
ZV(x(t)) < —«kV(x) holds for any xeQ,~Q) with
probability at least 1 —8.Subsequently, we prove under
u(t) =u(ty),
Vte [ty tee1), where teq:=ty+A), there exists a

sample-and-hold  implementation (i.e.,
sufficiently small sampling period A such that #V(x(t))
can be rendered negative within one sampling
period. Specifically, since ZV(x)=L{V(x)+L,V(x)+
2 2
37r{ 0T 242000}, and LiV(x), LV, h(x)T5542h00
are locally Lipschitz, there exist positive real numbers
ks, ks, ks such that the following equations hold.

LV (x(t)) — LV (x(te))| < kalx(t) —x(t )|
|LsV(x(t)u(ti) — LV (x(ti) Ju(tio)| < kalx(t) — x(ti)]

2
%Tr{h(x(t)f%h(x(t))}

Tr h(x(tk>>T‘92V(X“k”h<x(tk>>H

ox

Using the results from Equation (40), we obtain the fol-
lowing inequality for ZV(x(t)), Vx€Q,~QJ under
u(t) = s (x(tx)) €U, Vt € [tk tkr1):

LV(x() = LV (x(1)) + (LV(x(0) - LV(x(t)))
< —kps+ (ks +ka+ks) J(t) —x(t)|

Therefore, for any weAg with P(Aw)21-4, and
A<<k1(k’3"’;7,:+k5)) ", we have ZV(x(t))< —¢, for all
t € [ty, tir1). We define the event that ZV(x(t)) is ren-
dered negative within one sampling period as

(40)

(41)

B (V(x(er,z(1)) = V(x(t) + E* (J

Av = {sup; ¢ 4. LV (x(t)) < — €}, and the final proba-
bility of Ay occurring is derived as P(Ay)2(1-21)
(1-96), given that the modeling error is sufficiently
small, and the disturbance is bounded. This completes
the proof of Part 1.

Part 2 : Subsequently, we prove the main results of
the probabilities of Equations (37) and (38). We first
prove Equation (37) which states that for any initial
state inside Q,

minal set Q, in one sampling period. To simply the

, the future state remains inside the ter-

notations, the conditional expectations and the proba-
bilities given that the event Ay occurs are denoted as
E*(-) and P*(-), respectively. We consider the extreme
scenario where the initial state is on the boundary of
Q, , and show Equation (37) holds in this case. Specifi-
cally, using Dynkin's formula, we obtain the expected

value of V() as follows*1622;

ti+r,z(t)

te

3V(x(s))ds>,

where Z=Q

Pmin

\Qﬁm,te[tk, tir1), and T=oo. As

defined in  Section  “Notations”, we have
772(t) =min{zz,T,t}, where 7z is the hitting time of the
set Z. Then, for any x(ty) € Q,, , we have the following
inequality using the proof technique in Mahmood and

Mhaskar®® and Wu et al.1®

V21
2 7P <V(x(fr,g(t))) zZ)

Let I:infxeRn\Qp V(x). We have the following
inequality for x(ty) € 9Q,

Prn *

E'(Vx(zrz(1))))

P*(V(x(t))) 2 ppin, for somet € [ty, tyi1)) < ~

A
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(43)

B (V(x(er(1)))) :j ~V(X(TT,Z(t)))dP*+JV<;V(X(TT,Z(t)))dP*

(44)

V(x(t) +E* (_ﬁ:*’”(“gwx(s))ds)

infycr o, V(X)
Vix(t))
infycrio,  V(X)

The last inequality is obtained using the fact
derived in Part1 that &V is rendered negative with
probability at least (1 —1)(1— ). By taking the comple-

obtain the probability
infyt) c a0, ' (VX)) < pins ~ VEE [ty try1)) 2 (1-5),
conditioned on the occurrence of event Ay, where g is

mentary events, we

Equation (3%9a). Since we have
P(Ay)2(1-2)(1—-6) from Partl, the probability

of Equation (37) is obtained using the properties of con-

defined in

ditional probability.

(45)
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Next, we consider the initial state x(tx) € Q,~Q ,
and prove the probability of Equation (38). Specifically,
we assume the initial state is on the boundary of Q,,

Pc € [Panrp], Which is a set between Q, and Q, , and

nn?

show that the state will reach the boundary of Q,

before leaving Q, with a certain probability. Let
Ar:= {ar N TQP} denotes the complementary event

that the state first hits the boundary of Q, instead of
Q, . The following inequality is obtained since the

A o)) \”"">)21
;

X(T » 0
event At belongs to the event ( o

P* TR Q0 > TQ,
Prn 7

Jer (V(X(m,»azm)) , 1) Vi)

P P

The last inequality is derived using the results in
Equation (45). Therefore, given a positive real number y
(39b), we
P* (’[Rn N mﬂ) 2 (1—y) by taking the complementary

satisfying Equation have
event of Ar. The final probability of Equation (38) is
derived accounting for the conditional probability of Ay.

Part3: Finally, consider the stochastic nonlinear
system of Equation (32) under the RNN-MPC of
Equation (36). When x(t,) € Q,~Q,. , the constraint of
Equation (36e) is activated to optimize control actions
such that £V is no greater than the one using the stabi-
lizing controller u= ®;(x) € U, and thus, is also rendered
negative. Therefore, using the results in Part2 which
prove that with a certain probability the state will reach
the boundary of @, before leaving Q,, it follows that
the probability under MPC is no worse than the proba-
bility of Equation (38). Once the state enters Q, , the
constraint of Equation (36f) is activated to maintain the
predicted states within Q, . In this case, Equation (37)
gives the probability that the state of Equation (32)
remains inside Q, for the next sampling period.
Therefore, for the stochastic nonlinear system of
Equation (32) under the RNN-MPC of Equation 36, we
derive the probability of closed-loop stability in the
sense that the closed-loop state is bounded in Q,, and is
ultimately bounded in Q,, . This completes the proof of

Theorem 3.

Remark 5. Equations (37) and (38) in Theorem 3 give
the probabilities of closed-loop stability for each sam-
pling period. While the RNN predictions are invoked
recursively within MPC to predict for the entire predic-
tion horizon, the probabilities of closed-loop stability
remain unaffected since only the first control action is
applied for the next sampling period. The RNN-MPC
is implemented in a receding horizon manner by

recursively solving the optimization problem of

(46)

4

Equation (36) with new state measurements received
at each sampling time. Therefore, at each time step,
Equations (37) and (38) can be used to estimate the
probability of system being stable under RNN-MPC.

Remark 6. It should be noted that the probabilities of
Equations (37) and (38) represent only the lower bounds for
closed-loop stability under RNN-MPC. The actual probabil-
ity of closed-loop stability could be higher due to a number
of reasons: (1) the RNN model is well trained and the
modeling error does not reach the upper bound for every
time step, (2) in general, the stochastic disturbances in
industrial chemical plants fall within a bounded region in
most of the time, which can be handled through the robust-
ness of MPC, and (3) the optimality of MPC improves
closed-loop performance in terms of fast convergence to
the steady-state under the constraint of Equation (36f),
which leads to better probability results than those derived
under the controller u = ®¢(x) in Theorem 3.

Remark 7. Theorem 3 demonstrates that in addition to
the RNN structure in terms of width and depth, and the
training sample size that affect the neural network gener-
alization performance (Theorem 1), the closed-loop sta-
bility for the stochastic system of Equation (32) under
RNN-MPC also depends on the sampling time and the
size of multiple sets embedded in the stability region Q,.
Therefore, all the factors above should be accounted for
to improve the overall probability of stability for the
nonlinear systems subject to stochastic disturbances.

Remark 8. In the presence of stochastic disturbances
with unbounded variation, one of the benefits of using
the RNN-MPC of Equation (36) is that the operating
region can be characterized less conservatively by utiliz-
ing the probability distribution of disturbances. It was
demonstrated in Wu et al.X® that compared to the RNN-
MPC of Equation (36), the closed-loop operating regions
were overly conservative using the robust controller
design that handles disturbances in a bounded manner,
which leads to reduced economic benefits in the context
of economic MPC. Therefore, the probabilities in Theo-
rem 3 demonstrate the relationship between closed-loop
stability and operating region size, which could provide a
guidance to characterize the operating region when
implementing machine learning models in real chemical

processes subject to various process disturbances.

APPLICATION TO A CHEMICAL

PROCESS EXAMPLE

To demonstrate the efficacy of machine-learning-based MPC and
study the impact of data sample size on RNN generalization
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performance and system stability in the presence of bounded distur-
bances and stochastic disturbances, we present a simulation example
using the chemical process example from Wu et al.2° Specifically, we
consider a continuous stirred tank reactor (CSTR) that is non-isothermal
and well-mixed with reactant A transformed into product B (A — B) in
an exothermic, irreversible second-order reaction. A heating jacket is
equipped to remove/supply heat at a rate Q. We first consider the
case of bounded disturbances, and present the process dynamical

model by the following energy and material balance equations:

dCa F

= =y(Cao—Ca) - ko€ C2 +w; (47a)
dar F —AH, Q
= (To-T koerrC2 + —— 47
at V( 0 )+/)ch oewCA+pLva+w2 (47b)

where T denotes the temperature in the reactor, and C, represents
the concentration of reactant A. F is the volumetric flow rate, Ty is the
feed temperature, and Cpg is the feed concentration of reactant A. V
and Q are the volume of the reacting substance in the reactor and the
heat input rate, respectively. w’ =[w; w;] are bounded disturbances
of Gaussian distribution with variance 61 =2.5 kmoI/m3, 02 =70K,
and bounds |w1| <2.5kmol/m?, |w,| <70K. The definition of all the
other parameters and their values are reported in Wu et al.2° A sche-
matic of the CSTR with an irreversible, second-order reaction can be
found in Wu and Christofides.?®

In the presence of stochastic disturbances, the nonlinear system

can be represented in the following form:

dCp = g (Cao — Ca)dt — koeRr Cadt + 51 (Ca — Cas)dwy (48a)
F “AH, ¢, _
dT = (To = Tyde+1 c oeH CRdt+ vadt+02(T— T,)dw,, (48b)

where W1, Wy are standard Wiener processes that satisfy w(0)=0
and w(t) —w(s) ~vt—sN(0,1) (M(0,1) is a normal distribution with
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zero mean and unit variance). To simulate the Wiener process, we dis-
cretize the Wiener process with the integration time step h. as fol-
lows: dw;~+hN(0, 1), i=1, 2, and thus, the realization of the
Wiener process can be obtained through w;(t+ h.)=w;(t)+ dw;,
vt 20. The coefficients Co — Cas and T —T; are added to ensure that
the disturbances vanish at the steady-state. The variances
51 =2.5kmol/m3?, 5,=70K are used in the
Equation (48). The RNN-MPC is designed to stabilize the reactor at
(Ts, Cas) = (402K, 1.95 kmol/m3), which is an unstable steady-state
under the given input values (Qs, Caos) = (OkJ/h, 4kmol/m?). The
heat supply/removal rate and the inlet concentration of species A are

simulation of

the two manipulated inputs. All the states and inputs of the process
are represented in their deviation variable forms, i.e., AT=T-T,,
ACp =Ca —Cas, ACqo=Cao— Cao,, and AQ=Q —Q;. Additionally, the
upper bounds of the manipulated inputs are |AQ| <5 x 10° kJ/h
and |ACpo| < 3.5kmol/m3.

We conduct extensive simulation by discretizing the targeted
region (i.e., the stability region Q; in this work) with sufficiently small
intervals in state-space and choosing every possible initial conditions
within this discretized region. Similarly, the input values are also chosen
from u € U with a sufficiently small interval. In this way, sufficient vari-
ety is ensured in our dataset, and the RNN model developed using this
dataset is able to capture the process dynamics well for the entire oper-
ating region. The RNN training process follows the standard training
method in Wu et al.?° In this study, the RNN models are trained using
different data sample size (while other parameters and settings remain
unchanged), and the generalization performance is evaluated using the
testing data. The RNN models are built with 50 neurons in a single hid-
den layer. The MSE is used as the loss function. Pylpopt, which is a
python connector to the IPOPT software package, is used to solve the
MPC optimization problem,?* and Keras is used to build and train RNN
models.2> Figure 2 shows the relationship between the RNN generali-
zation performances and the training sample size, from which it is dem-

onstrated that with less data used for training, the errors for testing

Training sample size
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and training both increase.” Additionally, we calculate the generaliza-
tion gap using E[g;(X, y)] — 15" 8:(x;, y;). The increase of the gener-
alization gap in Figure 2 implies a worse generalization performance
for models with less training data. It is demonstrated in Figure 2 that a
desired generalization performance has been achieved for sample
sizes greater than 2000, and overfitting does not occur with the
increase of training samples.

Subsequently, we simulate the closed-loop system with
bounded disturbances and Wiener process disturbances with
unbounded variation. Figure 3 shows the probability results
obtained through the simulation of various initial conditions (48 ini-
tial conditions) within Q; using the six RNN models trained earlier
with different sample sizes. The probabilities in Figure 3 are calculated
using the following rule: given an initial condition, the closed-loop sys-
tem under RNN-MPC is unstable if the state trajectory leaves Q; at
any time step or escapes from Q, . after it enters Q, . due to distur-
bances and/or modeling error. It is shown in Figure 3 that the proba-

bility of closed-loop stability increases with more data used for

0.8

o
o
T
*
*

Probability
o
S

2F 1
0 « Bounded disturbances
# Stochastic disturbances|
k
0 | | | | | |
0 2 4 6 8 10 12 14

Training sample size x10%

FIGURE 3 Probability of closed-loop stability under bounded
disturbances (blue circles) and stochastic, unbounded disturbances
(red asterisks), respectively, using the RNN-MPC trained with various
sample sizes. MPC, model predictive controllers; RNN, recurrent
neural networks

training, which is consistent with the results shown in the open-loop
simulation study (Figure 2). Additionally, it is observed that the proba-
bilities of closed-loop stability under bounded disturbances reach 0.7
for training sample size greater than 1x 10, and the probabilities
under unbounded, stochastic disturbances reach 0.6 with the same
number of training sample size. Overall, it is shown that the MPC
under bounded disturbances achieves higher probabilistic of closed-
loop stability than that under unbounded, stochastic disturbances
with the same variances. This is consistent with the disturbance reali-
zations shown in Figure 4, from which it is demonstrated that the
Gaussian disturbance on temperature T is bounded within the +o;
region (top figure), while the Wiener process disturbance is
unbounded, and has a greater impact on system stability due to its
wider range. Additionally, it should be noted that the probability results
in Theorem 2 (for bounded disturbances) and Theorem 3 (for stochastic
disturbances) only provide a lower bound for the probability of closed-
loop stability. Therefore, we cannot directly obtain the value of the
parameter 6 from simulation results.

—qQ,
Q/Jmm
s0l —Bounded disturbances ||
---Stochastic disturbances
<
& of .
|
S
-50 - m
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
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FIGURE 5 Closed-loop state trajectories under MPC with

bounded disturbances (blue, solid line) and stochastic, unbounded
disturbances (red, dashed line) for the same initial condition
(—1.2, 50). MPC, model predictive controllers
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FIGURE 4 Bounded,
Gaussian disturbance (top figure),

and unbounded, Wiener process
disturbance (bottom figure) on
temperature T
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The state-space trajectory and the state profiles for the initial analysis since the analytically calculated minimum sam-
state xo = (—1.2, 50) with the model trained with 7000 training data ple size is based on the upper bound of RNN generaliza-
are shown in Figures 5 and 6. In Figure 5, it is seen that the dynamic tion error, while in practice the RNN prediction error
trajectory remains inside the stability region Q; all the time, and ulti- will not reach its upper bound for every time step.
mately converges to the small ball Q, in the presence of bounded Therefore, the analytically derived probability results
disturbances (blue, solid line); however, in the presence of stochastic could be conservative compared to the simulation
disturbances, the state trajectory leaves Q, — during its oscillation results in Figures 2 and 3. Additionally, the probability
around the steady-state, and thus is considered unstable in this case. of closed-loop stability also depends on the Lipschitz
In Figure 6, it is shown that for this particular initial condition, the constants and parameters such as ¢;, i=1, 2, 3, 4 that
closed-loop states (i.e., reactor temperature T and reactant concentra- relate to process dynamics and are generally difficult to
tion Cp) are stabilized at the origin after around 0.06 h for both distur- compute. Therefore, in this work, we only provide a
bances, with slight variation around the steady-state afterwards due qualitative analysis for the relationship between the
to disturbances. The case study demonstrates the relation between probabilistic closed-loop stability and the training
RNN training sample size and its generalization performance as well sample size.
as the probability of closed-loop system stability, which supports the
results derived in Theorems 1 and 2. Remark 11. Computational efficiency could be a chal-
lenge for the implementation of RNN models to large-
Remark 9. Note that the RNN generalization perfor- scale chemical processes. To reduce the computational
mance depends on various factors as demonstrated in costs for developing RNN models and solving RNN-
Theorem 1. While we only showed the impact of the MPC, reduced-order modeling techniques such as fea-
sample size of training data on RNN generalization per- ture selection and autoencoder can be utilized to build
formance in this section due to space limitations, the reduced-order RNN models for large-scale chemical
generalization error is also affected by RNN width/ processes. Additionally, a priori process knowledge can
depth, and input time length. Interested readers are also be used to reduce the complexity of RNN models
referred to?! for the simulation studies of open-loop and improve its computational efficiency and accuracy.
RNN generalization performance and system stability
analysis that account for all the above factors for the
nominal system without any disturbances. 5 | CONCLUSION

Remark 10. The probability results in Figures 2 and 3
are consistent with the theoretical results derived in
Theorems 1-3 in a qualitative manner, i.e., the RNN
generalization performance and probability of closed-
loop stability improve with increasing training samples.

However, it is difficult to carry out a quantitative

We developed machine-learning-based predictive control schemes
for nonlinear systems subject to stochastic disturbances with
unbounded variation and bounded disturbances, respectively. We first
derived a generalization error bound for the RNN models developed
for the nominal system using the Rademacher complexity method

from statistical learning theory. Then, we established system stability
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results for the uncertain system with unknown disturbances in a
bounded manner. With regards to the uncertain system with stochas-
tic disturbances under RNN-MPC, we accounted for the distribution
information of disturbances, and derived the probabilistic closed-loop
stability properties. Through the simulation of a chemical reactor
example, we demonstrated that the training data sample size affects
the RNN generalization performance, and closed-loop stability for the
MPC using RNN models.
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